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The longitudinal polarization of electrons from Coulomb £-transitions is measured for vari- 
ous values of the electron energy. The longitudinal polarization was found to be equal to 
—v/c for all substances investigated. It is shown that the relations Cp=- Cy, Cg = -Cg, 
Cy =CY, Ca =C are most probably satisfied by the 8 -decay coupling constants. 


Witz the discovery of the violation of the conser- 


vation of parity in weak interactions,! the B -decay 
picture became more complicated. Whereas B- 
decay could formerly be characterized by four 
(more precisely, five) constants of the variants of 


interaction, the number of constants is now doubled, 


in so far as half of them reflect nonconservation of 
parity. And since, in general, the interaction con- 
stants can be complex, the number of parameters 
is increased to 16. However, new effects have 
come to light, through which connections between 
constants can be observed by physical measure- 
ments. One of these effects is, as is well known, 
the longitudinal polarization of electrons in the B - 
decay of unpolarized nuclei.’ 

Various combinations of the coupling constants 

can be obtained from the measurement of the lon- 
gitudinal polarization of the electrons, depending 
on the type of transition of the £ -active nucleus. 
It turns out that the maximum possible information 
about the coupling constants which can, in principle, 
be given by experiments on the measurement of the 
longitudinal polarization of electrons from unpolar- 
ized nuclei, is obtained by measuring very accu- 


*This work was reported at the Conference on Mesons and 
New Particles in Padua-Venice, September 27, 1957, and at the 


All-Soviet Conference on Nuclear Reactions at Low and Medium 


Energies in Moscow, November 23, 1957. 
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rately the longitudinal polarization of the electrons 
as a function of electron energy, for first forbidden 
transitions (the so-called Coulomb transitions ) 

in heavy nuclei. 

In the present work we attempted to measure 
longitudinal polarization of electrons of various 
energies with the greatest possible precision for 
just the elements with Coulomb transitions, such 
as lm. (AJ = 1; yes), Rel86 (AJ = 1, yes), 

Sm 163 (AJ = 1,0; yes), Au'®” (Ad’=.0;,yes )nand 
Lu!” (Agj=1, yes) or (AJ =0, yes), containing 
a mixture of Gamow-Teller and Fermi interactions. 
For comparison, measurements were carried out 
in the same way for Sr®’ and Y, which have 
unique transitions and pure Gamow-Teller inter- 
action, for which there is good reason to expect 

the electron polarization to be equal to —v/c. 


1. DESCRIPTION OF THE ARRANGEMENT 


To measure the longitudinal polarization, we 
employed the method of Mott scattering, which 
consisted in measuring the magnitude of the azi- 
muthal asymmetry in a single scattering of trans- 
versely polarized electrons through a large angle 
by a scatterer having a large Z. 

To obtain a good stability and reproducibility 
of results of the measurements, we tried to make 
the construction of the apparatus as simple as pos- 
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sible. We have avoided using external fields, elec- thick scatterer. In the method where the polariza- 
tric or electric + magnetic, for turning the longi- tion is transformed by using external fields, for 
tudinal polarization into a transverse one, because example in a curved condenser, the upper limit on 
these means contain sources of errors which are the energy of the electrons, whose polarization can 
difficult to control. In our case, the longitudinal be measured, is very low because it is impossible 
polarization was turned into a transverse one by to obtain a sufficiently large voltage, owing to the 
deflecting, through an angle of about 90°, the tra- possibility of sparking over in the vacuum. It is 
jectory of the electron in the Coulomb field of the easy to see that our method does not have this lim— 
nucleus through multiple scattering by a relatively itation. 


FIG. 1. Scheme of the apparatus. 1— source, 
2— scatterer I (transformer), 3— scatterer II (analyzer), 
4— Geiger counters, 5— aluminum filter between the 
counters, 6 — brass container, 7 — plexiglass con- 
tainer, 8— case of the apparatus, 9— duraluminum 
diaphragm, 10 — polyethylene film, 11— thin collo- 
dion film. 


The scheme of the apparatus is given in Fig. 1. der, were coated in uniform layers on a 10p thick 
In order to increase the intensity of the apparatus, aluminum foil. The Re was set electrolytically 
the channels for the electron traversal were made on an aluminum foil covered by a very thin layer 
rather large. However, in spite of the significant of platinum, and the Au was sprayed on an alumi- 
spread in angles of the electron trajectories, in so num foil in vacuum. The sources were then acti- 
far as the mean angle of scattering of the electrons vated in the reactor. The foil with the source was 
by the “transforming” scatterer I was near to 90°, fastened to a duraluminum ring, which was placed 
the geometrical correction, decreasing the magni- in a circular brass container, lined with plexiglass. 
tude of the azimuthal asymmetry on account of the A thin collodion film was placed in front of the 
angular spread, was equal, in all, to ~6%. The source in several cases, to protect the apparatus 
thin gold analyzing scatterer II was placed per- against contamination by the active material. 
pendicular to the axis of the apparatus. Sucha Two analogous sets of apparatus were prepared. 
position of the scatterer II gave the maximum In the first one (1) the frame was made of brass 
symmetry for the entire apparatus. Electrons and lead; in the second (2), of lead and tungsten. 


undergoing scattering in the scatterers I and II 
were counted by a telescope of two Geiger counters 


connected in coincidence. Between the counters 2, MEASUREMENTS 


there was placed an aluminum filter, which stopped The azimuthal asymmetry in the scattering, 
the low energy electrons. The counters were A = 200(]; - I, )/( I, + I,), was measured in a 
placed at an angle of 112.5° to the axis of the ap- plane perpendicular to the plane in which the 
paratus, and at a very small angle with respect electron was turned as a result of the first scat- 
to the scatterer II so that a rather small solid tering (1, is the scattered intensity in the azi- 
angle of the counter telescope covered the whole muthal direction v. xv, where v, and v, are 
area of the scatterer. Such dispositions of the the velocities of the electron before and after scat- 
counters and scatterers II gave the maximum inten- tering in scatterer I, and I, is the intensity in 
sity. The counters, together with the scatterer II, the opposite direction) for several values of the 
could be turned around the axis of the apparatus mean electron energy E. The electrons were 
without destroying the vacuum. In order to de- separated by energies by placing an aluminum 
crease the admixture of electrons scattered from filter of given thickness p between the counters, 
the walls of the apparatus, traps made of thin and using a scatterer I of thickness T. In each 
(0.5 mm) duraluminum diaphragms were placed experiment with a definite mean energy of the 
in the canal traversed by the electrons. electrons E, several measurements of the azi- 
The Tm, Lu, Sm, and Sr+ Y sources, which muthal asymmetry A, were carried out for dif- 


were in the form of a finely dispersed active pow- ferent thicknesses tj, of the scatterer II. 
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and also due to possible inhomogeneity in the 


thickness of the scatterer II. 


In all, three series of measurements were car- 
ried out: series I, on apparatus 1; series II, on 
apparatus 2; and series III, on apparatus 2, but 
using two counter telescopes. The azimuthal 


Reproducibility of the Measurement Results 


asymmetry of the scattering was defined as the 
mean value of the azimuthal asymmetry in each 


In order to rely on the statistical accuracy of 


the results of a measurement, it is necessary to 


These conditions excluded 


errors due to possible intensity changes in the 


of the telescopes. 


ascertain that no deviations of nonstatistical char- 


This can be established by the 


acter are present. 


electron beam during the period of measurement, 
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degree of reproducibility and by the spread of re- 
sults about the mean value in repeated experiments. 
In all, 80 measurements of azimuthal asymmetry 
in the scattering were carried out, of which 53 were 
repeated measurements. In spite of the fact that 
the measurements were carried out on different 
sets of apparatus, the overwhelming part of the 
measurements were in agreement with each other. 
Out of 53 repeated experiments, 40 coincided, 
within the limits of experimental error, with the 
mean values, 10 were more than one standard er- 
ror away, 2 were more than 2 standard errors, 
and 1, more than three standard errors. The 3 
final measurements were not taken into account in 
the calculation of the mean values in the repeated 
measurements. The mean values of the measured 
magnitude of azimuthal asymmetry are given in 
Table I. 


Control Experiments 


(a) The instrumental asymmetry was measured 
by scattering electrons from an aluminum foil in 
place of scatterer IJ. The instrumental asymmetry 
could be calculated from this, since the azimuthal 
asymmetry in scattering in aluminum is about 12 
times smaller than that in the same thickness of 
gold.’ As the measurements showed, the magnitude 
of instrumental asymmetry A, did not depend on 
the source material, but only on the energy of the 
electrons and was found to be between 0 and —2. 

(b) The intensity of the electron flux reflected 
from the aluminum backing of the source and from 
the plexiglass container was measured experimen- 
tally for a point source covered on top by a small 
screen, which the electrons could not penetrate, 
so that direct radiation couldn’t penetrate into the 
counter. The relative fraction of reflected elec- 
trons, depending on the electron energy, lay in the 
interval 0.5 to 1.5%. Since the reflected electrons 
have essentially a polarization opposite to that of 
the direct electrons, the corrections Ou in the 
measured values of the azimuthal asymmetry 
should be somewhat larger, 0.8 to 2.0%. 

(c) In analogous fashion, the proportion of elec- 
trons scattered from the diaphragm and walls of 
the apparatus lying close to the source was meas- 
ured. The corrections 67 to the azimuthal asym- 
metry in this case were 3.5 to 1.9%. 

(d) Measurement of the azimuthal asymmetry 
for various azimuthal angles showed that at all 
energies, the effect was maximum in the plane 
perpendicular to the plane of turning of the trajec- 
tory of the electron after scattering in scatterer I. 

(e) K. A. Ter-Martirosian has shown that in the 
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multiple scattering of electrons in a light material 
through angle y~, the spin of the electrons is turned | 
through an angle* , 


9 =o[I— VI—(@/e)*). 


Measurements with Al and Au of equivalent thick- 

nesses as transforming scatterers showed that the _ 

effect of azimuthal asymmetry did not depend on | 

the material of scatterer I. 
(f) In the case of measurements with Au!®8 as 

a source, the Geiger counters were subjected to 

strong y-radiation. Measurements of the polari- 

zation of electrons were carried out in the 300 to 

700 kev energy interval where, between the count- 

ers connected in coincidence, there was placed an | 

aluminum filter sufficiently thick so that the elec- | 

trons from the y-rays (E, ~ 400 kev) were | 

practically excluded from giving coincidences in 

the counters.+ The resolution of the counter sys- 

tem was sufficiently high and the background of 

chance coincidences did not exceed 0.5 to 1.0%. 

The proportion of photo- and Compton electrons 

produced by the y -rays was measured in an ex- 

periment where the source was shielded by a 

plexiglass screen which could not be penetrated 

by electrons, but was transparent to y-rays. The 

correction to the magnitude of azimuthal asymme- 

try caused by this effect constituted ~ 2%. 


*For an elementary act of scattering, it is easy to obtain in 
the Born approximation the angle of turning of the spin in the 
plane of the scattering. It is given by 


1—(1—V1— ve) sin? (),/2) 


sin 9; = ee (v?/c?) sin? (v,/2) 


(a v2/c) sin ey 


which for ¥; < 1 goes into the formula gy, =(1— V1—(v/c)’¥, 
which is that for the turning of the spin in an electric capacitor. 

Terms of order (Z/137) p,/2, which correct for the use of 
Bom approximation, are small if Wy, «1, even for heavy nuclei. 
The above formula is therefore expected to be valid for small 
angles (multiple scattering) even in the case of scattering from 
heavy nuclei. If multiple scattering takes place in one plane, 
then it is evident that for the resulting angles y = 2 Ps 

1 


w= y, the relation given in the text is valid. 
at 


tNote added in proof (April 17, 1958). For lower-energy 
electrons (145 and 260 kev) from Au’**, the dependence of the 
longitudinal polarization on the thickness of scatterer II (see 
below) turned out to be inconsistent with the results of meas- 
urements for the remaining elements. In view of the ambiguity 
in determining the magnitudes of longitudinal polarizations, the 
data on Au’”* for electrons of these energies was excluded. 
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Determination of the Extrapolated Values of the 
Azimuthal Asymmetry Corresponding to Single 
Scattering 


In order to determine the polarization of the 
electrons it is necessary to know the value of the 
azimuthal asymmetry which corresponds to single 
scattering of the electrons. In the actual measure- 
ments involving electrons scattered in scatterers 
of finite thicknesses, a fraction of electrons is al- 
ways muliply scattered, and this leads to a shift 
in the value of the azimuthal asymmetry. How- 
ever, this correction can be obtained, experimen- 
tally. 

As Artsimovich‘ has shown, the scattering in- 


tensity of electrons of a given energy in a scattterer 


of thickness t is 

T(t) =Ig(t +y(E) 2) =1' (t) 41" (a), 
where I’(t) =Ipt is the intensity of single scatter- 
ing and I(t) = Ipy(t) = Ipy(E) t? is the intensity 
of multiple scattering. In the scattering of polar- 


ized electrons, one would observe an azimuthal 
asymmetry: 


L@-—L0+,0—1,0 


A(t) = 200 — : 
ong OBO HO-LO LO-ho 
200 POL! ® = 0 r+ Oil Oi 
I )— 15) Ay E (E) Moy (E)t 
i amit OO (txt 1 eye 
1 fl 
=) Vga ays is a ESE 


where Ay = 200(1Ij —1)/I’ is the azimuthal asym- 
metry in a single scattering and (E)Ap) is the 
azimuthal asymmetry in multiple scattering, with 
€(E) >>1. 
Thus, we find that the inverse of A,, the azi- 

muthal asymmetry for scattering of electrons of 
a given energy E in scatterers II of various 
thicknesses t,, is linearly connected with ty: 

1 1, aE), 

AN Natties BOC 


The value of @(E) asa function of energy (Fig. 2) 
has been determined using all the data available 
for different materials and for different energies. 
The extrapolated values of Ay for each material 
and each energy were found from the formula 


Ap= djAntl + a (E) tal /k 
R 
subject to the condition a(E)t,>1. The extra- 
polated values Agory with account of the correc- 
tions indicated above (Ap, 5), 57) are given in 
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a (E) cm?/mg 
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I 4 ——- 
100 209 300 500 700 Ekev 


FIG. 2 


Table I (Rogen = dyn > (Ak —An)[1+a@ (E) tk] /k). 


From these data it can be seen that the measured 
values of the azimuthal asymmetry change only 
very slowly in a wide energy interval. This means 
that, in the given apparatus, a precise knowledge 

of the form of the electron energy spectrum is not 
necessary for determination of the degree of polar- 
ization of the electrons. 


Energy Spectra of the Electrons 


The energy spectrum of electrons undergoing 
double scattering and registered in the counter can 
be represented in the form n= f)0(T)o)9(p), 
where f) is the electron spectrum at the source, 
o(7T) is the cross section for multiple scattering 
through an angle of 90°, in scatterer I of thickness 
T, Oy is the cross section for single scattering 
through an angle of 112.5°, and g(p) is the pro- 
portion of electrons going through the aluminum 
filter of thickness p. The quantities o) and 
g(p) are known.®> The energy spectra of elec- 
trons from Au? (maximum energy 950 kev) and 
Lu!”" (maximum energy 500 kev) undergoing 
double scattering through an angle of ~90° was 
carefully measured with a spectrometer. The 
measurements were carried out for Lu!” with 
scatterers | of thickness 3 mg/cm? and 6 mg/cm? 
Au, and for Au! with 3 mg/cm? Au, 6 mg/cm? Au, 
13 mg/cm? Au, and 20 mg/cm? Au. The electron 
spectra of Lu and Au contain conversion lines 
with electron energies 98 and 137 kev for Lu 
and 325 and ~400 kev for Au. In view of the fact 
that conversion electrons are unpolarized, their 
fraction in the spectrum must be taken into account 
in determining the expected scattered asymmetry. 
It turned out that this fraction could be determined, 
knowing the form of the 6-spectrum of electrons 
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77 “100 200 300 400 
E, kev 


200 300 400 500 600 
E, kev 


FIG. 3. Spectra of electrons undergoing double scattering 


and producing coincidences in the Geiger counters: a—Lu’”’, 


E, = 130 kev, p, = 1.0 mg/cm? Al, 7, = 3.0 mg/cm’ Au; 

b— E, = 390 kev, p, = 5.2 mg/cm? Al, t, = 13 mg/cm? Au. 
Solid lines and O— conversion electron spectra; dashed lines 
— spectra without conversion electrons. 


undergoing multiple scattering, directly from ex- 
periment. By way of illustration, spectra of elec- 
trons from Lu!” (E, = 130 kev) and AG? (wae = 
390 kev), after multiple scattering through an an- 
gle of 90° and single scattering through 112.5°, are 
shown in Figs. 3a, b. The spectra of electrons 
from Re!86 Tm"? and Sm! practically coincide 
with the spectrum of Au'*® without conversion 
electrons. The electron spectra of Sr*? + y®? were 
calculated. 


Calculation of the Expected Value of Azimuthal 
Asymmetry 


In order to determine the degree of longitudinal 
polarization of electrons in fractions of —v/c, it 
is necessary to compare the measured values with 
the expected values Ajp of the azimuthal asymme- 
try in the scattering of electrons having longitudi- 
nal polarization equal to —v/c. Their energy 
spectrum n is known. 
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where nj; is the distribution of electrons with re- 
spect to energy, excepting conversion electrons, in 
the i-th experiment, characterized by a filter of be: 
thickness p; between counters and a thickness Tj 
of the transforming scatterer I; njj is the same, 
but including conversion electrons; Sj is the val- 
ue of the azimuthal asymmetry in the scattering of 
electrons of energy Kj, completely polarized in 
the transverse direction by mercury (Z = 80), 
taken from the table of Sherman;? dy; is the cor- 
rection for the finite solid angle of the apparatus; 
67; is the correction to the tabulated value Sj, 
connected with the fact that the scattering took 
place on gold (Z=79); 6g; is the correction 
connected with the screening effect. (This cor- 
rection was obtained by extrapolating the results 
of Mohr and Tassie’ to the energies of interest; 
the calculation of these corrections was carried 
out by K. A. Ter-Martirosian.) (1- 0 /2) is 

the depolarization in the source; 6? is the mean 


square angle for multiple scattering.° The latter quan- 


tities are given in Table II as functions of the energy. 
<COy Pji is the component of spin perpendicular 
to the trajectory of the electron of energy E p 
undergoing a 90° deflection as a result of multiple 
scattering in scatterer I of thickness Tj. The 
value of this projection was calculated, using the 
Monte-Carlo method, by G. Adel’ son-Vel’ skii, 

A. Birzgal, and A. Kronrod on an electronic com- 
puter.* It contains a correction for depolarization 
of the electrons in scatterer I. 

The depolarization of the electrons is due to 
the turning of the spin in the electric field of the 
nucleus. In the case where the multiple scatter- 
ing of the electrons takes place in the plane formed 
by the initial and final trajectories of the electron 
in the scatterer, there is no depolarization (if only 
the trajectory is not a closed loop). If, in the proc- 
ess of scattering, the electron goes out of this 
plane, then there is depolarization. 

Calculations showed that the turning of the spin 
of the electron in multiple scattering by the Cou- 
lomb field was about 5% less than the amount of 
turning obtained from the “condenser” formula 


e=o(1—YV1—v?/¢). 
*The authors are grateful to I. S. Bruk, director of the Lab- 


oratory of Control Machines of the Academy of Sciences, 
U.S.S.R., for the possibility of carrying out these calculations. 
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LONGITUDINAL POLARIZATION OF ELECTRONS 


FIG. 4. Dependence of the perpendicular component of spin 
on the energy of the electron which is deflected by 90° from 


the original direction as a result of multiple scattering in 
scatterer I of thickness: 1 — t, = 3.0 mg/cm? Au; 2— 7, 
= 6.0 mg/cm? Au; 3— 7, = 13.0 mg/cm? Au; 4— 7, = 20.0 


mg/cm? Au. 


The details of the calculations will be published 


separately by their authors. 


The expected values of the azimuthal asymmetry 
Ath for Tm, Lu, Re, Sm, Au, and Sr+yY for 


various energies are given in Table I. 


3. DISCUSSION OF RESULTS 


The values of the longitudinal polarizations in 


units of —v/c 


(ay,;/(—v/e)= Keorr; | Atn, 


are given, as functions of energy, in Fig. 5. From 
these data it can be seen that the polarization of 
the electrons <o>j,/(-v/c) for all elements 
studied does not depend upon energy within the 


limits of error. 


In Table III are listed the values 


<a> ,/(-v/c), averaged over energy, for the 
elements studied. In Fig. 6 are given the mean 


values <o>j;/( 


—v/c), as functions of the energy, 


for the Coulomb transitions in comparison with 


the polarization of electrons of Sr+Y. 


From 


a — Sm** oO 
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TABLE II 
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nO; : : ; ' 88 ; : BS .94| 6,95 0.96 
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Lumix as / NEA Ne = Re’®, 
TABLE III. Values of the 
longitudinal electron polariza- 
tion <ao>/(-v/c) averaged 
over energy. (Statistical 
errors are shown. The 
errors, taking into account 
systematic ones, are shown 

in parentheses. ) 


Element <o>|(—v|c) 

Sr90-+ ¥ 90 0,99-+40.037 (+0 .05) 
Tm170 0.9849, 015 (+0.03) 
Sm}3 0.98-£0,037 (0.05) 
Lul?? 1.00-+0.058 (--0.06) 
Rel86 4.06-£0.106 (-0.11) 
Aut 0.970.055 (0.06) 


Average 0.98-4-0.04 (-+-0.03) 


all of these data it is possible to draw the 


following conclusions. 
1. The longitudinal polarization of the electrons 
of all measured elements is the same within an 


accuracy of 2 to 11%. 
include systematic errors, which are the same 


(The errors given do not 


for all elements. ) 
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FIG. 6. Energy dependence of the longitudinal polarization fe ee Eis ian 
of the electrons <a >/(— v/c) for Coulomb transitions: Re (— CsCa — CsCa + CrCy + CrCy) = 0. (9) 


e— Sr° + Y°°, O— Coulomb transitions. 


is equal to —v/c to within an accuracy of ~3% 
for the mean value over all elements. 

3. The longitudinal polarization of the electrons 
from the Coulomb transitions does not depend on 
the energy in the range from 100 to 600 kev, to an 
accuracy of 4 to 7%. 

The longitudinal polarization for first-forbidden 
Coulomb transitions can be given in the following 
form (see Ref. 7): 


W ogy | (u/c) = 2Re {(CsCs — CyCy) | Mr? 


"s 1* 4 Hh, 1 
+ (CrCr — CaCa)(| Mor}? +| M’or P) + TBE @/e) [(CrCy 


BICC vein (Cc eCn te CL On) Mie Ment 
Holm {— (CsCo = Cay) MiMer (e165 — @, Cy) 


i Z 7 1* ’ s rn 
xX MpMer + T37E (oe) [((CsCy + CsCy) | Mr |? 


+ (CxC', + CrCa) (\Mot ? + | Merl )]}; 
W = ((CrP?+{Crl?+|Cal?+ | Cal’) (| Mor|? + | Mor!) 
+(/CsP+1CsP +(CvP+|CvP)| Me? 
++ 2m ((C1Cs + Cr Cys-CaCy °C2Cy) MpMor 
+ (271/E) Re [(CsCy + CsC¥) | Mr |? + (CrCa + CrC'a) 
x (| Mor? +| Mer P)] + (213/E) Im [ (CsCh + CC) 
x MeMor — (CrCy + CrCy) MpMar), 
where E is the total electron energy in units of 
me*; y;= ¥1 —(Z/137)2 ; S, V, T, A, in the sub- 
scripts refer to the scalar, vector, tensor and 
axial-vector variants, respectively. 

From the data of our experiment we can set the 
expression <op> equal to —v/c, independently 
of energy and independently of the magnitudes of 
the matrix elements (in so far as the polarization 
of electrons for the measured elements is the same 
and different elements should have different matrix 
elements). We then obtain 9 equations for the 
coupling constants 

[Cs + CsP+}Cy—CyP =0, (1) 
Lion to) Catal 0, (2) 


> 


It is easy to see that the maximum number of re- | 
lations, which can be determined from experiments | 
with measurement of longitudinal polarization of 
electrons from unpolarized nuclei, have been ob- 
tained. Equations (3) and (4) were obtained earlier | 
(absence of Fierz terms). Equations (1) and (2) 
were obtained in experiments measuring longitudi- | 
nal polarization (accuracy of measurement 10 — 
20%) in allowed and other transitions without meas-: 
urement of the energy dependence of the polariza- 
tion.8 

From Eqs. (1) and (2) follow the relations 


C3 =— C5) Cr = — Cy, Cy SG Care 


If these relations are valid, then this is the maxi- 
mum information that can be obtained from the 
magnitude of longitudinal polarization of electrons | 
from unpolarized nuclei. In fact, all equations are 
identically zero with this choice. However, the ac- 
curacy with which these relations can be obtained 
from Eqs. (1) and (2) is not high. In fact, let us 
take, for simplicity, only the tensor variant. Then 
we have |Cp+Ctp|? = 6(|Cy|? + |C|?), where 6 
is the difference of the polarization of the electrons 
from -v/c. In our case this represents an accu- 
racy of measurement equal to 0.03. 

In first approximation Cp =-—C*p(1+a@), a?= 
26 = 0.06; aw = 0.25. Thus, the relation between 
the constants can be determined from Eqs. (1) and 
(2) to an accuracy no better than 20 to 30%. 

We consider another possibility. Let us assume 


that the absolute values of C and C’ are equal: 
|C\ = |c’| 
and C =-—C’; this indeed occurs in the model of 


the two component neutrino, but |Cy| and |Ca| 
are small, for otherwise there would be a contra- 
diction to known experiments.’ We assume, for 
simplicity, that there are only the tensor and vec- 
tor variants of interaction. Then, for the allowed 
transitions, which lead only to Eqs. (1) and (2), we 
obtain 


Er P| Mor P+ 1 Cy 1 Mp P 
ICr P(Mgr P+ 1Cy PI Mp e 


ashes 


Se ele 


MEASUREMENT OF THE LONGITUDINAL POLARIZATION OF ELECTRONS (3 


= (1—2|p|)=— 148, 


— Ley ll Me | ap 
l= Tenrmger ~V~ 02 


where 6 =0.1 is the best accuracy with which, at 
the present time, the polarization of electrons for 
the allowed transitions has been measured. 

The energy dependence of the polarization of 
electrons in Coulomb transitions, as already stated, 
is also given by Eqs. (3) to (9). It turns out that 
the Eqs. (3) to (6), (8), and (9) are very sensitive 
to the relations between the constants. From these 
equations it follows that the following relations 
should hold between the coupling constants 


Cr/Cr = Cs/Cs. = — Cy/Cy = —Ca/Ca, 


and from the fact that the polarization of electrons, 
for example, from Sr*? (pure Gamow-Teller tran- 
sition) is negative, and of the positrons from Cl 
(pure Fermi transition) is positive,® it follows, 
under the assumption |C| = |C’|, that 


Cy — ae Cr, Cs a a Cs, Cy = Cy, Ca ca Ca, 


with high accuracy. 

In fact, in this same example, we have for the 
polarization of electrons in the case of a Coulomb 
transition 
—|Cy P| Mgr 2 +1 Cy 2 | Mp l? + [2Z/137E (v/c)] Cp Cy | Mer || Mp! 


[CrP I Mgr P#1Cy FI Mp? 
__ t—/e 2+ [22/137E (u/c)] » 
Pei? 


=~—|I+1.59=—1+42. 


from which 


oe = Cy| Me|/Ct| Mor| = 0.03, whereZ/137 = 0.5, 
E=1.2, vje~0.6, 60.05. 


Since the polarization of electrons of all of the 
Coulomb transitions measured by us is the same, 
and it is unlikely that the ratio |Mpr|/|Mgrl is 
small for all of these, then it follows that the frac- 
tion of the vector variant, for which Cy = —Cy is 
very small. This is also valid with respect to the 
axial-vector variant of the interaction. 

On the basis of the above, we come to the con- 
clusion that the results of measurement of the lon- 
gitudinal polarization of electrons in Coulomb tran- 
sitions as a function of the energy, which we ob- 
tained in this work, indicate that most probably the 
following relations between the coupling constants 
in @-decay are satisfied 


Cr me Cr, Cs as Cs, Cy = Cy, Ca = Cx 


which correspond to the model of the two-compo- 
nent electron. If the vector and axial-vector con- 
stants or scalar and tensor constants are pair-wise 


equal to zero, the present experiment agrees also 
with the model of the two-component neutrino. 
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Data on fission products in the rare-earth region for uranium bombarded by 660-Mev protons 
have been obtained by a radiochemical method. The total rare-earth yield was 0.7 x 107*4 cm?, 
corresponding to approximately 20% of the total fragment yield. In the case of highly asym- 
metric fission the yields of stable nuclides and nuclides with neutron excess or deficiency are 
found to be approximately the same. The maximum yield in the light rare earths is for stable 
nuclides whereas the heavy rare-earth fission products are predominantly neutron-deficient. 
It is shown that the distribution of rare-earth elements found in nature cannot be explained by 


fission of heavy nuclei by high-energy particles. 


In an earlier work! we have indicated that the 
rare-earth region is a very convenient one for in- 
vestigations designed to delineate the role of nu- 
clear reactions in the creation of the elements. 
The importance of establishing basic trends in the 
production of rare-earth elements has been pointed 
out several times by A. P. Vinogradov in connec- 
tion with some fundamental geochemical problems. 
For these reasons the study of uranium fission, 
which is a basic nuclear reaction in the heavy-ele- 
ment region, can not be complete without a knowl- 
edge of the yield of the rare-earth elements, which 
comprise a considerable fraction of the fission 
products. The yields of these nuclides can then be 
used to investigate the nature of highly asymmetric 
fission, a phenomenon which has not been studied 
to any great extent at the present time. 

The rare-earth elements, furthermore lie in an 
interesting nuclear region in which shell-structure 
effects become important. It is well-known that 
there is a marked change in nuclear properties in 
the rare-earth region: for example, the excitation 
energy of the first collective level, the quadrupole 
moment, the isotopic shift of spectral lines, nuclear 
deformation, and so on. Some of the first members 
of this group have a shell containing 82 neutrons 
and gadolinium has a clearly defined sub-shell of 
64 protons. All these factors provide motivation 
for examining the effects of nuclear structure on 
the fission process. 

The determination of the yields of radioactive 
isotopes of the rare-earths formed in uranium fis- 
sion induced by high-energy protons involves the 
solution of two basic problems in method: the ef- 
fective separation of the elements of this group 


and a determination of the yields of nuclides which 
decay by K-capture. The problem of separating 
the elements has been discussed in Ref. 1; in the 
present paper main emphasis has been given to 
the development of a method for determining the 
yields of the nuclides indicated above. 


METHOD OF INVESTIGATION 


A target of spectrally pure metallic uranium, 
0.5 to 1 gram in weight, was first irradiated in 
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FIG. 1. Separation of rare-earth elements by a 3.6 percent 
solution of ammonium lactate (pH = 3.4 to 3.5): a— heavy rare 
earths, b— light rare earths. 
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TABLE I 


SS a ae a ee ee ee ee ee 


et Observed energy Production 
Isotope Decay mode Observed Brads AOS SSECe 
half-life Hon ee y-radiation, kev oes re 
s7La 140 B-,Y 38,5 hours 1,418 410; 1653 350; 13,3 
480; 875; 1590 
ssce 134 K 3.5 days 510 0.6 
139 K,y 14505 
141 B- 295, 0.437 145 
143 Baay 35 hours hep aioe GP sale 
305; 635+ 8100 Af) 
145 | B-yy 225 ak 
sgPr 137 B+ ie Apis 
139 Ke Bae SPN 2 
142 B-,y DOW as 6.3 
143 = 13,9 days HO 24,3 
145 B- 4.5 hours 
eoNd 139 | K,8+,y oD 2.3 1.3 
140 K 3.4 days 3 
147 ene MOLE Ns O59 39; 90; 190; 4.9 
263; 310; 410; 
520; 730 a 
o1Pm 148 B-,¥ G2 ws ; 
149 B- 54 hours 0,92 of 
150 8-,¥ 4 
154 B-,Y 26,5 0,92 41; 65; 100; 135; 8,3 
160; 175; 230; 
290; 350—385 
625m 145 K,y 113.3 days 
153 By 48 hours 0.6 40; 70; 100; 155 6 
156 3 10, 2,6 
esEu 146 K a6unt 35; 155; 237 0.36 
148 K,y 50,5 days 
152 K,8-,7 9-5 hours 1.65 3 
156 B-y 14,6 days C,59 2 
thay B-,Y Ws 
eaGd 149 a, K(?) 10.3. Ue 
159 B-,Y 17. hours 0,075 
67110 161 K,y 3.0 2, 
162 Kape ay 65 days 
163 K,y Wes ” 
166 ee 28 hours | 1.62; 0.3 Ore 
esLr 160 K 28 5 47; 88; 136; 
1480—190; 1500 Os 
169 Bae 9.5 days 0.35 0.4 
174 B-,Y 7 hours 0.012 
g91U 165 K,yY eis * 0.3 
166 K,y 8 fc heat 
167 K,y 9,3 days 1.6 
170 Gen 140 . 0.66 0.09 
noXb 166 K 36 hours 52—59; 84; 115; Ore 
185 
169 K,y 28.5 days 0,4 
175 B- 106 hours 0.02 
mLu 170 K,y 1,75 days 0.4 
172 K,y GRTOn 2 0,13 
AKG om cy, gays 
176 m Bay, 3 hours 0.01 
177 Bieaye 6.75 days O75 0.02 


the internal 660-Mev proton beam at the synchro- 
cyclotron of the Laboratory for Nuclear Problems 
of the Joint Institute for Nuclear Research for 1 to 
1.5 hours and then dissolved in several milliliters 
of concentrated hydrochloric acid containing 10 to 
20 mg of cerium and hydrogen peroxide. The solu- 
tion was passed through a column (0.8 x 10 cm) of 


Dowex —1—X8 in equilibrium with concentrated 
hydrochloric acid and the resin was washed by 
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double the volume of this acid. The solution from 


the column was diluted to 0.5 to 3N in HCl and 


again passed through the column with the anionoid 


in equilibrium with hydrochloric acid of corre- 


sponding concentration. The cerium hydroxide was 


then precipitated by ammonia and the precipitate 
dissolved in concentrated nitric acid; 1 to 2 mg of 


zirconium in the form of the oxychloride was added 
and the zirconium iodate was precipitated for sep- 
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aration of the thorium radioisotopes. The cerium 
hydroxide and zirconium iodate were precipitated 
several times. Double precipitation of the hydrox- 
ide and oxalate of cerium from the filtrate was 
carried out. The last precipitate of the hydroxide 
was dissolved in hydrochloric acid and from a 
0.3N hydrochloric acid solution the absorption of 
the rare-earth elements was carried out in Dowex 
—50 in NH, form. The cationoid was carried to 
the upper part of the column (25 x 0.2) cm, filled 
with the cationoid in equilibrium with the eluent. 
The elution was carried out with a 3.6 percent 
solution of ammonium lactate (pH = 3.4 to 3.5) 

at the rate of one drop per minute (approximately 
0.03 ml/min) at 75 to 80°C. Each drop was de- 
posited on a thin sheet of tracing cloth, dried under 
a lamp, and then measured for activity. In Fig. 1 
are shown the elution curves for radioisotopes of 
the rare-earths formed in uranium fission induced 
by 660-Mev protons. The yttrium peak is not 
shown on the figure. 

Each peak of this chromatogram was identified 
individually by half-life of each form of radiation 
(Be, Bt, y and x-ray) and by energy of the B- 
and y-radiations. The measurements were car- 
ried out with both a magnetic analyzer with two 
end counters and with an ordinary apparatus with 
an end tube. The energy of the B-radiation was 
determined by absorption in aluminum while the 
energy of the y -radiation was determined with a 
luminescent y-spectrometer. The identification 
of the isotopes by y -radiation consisted of taking 
the y-spectra for each peak of the chromatogram 
and determining the half-life for the individual 
lines of the spectrum.’ 


DETERMINATION OF YIELDS OF RARE-EARTH 
NUCLIDES 


The determination of the yields of B”- and p*- 
active nuclides was carried out by the method de- 
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scribed earlier.2 The determination of the yields 
of nuclides which decay by means of K-capture, 
however, was difficult because of the absence of 
any reliable method. Several methods are described 
in the literature. Murin and his colleagues*”? have 
used a method described by Wilkinson® for deter- 
mining the absolute yields of K -capture radioiso-— 
topes of the heavy elements; this method is based 
on measurements of the different radiations using 
an argon counter and successive absorption in 
aluminum, beryllium, and lead foils. The counting 
was carried out using the x-ray K -radiation at 
low efficiency (0.5 to 1 percent). 

In measuring the yields of the K-capture 
radioisotopes of elements of intermediate atomic 
weight, Mekhedov and Kurchatov’ have used a mag- 
netic analyzer with two end counters. The x-ray 
radiation and the y -radiation were recorded by a 
krypton-filled end counter which had a high count- 
ing efficiency for the x-ray K-radiation for nuclei 
of intermediate atomic weight (50 to 70%). A 
shortcoming of both methods is the fact that it is 
necessary to take account of the decay scheme, the 
ratio of L/K captures, and soft y -radiation; fur- 
thermore, the geometry is poor in the second 
method. 

Recently, Malysheva® has proposed a method 
for measuring the K -capture decay isotopes of 
mercury, bismuth, and gold formed in the disinte- 
gration of bismuth by 660-Mev protons. This 
method makes use of the secondary x-ray L -radi- 
ation, using a standard argon counter. In this case 
the detection efficiency for the L-radiation of the 
heavy elements is 20% while the efficiency for the 
K -radiation is 0.5 to 1%. The latter can be neg- 
lected and account need be taken of K -capture 
only in the secondary L-radiation (with an error 
of less than 10%). The advantage of this method 
is the high counting efficiency for the L -radiation 
as compared with K -radiation and the fact that 


FIG. 2. Yields of radioisotopes of the rare earths. 
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there is no need to take account of soft y -radiation 
nor of the exact ratio of L/K captures. The last 
factor is especially important since this quantity 

is either completely unknown or not known reliably 
in the majority of neutron-deficient nuclides. 

The first method was found to be poorly suited 
to the present work so that the second was used. 
For this purpose we have determined the counting 
efficiency for x-ray K- and L-radiation for the 
rare-earth elements. The appropriate calculations 
show that the counting efficiency for K -radiation 
is 1% for cerium, less than 1% for lutetium and 95 
and 55% respectively for L-radiation in these ele- 
ments. In the remaining rare-earth elements the 
efficiency lies between these values. The magni- 
tudes which have been obtained indicate a very high 
counting efficiency for L-radiation in the rare- 
earth elements and consequently indicate the con- 
venience of the method described above for deter- 
mining the yields of K-capture isotopes of these 
elements. 

In the activity measurements made with the 
ordinary end counter corrections were introduced 
for the following factors. 

1. Absorption of L-radiation in the counter 
window, in the air gap, and in the sample covering 
(16% for cerium and 22% for lutetium ). 

2. Absorption of the L-radiation in the ineffec- 
tive counter volume which was (20% for cerium 
and 6% for lutetium). 

3. L-fluorescent yield (using the data reported 
by Burhop’). 

In addition, using the known decay schemes a 
correction was introduced for the fraction of x-ray 
K -radiation due to electronic conversion. The 
error in the determination of the yields was 40 to 
50% for the known decay schemes and less than 
100% for the unknown decay schemes. 


DISCUSSION OF THE RESULTS . 


The yields obtained for the radioisotopes of the 
rare-earths are shown in Table I. Using a method 
of interpolation and extrapolation which has been 
described in detail in Refs. 10 to 12, the yields of 
a large number of stable and unidentified radio- 
active isotopes were plotted on an isotope chart 
in N—Z coordinates (Fig. 2). Using the experi- 
mental and interpolated data, distribution curves 
were plotted for the yield of the various elements 
as a function of mass number; these are shown in 
Fig. 3. These curves, which are more or less 
dome-shaped, make it possible to extrapolate the 
yields of the other isotopes of the rare-earth ele- 
ments. The yields of the isotopes of dysprosium 


735 


and terbium, which could not be separated in a 
pure radioactive state, were determined in this 
way. This situation arises because of the fact 
that these two elements are eluted after yttrium, 
which has a very large yield, and the yttrium peak 
on the chromatogram tends to mask the dysoprosi- 
um and holmium peaks. The superposition of peaks, 
in separating various amounts of rare-earth ele- 
ments, has been noted earlier.!3>!4 

From the complete pattern of experimental and 
interpolated data it is possible to obtain a com- 
plete picture of the rare-earth fission products 
for uranium fissioned by 660-Mev protons and to 
estimate the fraction of stable nuclides and nu- 
clides with neutron deficiency and neutron excess. 

It follows from Table II that the yields for all 
three types of nuclides are approximately the 
same. Thus stable nuclides comprise 38.6%, the 
neutron-excess nuclides 36.6%, and the neutron- 
deficient nuclides 24.8% of the total rare-earth 
yield. However there is a marked dependence of 
the yield of these various types of nuclides on 
atomic number. For example, yields of stable 
nuclides and neutron-excess nuclides are reduced 
as Z increases whereas the yield of neutron-de- 
ficient isotopes increases as Z is increased. The 
dependence on atomic number is also observed in 
the position of maximum-yield nuclides with re- 
spect to the line of nuclear stability drawn through 
nuclides of greatest abundance in nature (solid line 
in Fig. 4). It is apparent from this figure that a 
line drawn through nuclides of maximum yield 
(dashed line) tends to move in the direction of 
neutron-deficient nuclei as the atomic number of 
the rare-earth element increases. 

The data in Table II indicate a significant re- 
duction in the total yield of rare-earth nuclides 
with increasing Z. The nature of this dependence 
is shown in the curve in Fig. 5, from which it is 
apparent that the yield of lutetium isotopes (Z = 
71) is 150 times smaller than the yield of cerium 
isotopes (Z=58). The smooth behavior of this 
curve is disturbed beyond gadolinium (Z = 64); 
this effect may be interpreted as an indication of 
the clearly defined sub-shell of 64 protons. 

The total yield of rare-earth nuclides is 0.7 x 
107*4cm?, about 20% of the yields of all fission 
products of uranium if it is assumed that the total 
fission cross section for uranium is 1.65 x 107% 
cm? (Ref. 11) and that this cross section does not 
change greatly as the energy is increased from 
480 Mev to 660 Mev. The ratio of these quantities 
can be used to estimate the fraction of asymmetric 
fission which leads to the formation of elements 
with Z = 30—37 and Z=57—71 (40% of the 
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total fission cross section for uranium). 

The data on yields for all isotopes of the rare- 
earth elements can also be used to establish the 
distribution of isotopes over mass number (Fig. 3) 
and the distributions of isobars over atomic num- 
ber (Fig. 6). These distributions are of the nature 
of identical dome-shaped curves for all elements, 
excluding the heavy elements, in which all nuclides 
are in the right-hand branch. In the distribution of 
isobars over Z there are noticeable deviations in 
the region Z=64. This gives an indication of the 
role of shell structure in the fission process. 

The information on yields for all rare-earth 


nuclides supplements the picture of uranium fission 


given earlier! and gives a detailed picture of the 
heavy fragments of highly asymmetric fission. 
Among these, neutron-deficient nuclides comprise 
a large fraction. This is in contrast with the light 
fission fragments, for which there is a clear pre- 
dominance of neutron-excess nuclei. The quantity 
Zp (the most probable charge for a given mass 
number ) found from the isotope chart (Fig. 2), just 
as in Ref. 11, departs significantly from the line of 
nuclear stability and tends to be on the neutron-de- 
ficient side. This departure increases with in- 
creasing mass number (Fig. 7). On this figure the 
line of nuclear stability is characterized by a de- 
pendence of the quantity Za, (the most probable 
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FIG. 4. Products of uranium fission in the rare-earth region. 
®-— stable isotopes, O — radioactive isotopes. 


charge of the stable nuclei) on mass number.” In 
light fission fragments!! Zp lies in the immediate 
vicinity of the line of nuclear stability. It should 
be noted that in uranium fission by slow neutrons 
the quantity Zp(n) lies in the region of high neu- 
tron excess.© The ratio n/p for heavy fragments | 
is 1.3 to 1.51 whereas it is much lower for light 
fragments (1.14 to 1.4). The maximum is found 
for a nuclide with ratio n/p = 1.42 to 1.47. The 
considerable difference in the magnitude of n/p in 
the heavy fragments and light fragments indicates 
that uranium fission does not involve an emission 
mechanism since this mechanism is characterized 
by the same value of n/p for all fission fragments. 
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FIG. 5. Total yields for isotopes of the rare earths as a function of atomic number. ; 
FIG. 6. Distribution of isobars as a function of atomic number. @ — interpolated data, O — experimental data. 
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EFFECT OF NUCLEAR STRUCTURE 


At the present time the effect of shell structure 
on the slow-neutron process in heavy nuclei is 
more or less established. The asymmetric nature 
of slow-neutron fission in these nuclei is considered 
by many authors!* 1" to be the result of the shell 
structure of the fissioning nucleus. 
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FIG. 7. The quantities Za and Zp as functions of mass 
number in the rare-earth region for uranium fission induced by 
660-Mev protons. 


The fine structure in the yield curve for fission 
products of U233, U5, y238 and Pu2*® close to 
mass 133, 100, 84 and others, '!8~®> which is ob- 
served by mass-spectroscope and radiochemical 
techniques, may be also be basically attributed to 
shell structure effects in nuclei with 50 and 82 
neutrons. This fine structure is not observed at 
high bombarding-particle energies, however. This 
is an indication that the excitation energy of the 
fissioning nucleus is high. Thus the shell structure 
of the nucleus becomes apparent only in the last 
stage of the evaporation process, when the excita- 
tion of the nucleus has become small. 

A consideration of the yield distribution curves 
for isobars as a function of atomic number, shown 
in Fig. 6, shows a marked departure in the behav - 
ior of these curves in the region of gadolinium 
(Z = 64). There is a marked reduction in yield for 
isobars containing 64 protons, corresponding to the 
filling of a sub-shell.”® In isobars having a closed 
neutron shell at N= 82 there is also a very 
marked reduction in yield as the sub-shell of 64 
protons is approached (in Fig. 6 isobars with N= 
82 are enclosed in squares). In general these iso- 
topes are not observed in gadolinium. In Fig. 5, 
as has already been indicated, there is a sharp 
break in the behavior of the distribution curve for 
the total yields of the rare-earth elements in the 
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vicinity of gadolinium (Z = 64). 

The reduction in yield which is observed for 
nuclei having a closed sub-shell can be explained 
from the point of view of the statistical model. It 
is well-known that nuclei with closed sub-shells 
have an abnormally low level density. In Ref. 27 
it has been shown that in the evaporation process 
the yield of nuclei with low-level densities is con- ~ 
siderably smaller than those with high-level den- 
sities. 

The fact that uranium fission induced by 660- 
Mev protons exhibits nuclear shell structure ef- 
fects, as in the neutron evaporation process, is 
evidence of the evaporation of neutrons from ex- 
cited fragments. This finding tends to support the 
viewpoint that uranium fission is due to a barrier 
mechanism. 


ORIGIN OF THE RARE-EARTH ELEMENTS 


Any explanation of the origin of the elements 
must provide an understanding of the nuclear abun- 
dances found in nature. To delineate the role of 
the fission process in the formation of the rare- 
earth elements we have compared the natural 
abundances of stable isotopes of these elements 
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®— in the earth’s crust, O— in the sun and in certain stars, 
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ucts of fission of natural uranium by 660-Mev protons. 
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TABLE II 
Content, pe t 
Mass » percen Content, percent 
Element | number |In the earth’s In fission || Element ieee Inthe earth’ s/In fission 
crust28 ' products crust?® | products 
wa 138 0.089 | 34,4 oaGd 155 14.73 26.3 
139 99.911 65.9 ; 156 20.47 24° 
157 15,68 13.5 
gace 136 0.193 25 158 24,87 6.4 
138 0.25 a 160 21.90 2.6 
140 88.48 55.9 
142 11.07 29.5 ab 159 100.0 100.0 
SoPE 141 100,0 100.0 osDy 156 0.0524 4,05 
158 0.0902 22 
160 2,294 12.4 
ooNd 142 27.13 8.6 164 18,88 27,35 
143 q278 30.7 162 25.03 21,5 
144 23.87 24,65 163 24,97 8.4 
445 8.3 22.9 164 28.18 Uhl 
146 17.18 11.9 
148 5272 1.16 || eHo | 165 100.0 100.0 
150 5.6 0.09 csr 162 0,136 4,9 
ae 1.56 24.2 
1 33.44 30,2 
«2m 144 3,16 1,05 167 22.94 24.6 
147 15,07 22.2 168 27 .07 15,6 
148 41,27 12.4 170 14.88 0.5 
He re Be Pati enGO 100.0 100.0 
152 26.63 8.4 rote ve oe He 
: 35.9 
ae 22.93 74 171 14.31 25.8 
172 24.82 10.7 
e3Eu 154 47.77 58,6 173 16.13 7.0 
153 52,23 41.4 174 31.84 4,8 
| 176 4973 0.8 
ead 152 0.2 12.9 nLu 175 97.40 83.3 
154 2.15 17.1 176 2.60 16.7 


with the fission yields. In Fig. 8 are shown the 
rare-earth abundances in the earth’s crust,”® in 
the sun, and in various types of stars,’ together 
with yield curves for the stable isotopes of these 
elements in thermal-neutron U2* fission®”’*! and 
fission of natural uranium by 660-Mev protons. 
The yields and abundances are plotted as functions 
of atomic number (the percentage of each element 
in the rare-earth totals). In estimating the stable- 
isotope yields the contribution of radioactive chains 
has been taken into account. 

An examination of these curves shows the same 
increase in the even elements both in nature and 
in the uranium fission products. The relative posi- 
tions of these curves in Fig. 8 indicates that the 
rare-earth abundances observed in nature can not 
be explained by thermal-neutron fission of U*, 
since elements heavier than terbium are not 
formed in this process. The fission-product curve 
for 660-Mev proton-induced fission in uranium dif- 
fers from the natural abundance curve only in the 
region of heavy rare-earth elements. If it is as- 
sumed, however, that the heavy rare-earth yield 
increases with increasing proton energy at cos- 
mic-ray energy, one would expect completely simi- 
lar behavior for the two curves. For this reason 
there would seem to be little basis for the proposal 
that the abundances of the rare-earth elements ob- 


served in nature can be explained by fission of heavy 
heavy nuclei by high-energy protons. 

A detailed examination of the data in Table III 
indicates a noticeable difference between the iso- 
topic composition of the even rare-earth elements 
found in nature and those produced in the fission 
process. In fission due to fast protons there is a 
clear preponderance of light isotopes as compared 
with the natural distribution, especially for heavy 
elements. This preponderance of light isotopes 
becomes more pronounced as the proton energy is 
increased. Thus, fission of heavy elements by high- 
energy particles would not seem to be a likely 
mechanism for explaining the abundances of the 
rare-earth elements which are presently observed 
in nature. 

The authors wish to express their gratitude to 
A. A. Sorokin and L. S. Novikov for the y-radia- 
tion identifications and for computing the yields of 
some of the isotopes which decay by electron cap- 
ture. 
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The electrical resistance of nickel, iron, and copper alloys of nickel, containing up to 25% 
copper, have been measured in the temperature interval from 2 to 78°K. It has been found 
that in the region 4° < T < 78°K, within experimental error, the temperature dependence of 
the electrical resistance is given by formulas (3) or (4) where m Jip l1~n#5, where 
the phonon terms T! and T. become important only at temperatures above 20 to 30°K. 
Assuming a three-halves law for the temperature dependence of the spontaneous magneti- 
zation Ig, it is easy to relate the electrical resistance p to the ferromagnon concentra- 
tion n=1-—Ig/Iy, (where I) is the magnetization at T— 0) and to obtain a numerical 
value for the coefficient (p—py)/n, where py is the residual resistance. A comparison 
of this coefficient in nickel with the quantity Ap/An, where Ap and An are the changes 
in p and n due to changes in the true magnetization in strong magnetic fields, shows that 
these quantities are approximately the same. This may be taken as indirect evidence of the 
validity of the assumption that the electrical resistance of ferromagnetic metals at low tem- 
peratures is related to scattering of electrons by inhomogeneities in the magnetization of the 


~ 
~~ 


lattice (scattering by ferromagnons ). 


ests electrical resistance of iron, nickel and 
nickel-copper alloys has been studied in a number 
of papers, !~> but only in a relatively narrow tem- 
perature range. Thus, in our previous paper‘ the 
electrical resistance of nickel and nickel-copper 
alloys was studied between 2 and 4.2°K and between 
14 and 20.4°K. In the present work the temperature 
dependence of the electrical resistance of these 
metals and alloys was studied over the entire tem- 
perature region from 2 to 78°K. The data obtained 
help evaluate the validity of various theoretical ex- 
pressions®*" and establish the relation between 
changes in electrical resistance and spontaneous 
magnetization in ferromagnets in the low tempera- 
ture region. 


1. METHOD OF MEASUREMENT. SAMPLES. 


The resistance was measured by a potentiom- 
eter method (using a PPTN-1 potentiometer). The 
samples were wires 0.1 to 0.2 mm in diameter and 


-150 to 160 mm long wound on a copper coil which 


was placed in a copper container 8 mm high for the 
measurement. The compositions of the alloy sam- 
ples are given in the table. The iron samples were 
made from Armco iron wire. The nickel was chem- 
ically pure and its residual resistance was approxi- 
mately 0.2 x 10-*ohm-cm rather than 1.54 x 107° 
ohm-cm for the nickel sample used earlier.’ 

All samples were annealed in vacuum at 900°C 
for an hour and then slowly cooled at the rate of 


; 09-108, foo-10", | «10°, 810°, 1028, Py b- 108 : 
Specimens Q-cm| Q- cm |Q.cm/deg|Q. cm/deg?|Q-cm/deg* deg’l: Q-:cm/deg® if # 
ae 0.20 | es 4 0.4 204 Neo 5 1.51/4.9 5.8 
ae 0.4 eG sea ie i Teh 14. 5014.8 45. 

Alloy of Ni-Cu 1.458] 1.44 3 

(annealed) 
4.6% Cu | 4.95 | — 17 0.4 0.8 | 4.5 8.2 11.49] 4.815.3 
959%, Cu 1.9.27 | — 30 0.4 = 8.0 eh Se 
15.1% Cu [12.65 | — 40 0.4 0.2) 1824 5 1.47] 4.8|5.6 
20.0% Gu 116,22 | — 49 0.6 Se 14550 Sea at a 
25.1% Cu |20,25 |19.85 54 4.1 —_ = 

Alloy of Ni-Cu 

(hardened) Cu 10.0 | 9.78] 36 0.5 
15.1% Cu [14.26 113.74 58 0.6 = = 
20 0% Cu |17.80 |17.70 70 0.6 = = Bes 
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FIG. 1. Electrical resistance of nickel, iron and 
nickel-copper alloy as a function of temperature: 
© — after annealing, A— after hardening. 


100 degrees per hour. In addition, three samples 
were fabricated for which the annealing at 900°C 
for an hour was followed by rapid cooling (hard- 
ening) in air. 

The temperature in the intervals 2 to 4.2°K, 14 
to 20.4°K and 63.1 to 77.3°K was determined by 
measuring the pressure. In the measurements in 
the temperature region 4.2 to 14°K and above 20.4°K 
the container with the sample was suspended in a 
Dewar flask above the level of liquid and the tem- 
perature measured with a carbon resistance ther- 
mometer which had been calibrated against a gas 
thermometer. The error in the measurements in 
the 4.2 to 20°K region was 0.1 degree; in the region 
above 20.4°K the error was 0.5 degrees. 


2. RESULTS 


In Fig. 1 are shown curves which indicate the 
temperature dependence of the electrical resist- 
ance p in iron, nickel and nickel-copper alloys. 
In the curves for certain alloys there are “steps” 
in the temperature region 3 to 10°K. In the an- 
nealed samples these “steps” are generally smal- 
ler than in those which were hardened. In our 
earlier work‘ data have been given concerning the 
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effect of magnetic field on the size and position of 
these “steps.” It is possible that these “steps” 
are due to the presence of inclusions of supercon- 
ducting materials which are not detected in chemi- 
cal or spectral analysis; however, it is also pos- 
sible that what is being observed is an anomaly, 
similar to that which was found in Refs. 8 and 9 
in certain non-ferromagnetic alloys. In the pres- 
ent paper we shall not discuss these “steps” and 
consider the temperature dependence of the elec- 
trical resistance only outside the region in which 
they appear. 

At the outset, we remove from p the residual 
resistance term py which is independent of tem- 
perature. In many cases py can be determined 
by linear extrapolation of the left-hand part of the 
curve of p(T) to zero; however, this extrapola- 
tion procedure is not very accurate. We have de- 
termined py by expanding p(T) ina power 
series 

O(T) = 09> OL BT? 4. (1) 


In this case, if the first three terms are considered, 
the error in the determination of py does not ex- 
ceed the error in the measurements. In those cases 
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FIG. 4. 0— nickel, V~ iron, @— alloy with 4.6 % copper, 
x— alloy with 15.1% copper. 


in which “steps” are observed on the p(T) curve, 
two values of the residual resistance are taken, 
namely: p, for the part of the curve lying to the 
right of the step, in which case the expression in 
(1) is used, and po; which is obtained by linear 
extrapolation to zero of the part of the p(T) curve 
lying to the left of the step (T < 3°K). The values 
of py and py; and @ and 8, obtained in this way 
for the different samples, are shown in the table. 
The quantity (p—p,))/T asa function of T 
and the quantity In(p-—p,) asa function of In T 
are shown in Figs. 2 and 3 respectively. Depar- 
tures from a straight line are observed in Fig. 2 
starting at T > 30°K. In the temperature region 
4 < T < 18°K the dependence of the electrical re- 
sistance on temperature may be described by three 
terms in the formula in (1) or by the formula* 


p=~+ar”, (2) 


where a and m are constants. The values of 
these constants are given in the table. In all sam- 
ples the exponent m is approximately %. 

The sharp increase in electrical resistance at 
temperatures greater than 20 to 30°K indicates 
that we may be dealing here with a T° relation. 
To verify this assumption the curves shown in 
Figs. 4 and 5 were plotted; in these curves the 
quantities In(p—p)— @T — BT”) and In(p- pp 
—aT™) are plotted against In T. In both figures 


*The fact that there are two formulas for the temperature 
dependence in a limited low-temperature range is not incon- 
sistent. It is apparent that the formula for p can be written in 
the form of a power series, using any parameter which is small 
close to absolute zero. Such a parameter could be T or T™ 
with m>0. The present experimental data indicates that in 
the region 4—20°K the dependence of p on T is given by the 
first three terms in the power series or two terms in the series 
in powers of TH 
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FIG. 5. O— nickel, V— iron, e— alloy with 4.6 % copper, 
x— alloy with 15.1% copper. 


the points lie on straight lines. Thus the tempera- 
ture dependence in the region 4°K < T < 77°K is 
given either by 


0=po + aT + BT? +4 yT! (3) 
or 
9=p +aT”-+ OT", (4) 


where 7 and n are approximately 5. The values 
of 2, n and the coefficients y and b are shown 
in the table. 
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FIG. 6. Residual electrical resistance of a nickel-copper 
alloy as a function of composition. 0 — after annealing, 
A-— after hardening. 


Figure 6 shows the residual resistance py as a 
function of the copper concentration in nickel-cop- 
per alloys for hardened samples and annealed sam- 
ples. This relation is linear up to copper concen- 
trations of 25%. Points corresponding to po, in 
samples in which “steps” were observed, as is 
apparent from the table, lie below the lines which 
pass through the pp» points in the “normal” samples. 
Thus the anomaly is observed as a reduction in the 
resistance as compared with “normal” behavior; 
this is the basis for the assumption that the effect 
is due to superconducting inclusions. 
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FIG. 7. Increase in elec- 
trical resistance with reduc- 
tion in spontaneous magnet- 
ization. 
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3. DISCUSSION OF RESULTS 


The electrical resistance of metals is related 
to scattering of electrons by thermal vibrations of 
the lattice (phonon scattering), scattering by in- 
homogeneities in the magnetization (in ferromag- 
netic materials — scattering by ferromagnons ) 
and scattering by impurity ions which appear in 
the lattice. From the results which have been 
given above it follows that in iron, nickel, and 
nickel-copper alloys the phonon term, which is 
proportional to T°® in the Bloch theory, is impor- 
tant at temperatures above 18 to 30°K. We may 
note that if the Bloch relation 


p, = 497.6 (92 / 4 T,) T° 


(where @q is the Debye temperature T, «K @q 
<«T,) is used to compute the T° coefficient in 
nickel, a value of 9.5 x 10'® is obtained and this 
is close to the value of b given in the table. 
Scattering by inhomogeneities in the magnetiza- 
tion of the lattice (ferromagnons) has been con- 
sidered theoretically by Vonsovskii and Turov.®" 
The quantity Ap, that part of the electrical re- 
sistance of a ferromagnetic metal which depends 
on the inhomogeneity in the magnetization, is given 
by Turov in the form Ap = c,T + ¢,T*, which 
yields the same relation between p and T as the 
empirical relation in (1). The theory does not give 
the values of the coefficients c, and c, and thus 
cannot be compared quantitatively with the experi- 
mental results. However, using the experimental 
data it is possible to show indirectly that the tem- 
perature dependence of the resistance p in the 
ferromagnetic metals investigated in the region 
from 4 to 18°K is actually related to inhomoge- 
neities in the magnetization and to make a rough 
estimate of the interaction energy which charac- 
terizes the scattering of electrons on the indicated 
inhomogeneities. For this purpose we have com- 
pared the change in p in the indicated tempera- 
ture region with the isotropic changes in this quan- 
tity in strong magnetic fields. The latter are pro- 
portional to the true magnetization and are thus 
directly related to the concentration of ferromag- 
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nons. We have also compared both quantities with 
the change in residual resistance in nickel-copper 
alloys as the copper concentration is changed. 

In the low temperature region, it follows from 
the Bloch theory and has been shown experimen- 
tally. 72" that 


(Io — 1s) /Io = (T/8’)* 3 


where I, is the magnetization at T=0 and ©’ 
is a parameter related to the exchange energy. In 
Fig. 7 the values of p — po are plotted against 
(T/0')/ 2 In plotting these curves the values of 

@’ for nickel and iron were taken from Refs. 10 
and 11. In Fig. 7, as can also be seen directly 
from Fig. 3 and Eq. (2), in the temperature region 
4 to 18°K p isa linear function of (T/ @)/ 2 and 
thus of I)-—Ig /Iy) =n, i.e., the concentration of 
ferromagnons (in-the region 4 to 18°K, n< 0.001). 
According to the present data the quantity (p—py)/n 
is 2.2 x 1075 in nickel and 4.4 x 107° in iron. 

We now compare (p-— po)/n with IAp/Alg = 
Ap/An where Ap is the change in electrical re- 
sistance which accompanies a change Alg in the 
true magnetization in strong magnetic fields. In 
nickel, in the region from 4,000 to 18,000 oersteds, 
we have at room temperature Ap/pAH = 0.25 x 
10 7°: (Ref..12),0 Ale /AH = 1.3 «110 aor erale 
0.7. 61054 <Alg/ Ass. 201 0b“ i (hef-ot 4) sane 
p=11%x10~°ohm-cm. Assuming I) = 509 we have ~ 
Ap/An 107°, or 2.0 x 107° > Ap/An > 1.1 x 107°. 
These quantities are of the same order of magni- 
tude as (p—,)/n, and this may be considered an 
indirect verification of the fact that the electrical 
resistance of ferromagnetic metals and alloys in 
the low-temperature region is related to scatter- 
ing of electrons by inhomogeneities in magnetiza- 
tion of the lattice. 

In those cases in which electron scattering is 
due to an irregular static potential due to impuri- 
ties or inhomogeneities in the lattice, this potential 
which is usually taken as a small perturbation, can 
be estimated roughly from the difference in the 
ionization potentials of the host atoms and the im- 
purity atoms. If, using this very rough estimate, 
we take the perturbing potential in the lattice of a 
nickel-copper alloy as the difference in the ioni- 
zation potentials for copper and nickel, a value of 
approximately 0.07 ev is obtained. The magnitude 
of the perturbing potential due to an inhomogeneity 
in the magnetic moment corresponds, in order-of- 
magnitude terms, to the exchange integral, i.e., 
0.01 to 0.1 ev. Thus, in the first approximation 
electron scattering on inhomogeneities in the mag- 
netization of the nickel lattice and electron scatter- 
ing by copper ions in copper-nickel alloys should 
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lead to a change in the electrical resistance which 
is of the same order of magnitude. On the other 
hand, as the change in electrical resistance is the 
same for identical increases in the concentration 
of ferromagnons in the nickel lattice and copper 
ions in the alloy lattice it may be concluded that 
the exchange integral for the s and d electrons 
is a quantity of the order of 0.01 to 0.1 ev. 

The curve shown in Fig. 6 indicates that the 
residual resistance of nickel-copper alloys in- 
creases in proportion to the copper concentration 
v for v< 0.25 and Ap)/v=7.7 x 107° where 
Apy is the difference in the values of py for an 
alloy sample with a copper concentration equal to 
v anda nickel sample. Comparing these quanti- 
ties with (po—p,)/n for nickel we see that both 
are approximately the same order of magnitude. 
From a comparison of Ap)/v and (p—py)/n 
it is apparent that electron scattering on impuri- 
ties in the copper is somewhat stronger than on 
inhomogeneities in the magnetization. 

The authors wish to take this opportunity to 
thank A. I. Shal’ nikova for many discussions con- 
cerning the procedure used in the experimental 
parts of the present work. 


1W. Meissner and B. Voigt, Am. Physik 7, 892 
(1930). 


2H. Masumoto and J. Shirakawa, Sci. Rep. Tokyo 


Univ. 25, 104 (1936). 
33. Smit, Physica 17, 612 (1951). 


4 Kondorskii, Galkina and Chernikova, Proceed- 
ings of the Conference on Physics of Magnetic Ef- 
fects, Moscow 1946; Izv. Akad. Nauk SSSR, Ser. 
Fiz. 21, 1123 (1957). 

°A. I. Sudovtsev and E. E. Semenenko, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 31, 525 (1956); Soviet 
Phys. JETP 4, 592 (1957). 

6S. V. Vonsovskii and E. A. Tirov, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 24, 420 (1953). 

URAL Turov, Izv. Akad. Nauk SSSR, Ser. Fiz. 
19, 474 (1955). 

8. Mendoza and J. G. Thomas, Phil. Mag. 42, 
291 (1951); 43, 900 (1952); A. N. Gerritsen and J. 
O. Linde, Physica 17, 573 (1951); 18, 877 (1952); 
A. N. Gerritsen, Physica 19, 61 (1953). 

9w.B. Teutsch and W. E. Love, Phys. Rev. 105, 
487 (1957); D. A. Spor and R. T. Webber, Phys. Rev. 
105, 1427 (1957). 

10M. Fallot, Ann. phys. 6, 305 (1936). 

11 I. Kondorskii and L. N. Fedotov, Izv. Akad. 
Nauk SSSR, Ser. Fiz. 16, 432 (1952). 

12, Englert, Ann. Physik 14, 589 (1932). 

13. Becker and W. Doring, Ferromagnetismus, 
Berlin, 1939, p. 174. H. Polley, Ann. Physik 36, 
625 (1939). 

14D. Weiss and R. Forrer, Ann. phys. 12, 279 
(1929); A. R. Kaufmann, Phys. Rev. 55, 1142 (1939). 


‘Translated by H. Lashinsky 


225 


SOVIET PHYSICS JETP 


VOLUME 34(7), NUMBER 5 


NOVEMBER, 1958 


THE STRUCTURE OF EXTENSIVE AIR SHOWERS AT SEA LEVEL 


A. T. ABROSIMOV, N. N. GORIUNOV, V. A. DMITRIEV, V. I. SOLOV’ EVA, V. A. KHRENOV, and 


G. G. KHRISTIANSEN 


P. N. Lebedev Physics Institute, Academy of Sciences, U.S.S.R. and Moscow State University 


Submitted to JETP editor December 3, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1077-1089 (May, 1958) 


The lateral distribution of electrons and of nuclear-active and nuclear-passive particles in 
extensive air showers containing from 4 x 104 to 4 x 10° particles at sea level was studied 
by means of correlated hodoscopes. The experimental data indicate that cascades of high- 
energy nuclear -active particles, which determine the development of extensive air showers, 
are present in the showers in the lower layers of the atmosphere. The energy carried by a 
cascade is concentrated in a small region with a radius of the order of a few meters around 


the shower axis. 
INTRODUCTION 


Tae study of the nucleo-cascade process which 
manifests itself as an extensive air shower re- 
quires detailed information concerning the struc- 
ture of the shower at different heights in the atmo- 
sphere. None of the several recent investigations 
of the lateral distributions of the various shower 
components has been sufficiently thorough. In the 
present work we endeavored to obtain as complete 
and accurate quantitative information as possible 
regarding the lateral distribution of electrons, 
penetrating nuclear-interacting or “nuclear-active” 
(n.a.) particles, and “nuclear-passive” (n.p.) 
particles at sea level. This was a continuation 

and expansion of the work reported in Ref. 6. The 
measurements were performed at Moscow from 
April to June of 1954. 


DESCRIPTION OF APPARATUS 


We used the well-known method of correlated 
hodoscopes, described in Ref. 7. The charged- 
particle distribution was determined by more than 
2000 Geiger-Miiller counters combined in hodo- 


scope groups that were placed in the plane of ob- 
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FIG. L General arrangement of the apparatus. 
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servation. Most of these groups (1536 counters ) 
were used to measure the density of all charged 
particles. The remaining 540 counters detected 
penetrating n.p. and n.a. particles. Figure 1 shows 
the general arrangement of the apparatus. 

The geometry of the apparatus differs from that 
of Ref. 6 by the presence of the additional hodo- 
scopic stations 5, 6, and 7 located 60, 120 and 
250 m, respectively, from the center of station 1. 


TABLE I 
Number of counters 
Num- ; 
Bono In charg ed- In penetrating 
Saint Particle den- particle 
sity indicators detectors 
1 1128 216 
2, Ue 0) 
3 UP eZ, 
4 1 We 
i) 36 36 
6 54 54 
il 90, 90 
Total 1536 540 


Table I gives the numbers of counters at stations 
1 to 7. The detectors of penetrating particles at 
stations 1, 3, and 4 were similar to those in Ref. 
6, except for the fact that the lead absorber placed 
above them was increased in thickness from 8 to 
13 cm, while the lead shielding at the sides and 
ends was increased from 10 to 15 cm. Figure 2 

is a cross section of the detectors at stations 5, 
6, and 7. 


FIG. 2 Detector of 
penetrating particles at 
stations 5, 6, and 7. 
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The hodoscopic arrangement employed in the 
present work was triggered as described in Ref. 6 
by coincidences of six counter groups each of 0.132 
m? area. The geometry and coincidence arrange- 
ment made it possible to study the lateral distribu- 
tions of all charged particles and n.p. particles 2 
to 250 m from the shower axis and of n.a. particles 
2 to 30 m from the axis. The total number of par- 
ticles varied from 10‘ to 10° in the showers studied. 

In the present work we used GK-6 Korablev 
hodoscopes at all stations except 7. Because of 
the time lag of the gaseous discharge in the non- 
filamentary thyratrons of the GK hodoscopes, spe- 
cial attention was paid to bringing about agreement 
between the lag of the master pulse (resulting from 
the inclination of the shower axis and passage along 
a high-frequency cable) and the resolving time of 
each individual hodoscope unit. The latter was 
measured by the method described in Ref. 8. For 
units with 6 x 55 cm? counters the average resolv- 
ing time was 12 microseconds; for 3.3 xX 30 cm? 
counters the resolving time was 8 microseconds 
and for 2 x 12 cm? counters it was 5 microseconds. 
With this resolving time, each master pulse was 
accompanied by not more than a single chance dis- 
charge of a counter in the entire hodoscopic sys- 
tem 1—6. The number of counters triggered 
legitimately at each of stations 1—6 considerably 
exceeded the number due to chance. 

With the given system of shower selection the 
particle density at station 7 is so small that the 
resolving time must be made as small as possible. 
Therefore the hodoscope units at station 7 in- 
cluded electron tubes with delay lines and had a 
resolving time of 2.5 microseconds. This permitted 
us to study showers at distances of 1 to 250 m from 
the axis with a minimum of ~ 106‘ particles. 


METHODS AND RESULTS 


The apparatus which has been described fur- 
nished a quite detailed picture of the charged par- 
ticle density distribution near the axis of each re- 
corded shower. This enabled us to determine the 
required individual characteristics of the shower, 
which are the position of its axis and the number 
of shower particles. 

In a considerable number of instances the axes 
of recorded showers passed close to the center of 
station 1 and the hodoscope groups of counters ob- 
tained a good determination of the particle density 
distribution. In these instances the location of the 
shower axis was determined without any special 
assumption regarding the lateral distribution of 
the shower particles except that of circular sym- 
metry around the axis. 
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The position of the axis was determined as fol- 
lows. As the zeroth approximation, the axis was 
located at the middle of the region of maximum 
particle density. This region is easily found if 
the hodoscopes provide a good determination of 
particle density. For the next approximation we 
considered the hodoscope groups forming a sym- 
metrical configuration with respect to the middle 
of the region that had been obtained. Because of 
the uniform arrangement of hodoscope groups 
within station 1, a considerable number of these 
groups entered into this configuration. The 
“center of gravity” of the region determined in 
this way was obtained from the formula 


Xo = Dixie: / Diet, Yo= Diyior | Dives 
where xj, and yj are the coordinates of the i-th 
hodoscope group and pj is the shower particle 
density above this group. The point Xp, Yq is 
near the shower axis as the “center of gravity” of 
the entire shower. 

For the second approximation we considered 
the hodoscope groups forming a symmetrical con- 
figuration around Xp, Y)9 and determined their 
center of gravity. In practice the second approxi- 
mation is unnecessary since the inaccuracy in the 
determination of X,Y 9 is usually much greater 
than the difference between the first and second 
approximations. 

When the axis passed through the edge or out- 
side of the station its position was determined by 
making use of the lateral distribution function of 
shower particles. (This distribution had already 
been obtained for showers whose axes were located 
by the method described above.) In such cases we 
used the fact that the shower axis had to lie ona 
straight line drawn through the “center of gravity” 
of the entire hodoscopic station 1 and through its 
center of symmetry.* We note that when the 
shower axis passed outside of station 1 but not 
more distant than stations 2, 3 and 4 its location 
was also determined, but less accurately. This 
permitted a considerable increase in the number 
of showers selected for determination of the par- 
ticle density at large distances from the axis (sta- 
tions 5, 6 and 7), where the above-mentioned re- 
duced accuracy evidently played no part. 

The average error in locating the axis was 1.5 
m when the axis passed within station 1, and 3m 
when it passed outside of station 1. When the axis 
passed within station 1, its rms deviation from 
this error did not exceed 1 m. 


*The hodoscope groups were arranged symmetrically with 
respect to the center of station 1. 
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The second shower characteristic, the total 
number N of the particles, was determined after 
locating the axis. As a measure of the total num- 
ber of particles we used the number of particles 
in the central region of the shower, which was de- 
termined directly from the data as a@N= 
>> pj2mr;Ar;. Here pj is the experimentally ob- 
i 
served particle density at distance rj from the 


shower axis. In practice this determination of aN 
is laborious. Therefore, after determining the 
lateral particle distribution in the central shower 
region, we followed a different procedure. If the 
lateral distribution p(r) is of the form p(r) = 
kNf(r) the sum of experimentally observed den- 
sities is given by 2pj =kN2Zf(rj). Thus kN= 
Zp; /2Xf{(rj). We note that the denominator is in- 
dependent of the selected form of the lateral dis- 
tribution function close to its experimental value. 
The measure kN of the number of particles was 
determined with an average accuracy of 15%. The 
number of particles was determined from kN and 
k, obtained from the form of the lateral distribu- 
tion function at both small and large distances 
from the shower axis. 


(a) Lateral Distribution of Electrons, Nuclear- 
Active, and Nuclear-Passive Particles 


From a knowledge of the individual shower char- 
acteristics and the particle densities at various 
distances from the axis, we can plot the lateral 
particle distribution in a single shower. For this 
purpose it is useful to divide the entire plane of 
observation into a number of rings around the in- 
tersection, with the axis as a center. Since the 
shower axis is determined with a certain error 
there is a definite probability that a given ring will 
include hodoscope counters from within adjacent 
rings and that some of the counters of the given 
ring will be found in other rings. The particle 
density at distance r from the shower axis is 
determined from the ratio of the average number 
of triggered and untriggered counters in a given 
ring of radius r. 

However, the lateral distribution of all particles 
in a single shower is determined with small accu- 
racy. Also, the lateral distribution of penetrating 
particles cannot be determined for a single shower 
because the basic construction of the detectors of 
such particles does not permit obtaining of the par- 
ticle density in each instance. It is therefore use- 
ful to obtain the lateral distribution averaged over 
a large number of showers with approximately 
equal total numbers of particles. This lateral dis- 
tribution is plotted by calculating the particle den- 


sities for groups of showers with numbers of par- 
ticles from N to N+AN striking at distance r 
from the indicator. Several different cases are 
possible. | 
1. The number m of triggered counters is not | 
small compared with the total number n of count- 
ers. The average density p can then be obtained 
as the mathematical expectation from the individual 
densities normalized to the total particle number 


N, which is the average for the group of showers 
under consideration: 


6 = Dy eu(oi/Aox)* (WIN) | > (oul ee), 


where pjo=In[n/(n—m)] and o isthe areaof — 
a single counter. This case occurs in determining | 
the density of all charged particles at stations 1, | 
2, 3 and 4. 

2. The number of triggered counters is subject 
to the condition m <n. Then 


n n 
~) 
ps = Dd) ee Di Xm, 
m=1 m=0 


where Xp is the number of showers correspond- 
ing to the triggering of m counters. This defini- 
tion of the density applies to the calculation for 
stations 5, 6 and 7 as well as for 2, 3 and 4 in 
the case of non-dense showers. 

3. In determining the density of n.p. and n.a. 
particles the hodoscopic groups do not give a de- 
tailed representation of the density or number of 
particles striking the counters in a given shower. 
A hodoscope gives evidence of either the presence 
or absence of particles. If C is the total number 
of showers striking at distance r from the detec- 
tor, Cg is the number of showers registered in 
the detector of n.p. particles, @(p)dp is the dif- 
ferential density spectrum of all charged particles 
which is produced by all of the recorded showers, 
6 is the fraction of n.p. particles by comparison 
with all charged particles and S is the detector 
area, then 


C./C ={(1 — eS) 9 (p) do /\ 9 (p) dp. 


The density spectrum g(p)dp can be found if 
we know the spectrum of the number of recorded 
showers W(N)dN and the lateral distribution of 
charged particles. When 5pS<«<1 the equation 
becomes C,/C = 6pS. For n.a. particles the same 
equation can be used but with S replaced by 
S(1-—ed), where 1/u is the mean interaction 
path of n.a. particles* in g/cm? and d is the quan- 
tity of matter in the detector above the lowest tray 


*For Pb 1/p was taken as 160 g/cm?, and 105 g/cm? for Fe. 
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of hodoscope counters* in g/cm’. 

The type of penetrating particles in the detector 
was determined from the pattern of discharged 
counters. The recorded patterns were divided into 
the following groups: 

1. No counter was discharged. 

2. One counter or several counters in a single 
tray were discharged. 

3. A single counter was discharged in each of 
at least two trays. The discharged counters were 
in a straight line when one counter in each of three 
trays was discharged. 

4. A single counter was discharged in each of 
at least two trays, but a second counter was dis- 
charged in one of these trays. 

5. The pattern is a combination of patterns 3 
and 4. 

6. Several (=3) counters were discharged in 
one tray; otherwise a single counter in a tray. 

7. At least two counters were discharged in 
one tray and at least four counters in another tray. 
8. The counters were discharged at random, 
but in one tray at least two and in another tray at 

least three counters were discharged. 


TABLE II 


Group 1 2 Shame KO Cpe iS 


No. of photographs 509 33 14rd (SA) 1629.4 


Table II gives the distribution of photographs of 
one of the multi-tray detectors for N=5 x10! 
according to the groups listed above. The 33 events 
of group 2 were distributed as follows: One counter 
was discharged in 25 events, two counters in seven 
events and three counters in one event. 

In the case of penetrating n.p. particles Ce was 
given by the showers which discharged a single 
counter in at least two trays (group 3) and C was 
given by the sum of Ce and Cy, the number of 
showers which passed through the detector without 
discharging a single counter (group 1). The den- 
sity of n.p. particles at distances =60m from 
the shower axis was determined by single-tray de- 
tectors. The density of the nuclear-active compo- 
nent at such distances is negligibly small compared 
with the density of n.p. particles. The firing of 
each counter was assumed to represent the passage 
of a single n.p. particle; it was considered that the 
passage of 7% of the n.p. particles was accompanied 
by 6 electrons and that in such cases two adjacent 


*If we neglect. absorption of electron-nucleonic showers in 
matter we can write 


CC ="), 


n=1 


e—deS (8eS)" (4 as Pinte) ide e5eS (ie) 


n! 


counters were discharged in a single-tray detector. 

In determining the density of n.a. particles Co 
was given by the number of showers whose passage 
through the detector was observed to be accompa- 
nied by the formation of a local shower. The ob- 
served pattern of the local shower could belong 
either to group 7 (criterion I for the selection of 
n.a. particles) or to one of groups 6, 7, or 8 
(criterion II). 

To plot the lateral distribution we selected 
showers in which the total number of particles 
was of the same order of magnitude. To plot the 
lateral distribution of n.a. and n.p. particles we 
selected showers with a total number of particles 
between 2.5 x 10*and 10 x 10‘ for one group and 
between 2.5 x 10° and 10 x 10° for another group 
of showers. p(r) was thus determined for a 
shower in which the total number of particles N 
was the arithmetical mean of N for all the show- 
ers striking at a distance r from the center of 
the detector. At different distances N did not 
vary by more than 10 to 15%. To plot the lateral 
distribution function we normalized p(r) at all 
distances r toa single value of N. 


a 


FIG. 3. Lateral distribu- 
tion: @— electrons, N =4.3 
x 10*; A—n.a. particles, N 
=5 x 10* (criterion I); O—n.p. 
particles, N = 5 x 10°; 
r—distance from shower axis. 
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The lateral distribution functions are shown in 
Figs. 3 and 4. Fig. 3 gives the lateral distribu- 
tions of electrons, n.a. and n.p. particles near the 
shower axis. Figure 4 gives the lateral distribu- 
tion of all charged particles and n.p. particles at 
distances from 2 to 250 m from the shower axis. 

Our experimental data on the lateral distribu- 
tion of all charged particles can be approximated 
by the function kNr-te-?/R with R= (60 +6)m 
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FIG. 4. Lateral dis- 
tribution of electrons 
(@— for N = 4.3 x 10*, 
x — for N = 4.3 x 10°) 
and of n.p. particles 
(A — for N =5 x 10*, 

oO — for N =5 x 10°). 
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for 2<«<R(n-—1) and the power law k,Nr™ for 
r= R(n-1) with n=2.6+0.4. The coefficients 
k and k; are found by normalizing the lateral dis- 
tribution function: 


(e (r) 2xrdr = N 


and equating the functions kNr~te-"/R and k,Nr“? 
at the point r=R(n-1). In this way the value 
(2.0 + 0.3) x 107% was found for k. 

We also note that by using data on the lateral 
distributions of n.a. and n.p. particles we can de- 
termine the minimum numbers of these particles 
in showers with different N. These results are 
given in Table III. 


TABLE II 


31 +6 


Number of n.a. particles in a 

circle of radius R = 22m 
Number of n.p. particles in a 
circle of radius R= 106m 


330 + 50 


1860 + 350 | 10800 + 4000 


(b) Absolute Number of Showers 


Our hodoscopic setup served at the same time 
to determine the number of recorded extensive air 
showers with a given number N of particles. 
From this number, the absolute number of showers 
with N particles and with axes, striking at an an- 
gle 6=0 with the vertical, per unit area and unit 
solid angle, can be obtained from the following 
equation: 


C(N) av = \ 4 (Fw. 6) W(N, 6, 0 x 9) 
0 O 


§ 
x cos 6 sin 6 db do dx dy AN. 


Here C(N)AN is the number of recorded showers 
with N to N+AN particles and axes striking the 

region S of the xy plane; F(N, @) is the number | 
of showers with N particles and axes inclined at~ 
angle @ to the vertical on the xy plane, per unit 

area in the xy plane, per unit interval of N, and 

per unit solid angle: 


F (N48) =a A O)icos v4 


6 
W (N, 9, 0, x, y)=][U—e-%) 

i=l 
is the probability that the,control system will re- 
cord a shower with N particles, with its axis 
striking the point x,y at angle @ to the vertical 
and with the azimuthal angle g; pj = Nf[rj(9,¢?)] 
rj is the distance from the shower axis to counter 
group i connected for coincidences in the plane 
perpendicular to the shower axis. 

Station 1 was taken for the region S, since the 
location of a shower axis passing through this sta- 
tion and the number of shower particles are ob- 
tained most accurately. Then rj is the distance 
from the shower axis to the center of station 1, 
which is the location of the counter groups included 
in the control system. 

For a sufficiently steep angular distribution of 
the axes and sufficiently slow decline of particle 
density away from the axis C(N)AN can be writ- 


ten as follows:* 
7/2 27 


C(N) AN = \ \ FON, 0) cos’#2 sin 6 dé de 
0 


0 


x | WN, x, y)dxdy AN. 


Ss 


For showers with a large number of particles N > 
1/of(r) 


\ WN, x, y)dx dy = 1, 
S 
C(N) AN =F (N, 0)(2e/v + 2) SAN. 


For showers with smaller N, this integral was 
calculated numerically. 

Table IV gives data on F(N,0) at sea level 
assuming that the angular distribution of shower 
axes is represented by cos? @ with v=7.5 (Ref. 9) 
for showers with different numbers N of particles. 


*For the recorded showers, when account is taken of the 
fact that the recording probability W is dependent on @ and Y, 
there is not more than a5% change in C(N)AN. 
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DISCUSSION 


The data of the present work, together with an 
investigation of shower structure at mountain alti- 
tudes, permit us to draw certain conclusions re- 
garding the character of the nucleonic cascade. 


TABLE Iv* 
| 


N+tAN 


F(N,0)N 1/cm?-sec-sterad 


2.6°10° + 3.4+104 
2.7°10* + 4.0- 10° 


1.43-10°° + 2.8610"! 
Avett O20 


*We here consider only a small fraction of all recorded 
showers with large N. 


These conclusions are derived indirectly, not on 
the basis of an experimental study of the nucleonic 
cascade itself, but from analysis of experimental 
material concerning the different components of an 
extensive air shower which accompany that process. 
We also note that these experimental results repre- 
sent averaged characteristics rather than any single 
shower. 

We shall first consider the general behavior of 
a shower in the lower layers of the atmosphere. 
Figure 5 shows the lateral distribution of electrons 


FIG. 5. Lateral 
distribution of elec- 
trons: x — at Moscow 
with N = 4.3 x 10', 
© — at the Pamir 
mountain site with 
N =7 x 10* and the 
curves of Nishimura 
and Kamata for s=1, 
1.25 and 1.4. The 
observations were 
normalized with the 
curve for s = 1.25 
to the number of par- 
ticles in a circle of 
250 m radius. r/r, 
is the distance from 
the shower axis in 
units of r,. 


10 


2 


ai 


Number of particles in 1 m 


QI 


Q001 


or oO} Gi / 10 


in extensive air showers at sea level (from data of 
the present work) and at a mountain altitude (Ref. 
10) in showers with similar total numbers of par- 
ticles. The unit of length is the Moliére parameter 
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ry = Egxy/B, where Eg =19 Mev, 8 is the critical 
energy for air, and x) is the length of one radia- 
tion unit in meters at the level of observation. The 
figure shows that when a quantity proportional to 

Xq is taken as the unit of length the lateral distri- 
bution of electrons is identical at sea level and at 

a mountain altitude. 


2 


Number of particles in 1 m 


FIG. 6. Lateral distribution of n. a. particles at Moscow for 
N =5 x 10*: 0 — criterion I, A— criterion II; x— the same at the 
Pamir altitude for N =6.5 x 10*. The solid curve was calcu- 
lated from Eq. (1) for p(r), where r is the shower axis for 
Moscow. 


Figure 6 shows the lateral distribution of n.a. 
particles in extensive air showers at sea level and 
a mountain altitude.!! The distance from the shower 
axis is measured in units of length which are in- 
versely proportional to the atmospheric pressure 
at the level of observation. The two distribution 
functions are seen to have approximately the same 
shape. We also note that the same data give ap- 
proximately the same absolute number of n.a. par- 
ticles at both altitudes in showers with similar N. 
Finally, Fig. 7 gives the lateral distribution of py 
mesons at sea level and a mountain altitude” in 
showers with the same N. 

On the basis of the data presented we can state 
that in the investigated range of distances from the 
shower axis the -meson component is identical 
in showers at different altitudes. There are two 
possible explanations of this observed similarity 
at two altitudes. 

1. The observed similarity is associated with 
the characteristics of the development of a nucle- 
onic cascade in the lower atmospheric layers. 
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FIG. 7. Lateral distribution of nuclear passive (n.p.) par- 
ticles: O— at Moscow, N = 5 x 10*, e— for the Pamir altitude, 
N =5 x 10‘, r— distance from the shower axis. 


2. The similarity results from the fact that 
showers observed at different altitudes are on the 
average at the same stage of development. 

According to the second explanation the genera- 
tion of the observed showers must occur not only 
in high atmospheric layers but also deep in the at- 
mosphere, which is actually possible with a suffi- 
ciently small interaction cross section for the 
primary particles that initiate the showers. 

In this connection, let us consider the data on 
the lateral distribution of ~ mesons, which is de- 
termined by the angular divergence of the ma and 
K mesons from which the » mesons originate 
and also, as was shown in Ref. 13, to a considerable 
extent by Coulomb scattering. Thus the lateral 
distribution of ~ mesons is very sensitive to the 
height at which they are generated. In the second 
explanation of the similarity it is assumed that 
this height of generation, measured in g/ cm’, is 
approximately the same for the two altitudes of ob- 
servation. It would thus follow that the lateral di- 
vergence of 4 mesons at sea level would be smal- 
ler than at mountain altitudes. According to obser- 
vations (Refs. 14 and 15) the lateral distribution of 
# mesons at sea level is characterized by a more 
slowly diminishing function than at mountain alti- 
tudes. We shall therefore dwell in greater detail 
on the first explanation and shall consider the char- 
acteristics of the development of the nucleonic cas- 
cade which follow from the results of shower obser- 
vations. 

We now turn to an analysis of data on the elec- 
tronic component, whose lateral distribution must 
be determined by Coulomb scattering of electrons 
and possibly by the lateral distribution of the cores 
of elementary cascades which results from the an- 
gles of emission of 7° mesons in elementary acts 
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of the nucleonic cascade process. The problem of 
the lateral distribution of electrons in electron- 
photon cascades characterized by the shower de- 
velopment parameter s_ has been solved by Nishi- 
mura and Kamata and by Greisen.’® Figure 5 gives 
the lateral distribution of electrons and the theoret- | 
ical curves for different s. 

The lateral distribution due to Coulomb scatter- 
ing is known to be determined by the energy spec- 
trum of the electrons N(>E) ~ E7S. From data 
on the barometric effect and angular distribution 
of shower axes!® it follows that s =1.2, since the 
absorption coefficient of the number of particles 
in a shower is A(s) = 1/200 g/cm”. Direct meas- 
urements of electron energy spectrum in extensive 
air showers!’ are not in disagreement with this 
value of s. Figure 5 shows that the theoretical 
curve of Nishimura, Kamata and Greisen with this 
value of s furnishes the best agreement with ob- 
servation, 

Agreement of the theoretical and experimental 
curves over the broad distance interval 0.02 < 
r/r;< 3 cannot, of course, be fortuitous. It is 
thus reasonable to conclude that the lateral diverg- 
ence of individual electron-photon cascade cores 
does not essentially influence the lateral distribu- 
tion of electrons. Thus the energy borne by a nu- 
cleonic cascade must be well concentrated around 
the shower axis. The degree of this concentration 
can be estimated directly. If the divergence of 
electrons from the shower axis is due only to Cou- 
lomb scattering the distribution of the energy of 
the electron-photon component near the shower 
axis must be 1/r? * according to cascade theory. 
If the lateral distribution of electrons with the given 
energy spectrum is to be essentially that due to 
Coulomb scattering alone, then the lateral distribu- 
tion of the energy borne by a nucleonic cascade must 
be steeper than that borne by the electron-photon 
component, that is, it must be steeper than 1/r?. 
From the form of the lateral distribution of elec- 
trons it is also possible to estimate the energy of 
n.a. particles which produce electron-photon show- 
ers through 7’ mesons. Such an estimate,'® based 
on the fact that s is independent of distance from 
the shower axis, gives En, > 10!ey. 

Let us now consider our data on the nuclear- 
active component in the central region of a shower. 
From the preceding analysis it appears that most 
of the shower of a nucleonic cascade is concen- 
trated close to the shower axis. An analysis of the 
lateral distribution of n.a. particles can indicate 
the effective size of this circumaxial region. 


*Observation’’ of the energy distribution of the electron- 


photon component near the shower axis also agrees with~ I/r’, 
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We have calculated the lateral distribution of 
n.a. particles using the following assumptions. The 
flux of high-energy n.a. particles is concentrated 
in a circle of radius a around the axis of an exten- 
Sive air shower. Our recorded n.a. particles of 
relatively low energies are generated by the high- 
energy n.a. particles isotropically within a certain 
angle @ in the laboratory system. Neglecting the 
absorption coefficient of both high-energy and low- 
energy n.a. particles, the density of n.a. particles 
with low energies is given by 


2m a co 
xdxr’ dr’ d 
o(r) = {I [r? + 7/2 2) , z as? 
ee — é2rr’ cos @ +- x?| 
Vr as 7 
es retr 2rr’ cos (1) 


tan 6 : 


where x is the height above the altitude of obser- 
vation, r is the distance from the shower axis to 
the point of observation, Xmin is the minimum 
height beginning with which particles start to strike 
at the distance r from the axis after being emitted 
at the angle 9, and the vector r’{r’, 9} defines 
the position of high-energy n.a. particles with re- 
spect to the shower axis. Integration gives* 


2, 

wcrle($)+(S—1) a(S) <1 
p(r) = : : 

4CaE (=) : . Sal. 
where C is a constant depending on the angle @. 
The function p(r) calculated in this way is shown 
in Fig. 6; comparison with observation shows that 
a mustbe 21m. 

We shall use this result to estimate the energy 
of n.a. particles in a nucleonic cascade. It is 
known that the average angle of nuclear scattering 
cannot be smaller than p,c?/E (as a result of the 
meson character of nuclear forces). This angular 
deviation is acquired on the average in one ean 
free nucleon path. Thus we must have ( pc?/E )X 
<a, whencef 


Bo> 5710 ev, 


The combined experimental data on the electron- 
photon and nuclear-active components of extensive 
air showers at different altitudes lead to the con- 
clusion that in the lower layers of the atmosphere 
down to sea level the high-energy (2 10!tev) nua. 
particles which determine the development of the 
entire shower are concentrated around the shower 


*E(a/r) and K(a/r) are complete elliptic integrals (see 
Ref. 19). 

tG. T. Zatsepin was the first to estimate the energy of 
n.a. particles from the same considerations; see also Ref. 20. 
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axis. Thus the nucleonic cascade plays an essen- 
tial role in shower development within low-lying 
atmospheric layers. The development of the elec- 
tron-photon component will then be closely related 
to the development of the nucleonic cascade. When 
n.a. cascade particles interact with the nuclei of 
air atoms a portion of their energy is imparted to 
7 mesons. Photons from the decay of the 7° 
mesons give rise to elementary electron-photon 
cascades. Thus at a depth t of observation the 
number of electrons is 
t 
N(t) = \ \ f (Eo, t') N (Ep, t —t") dE dt’, 

E,0 
where f( Epo, t’) is the number of photons with en- 
ergy E) which result from the decay of 7’ me- 
sons generated at depth t’ in the atmosphere and 
N(Eo, t-—t’) is the total number of electrons at 
the level of observation from a photon of energy Ep. 

The absorption of the electron component of a 
shower in the lower atmosphere will be determined 
to a considerable extent by the form of f( Ep, t’). 

In the limiting case equilibrium is possible between 
the electron component and the nucleonic cascade.* 
For this case, assuming that the total energy F(t) 
imparted to mt) mesons varies with the depth as 
~eHt and using the theorem of the mean, we have ~ 
t 
N()B=\F (Eo Lana \ N (Eo, t —t') Bdt' dE, 
Eo 0 
= \ P(E, (=P) Ede = Fd Sp aoe 
Eo ) 
since the essential values of (t-—t’), much less 
than t and t*, have a slight logarithmic depend- 
ence on Ey. Thus in equilibrium the number of 
shower particles diminishes according to the same 
law as the energy of the nucleonic cascade. 

Table IV gives the absolute intensity of showers 
with different N at sea level. At the Pamir alti- 
tude Nikol’ skii et al. similarly obtained the abso- 
lute number of showers with N ~ 2.6 x 10° assum- 
ing the angular distribution of shower axes to be 
cos? @ with v=5.5 (Ref. 9). Their result was 
(1.37 + 0.27) x 107°°cm™?-sec!-sterad“4 From 
the absolute shower intensities at the two altitudes 
we can determine the absorption coefficient of 
showers with a given number of particles and the 
absorption coefficient of the number of particles 
in a shower. The latter coefficient was calculated 
to be 1/u = 1/200 cm?/g and, as indicated above, 


*Equilibrium between the electron-photon component and the 
nucleonic cascade was also considered by G. T. Zatsepin and 
I. L. Rozental’ (report at a seminar of the Physics Institute, 
Academy of Sciences, U.S.S.R. ) 
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can be regarded as the absorption coefficient of the 
energy borne by the nucleonic cascade in the equi- 
librium case. 

All these observations (identity of the lateral 
distributions at the two altitudes, approximately 
identical variations with height of both electrons 
and nuclear-active particles) can be explained by 
postulating equilibrium between the electron com- 
ponent and the low-energy nuclear-active compo- 
nent on the one hand, and the energy of the nucle- 
onic cascade of the shower core on the other hand. 

In conclusion, we shall estimate the minimum 
total energy of a nucleonic cascade close to the 
level of observation assuming that the m™* mesons 
produced in interactions have only a small proba- 
bility of decaying to ~ mesons. For equilibrium 
we have 


N (t)8 = F (t) e***. 


We assume the energy of the nucleonic cascade to 
be W(t) =F(t)/u. Hence the energy of a nucle- 
onic cascade which has reached the depth t is 


W (t) = Woe! = N (t)B/per™. 


The magnitude of t* is evidently close to the 
mean path of an elementary electron-photon cas- 
cade. Thus, taking t* = In E)/8, we have 


W (t) = N (¢)B/u (Eo/B)*. 


Assuming Eg = 10, g=7x10'ev and w=0.17, 
we obtain for N * 104 


W (t)= 102 ev. 


In conclusion, the authors wish to thank N. A. 
Dobrotin for considerable assistance and interest, 


and S. N. Vernov and G. T. Zatsepin for discussions 


of the results. G. V. Bogoslovskii, V. I. Zatsepin, 
V. Ia. Markov, A. M. Mozhaev, B. V. Subbotin, M. 
S. Tuliankina, and E. I. Tukish, who assisted with 
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urements, are also entitled to the thanks of the 
authors. 


1H. L. Kasnitz and K. Sitte, Phys. Rev. 94, 977 
(1954). 

2S. R. Haddara and D. Jakeman, Proc. Phys. 
Soc. (London) A66, 549 (1953). 


ABROSIMOV, GORIUNOV, DMITRIEV, et al. 


3. E. Heinman, Phys. Rev. 96, 161 (1954). 

4G. Fujioka, J. Phys. Soc. Japan 10, 246 (1955). 

5 Hazen, Williams and Randall, Phys. Rev. 98, 
578 (1954). 

8 Abrosimov, Bedniakov, Zatsepin, Nechin, 
Solov’ eva, Khristiansen, and Chikin, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 29, 693 (1955), Soviet 


Phys. JETP 2, 357 (1956). = 
7G. T. Zatsepin, Dissertation Phys. Inst., Acad. 


Sci. U.S.S.R., 1954. 

8G. B. Khristiansen, [Ipu6oprr u Trexuuka 
akcnepumMenta (Instruments and Instr. Engg. ) 1, 
48 (1958). 

9H. L. Kraybill, Phys. Rev. 93, 1362 (1954). 

10 Vavilov, Nikol’ skii, and Tukish, Dokl. Akad. 
Nauk SSSR 93, 233 (1953). 

11 Batov, Nikol’ skii, and Vavilov, Dokl. Akad. 
Nauk SSSR 111, 71 (1956), Soviet Phys. “Doklady” 
1, 625 (1957). 

12 Dovzhenko, Nelepo, and Nikol’ skii, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 32, 463 (1957), Soviet 
Phys. JETP 5, 391 (1957). 

13G_B. Khristiansen, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 34, 956 (1958), Soviet Phys. JETP 661 
(1958). 


14 Antonov, Vavilov, Zatsepin, Kuruzov, Skvortsov, — 
and Khristiansen, J. Exptl. Theoret. Phys. (U.S.S.R.) 


32, 227 (1957), Soviet Phys. JETP 5, 172 (1957). 

15 Fidus, Adamovich, Ivanovskaia, Nikolaev, and 
Tuliankina, J. Exptl. Theoret. Phys. (U.S.S.R.) 22, 
440 (1952). 

‘6k. Greisen, Progress in Cosmic Ray Physics, 
Ed. Wilson, 3 (Amsterdam, 1956). 

17 Ivanovskaia, Kulikov, Rakobol’ skaia, and 
Sarychev, J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 
358 (1957), Soviet Phys. JETP 6, 276 (1958). 

CB. Khristiansen, Oxford Conference on Ex- 
tensive Air Showers, 1956. 

197. N. Bronshtein and K. A. Semendiaev, 
CnpaBounnk no matematuke (Mathematics Hand- 
book), 1953. ihe 

20Tu. N. Vavilov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 33, 179 (1957), Soviet Phys. JETP 6, 
141 (1958). 


Translated by I. Emin 
226 


SOVIET PHYSICS JETP 


VOLUME 34(7), NUMBER 5 


NOVEMBER, 1958 


DETERMINATION OF SPIN-LATTICE RELAXATION TIME FROM PARALLEL-FIELD 


ABSORPTION CURVE 


. SITNIKOV 
Kazan’ State University 


Submitted to JETP editor November 30, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1090-1092 (May, 1958) 


It is shown that the spin-lattice relaxation time can be determined from the paramagnetic 
absorption curve in parallel fields. The method has been verified using the normal para- 
magnetic material MnSOQ,:4H,O. Results of measurement of p at low temperature for 
various values of the constant magnetic field are presented for the salts CrK(SQ,).°12H,0, 
FeNH,(SQ4)2°12H,O and CuSQ,*5H,O for which the values of p have hitherto been unknown. 


is As is well known (cf. Ref. 1), at sufficiently 
low frequencies paramagnetic absorption in paral- 
lel fields is due exclusively to spin-lattice relaxa- 
tion and is described by the expression 


x" /xom = pvF / (1 + p?), (1) 


where xX” is the imaginary part of the complex 
magnetic susceptibility, xX) is the equilibrium 
susceptibility per unit mass, m is the mass of 
the sample, p is the spin-lattice relaxation time, 
v is the frequency of the oscillation field, and F 
is a function of the fixed field. We have used Eq. 
(1) to measure p. The absorption curves were 
observed using the Zavoiskii method;? the appara- 
tus is described in detail in Ref. 3. 

2. For convenience we write Eq. (1) in the form 


x (He) = FD, (2) 
where (cf. Ref. 1) 


F =H? (b/c + H2)—, (3) 


D =pov/(1 + p?v?), (4) 
1" (He) == x" (xo). (9) 
Here Hc is the fixed magnetic field, b is the heat 
capacity of the spin system, and c is the Curie 
constant. 


The Debye function D is a function of frequency 
y and the fixed field He since* 


p =p (b/c + He) / (b/c + pH), (6) 


where p< 1. It is apparent that D will be an in- 
creasing function of the field He if the frequency 
y and region of variation of He are chosen in 
such a way that pv <1; conversely this quantity 
is a decreasing function if py >1. For a certain 
value of v and region of variation of Hc the 
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function D(He) will have a maximum. Conse- 
quently (cf. Ref. 5) the absorption curve x”(He), 
given by Eq. (2), depending on the choice of fre- 
quency v and region of variation of He, can be 
increasing (if py <1) and have a maximum (if 
pv >1). This means that even if we do not analyze 
the absorption curve, but know its shape and the 
oscillator frequency, it is possible to find the spin- 
lattice relaxation time p. For an increasing ab- 
sorption function y”(Hc) we have p< v; for 
an absorption function having a maximum, p > v7. 
3. Suppose now that the absorption function 
X”(He) is measured in the sample material 


x" (He) = FD (2) 


and in a reference material (in which pref is 
known ): 


Ie (He)reg a FepD (7) 


ref* 


From Eqs. (2) and (7) we have 
Dre ye (Hc) Fat petl (Hehest - 


The right-hand side of Eq. (8) is known since 
the ratio of the quantities x”(Hc) and x”(Hce)ref 
is equal to the ratio of the corresponding readings 
in the grid circuit (cf. Ref. 2). Thus, using Eq. (8) 
the quantity D can be found from measurements; 
whence, using Eq. (4), for p we have: 


eo ) 2 eel (2D). 
We rewrite Eq. (9) in the form 


o=K-+y) Kk? — 1, 


where K = (2D)7!; it is easy to see that K>1 
both when py <1 and py>1. For an increasing 
absorption curve, or what is the same thing, for 
an increasing Debye function D, we have py <1, 


(8) 


(9) 


(10) 
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K.P, SETNIROV 
TABLE I 


Fre- 
quency 1.0 1.95 7.4 13 
Mcs 
H, Oe D e:107 sec D e107 sec D e:107 sec} D | e-10? sec 
800, 0,30 3.4 0.45 3.2 0.38 3.4 0.20 3.4 
1600 0.35 4.1 0.47 326 0.30 3.6 0.18 4.4 a 
2400 0.44 9.2 0.50 5,1 0.23 Al 0.414 5.2 
3200 0.45 6.4 0.49 6.2 0.18 7.0 0.12 6.4 
4000 0.47 GE 0.45 8.0 0.16 7.6 0.10 lie) 
4800 0).49 822 0.44 8.5 0.45 8.3 0.09 8.6 
5600 0.50 10.0 0.42 10.4 0.14 9x0 0.08 9.6 
TABLE II 
SS ee ee ee eee 
Frequency 18 TA 18 
Mcs 
Material CrK (SO,)2:12 H,O Fe (NH,) (SO,)2-12 HO CuSO,-5 H,O 
Tipe D e:108 sec D e:108 sec D e:108sec 
800 0.05 0.3 0.42 a7 0.10 0.5 
1600 0.410 0,5 0.14 2.0 0.18 a1 
2400 0,45 0.8 0.14 2.0 0.25 SS 
3200 0.19 1.0 0.15 Deel 0.31 1.9 
4000 0.21 WG 0.415 Zt 0.34 a 
4800 OF22 1.3 0.16 Dheg 0.35 7403) 
5600 0.24 1.4 0.16 Dice 0,37 259 
6400 0.24 1.4 0.16 Pan 0.38 2.6 
eo=0.13 eo=0.9 pPo= 0.13 
p=0.08 p=0.4 p=0.08 


so that the minus sign must be taken in (9); for a 
decreasing Debye function py >1 in which case 
the plus sign must be taken in (9). 

4. The method proposed here for measuring p 
was verified experimentally in MnSO,°4H,O. The 
results of the measurement of D and the calcula- 
tion of p at various frequencies are shown in 
Table I. It is apparent from the table that the 
Debye function is an increasing function at 1 Mcs 
and a decreasing function at 7.4 and 13 Mcs; at 
1.95 Mcs the function exhibits a maximum. The 
quantity p was computed from Eq. (9) using the 
proper sign (cf. above, end of Sec. 3). As is appar- 
ent from the table the values of p found at differ- 
ent frequencies are in good internal agreement. 
They are also are in good agreement with the val- 
ues obtained by other methods (cf. Ref. 1). 

5. Using the above method, measurements have 
been made at room temperature of the values of p 
in CrK(SQ,4)2.°12H,0, FeNH,(SO,).°12H,O and 
CuSO,-5H,O0. The results of these measurements 
are shown in Table II. No room-temperature 


measurements of p were ever made for these 
materials, nor was its value known at all for cop- 
per sulfate. The quantity py», the spin-lattice re- 
laxation time at He =0, and the parameter p 
were computed from the measurements using Eq. 
(6) while po is py/p and characterizes the spin- 
lattice relaxation time for He > %. 

6. In all cases the reference material was 
Mn(NH,)>(SO,)2 ¢ 6H.O. 


13. G. Gorter, tanler rr saake Relaxation, Am- 
sterdam, 1947. 

2k. K, Zavoiskii, Dieeoaee Physics Inst. 
Acad. Sci. U.S.S.R., 1944. 

38. G. Salikhov, J. Exptl. Theoret. Phys. 

(U.S.S.R.) 17, 1070 (1947). 

“J. H. Van Vleck, Phys. Rev. 57, 426 (1940). 

SKMP: Sitnikov, Dissertation, Kazan’ State 
University, 1954. 
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EXPERIMENTAL VERIFICATION OF THE THERMODYNAMIC THEORY OF SPIN-SPIN 
PARAMAGNETIC RELAXATION IN PARALLEL FIELDS 


K. P. SITNIKOV 
Kazan’ State University 
Submitted to JETP editor December 4, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1093-1095 (May, 1958) 
Paramagnetic spin-spin absorption has been investigated in a number of materials at v = 
600 Mcs at room temperature. It has been established that the absorption relation which 
follows from the Shaposhnikov analysis! is in good agreement with experiment if it is as- 


| sumed that the corresponding relaxation time is independent of the constant field. The 

| quantity b/c has been measured for certain materials for which it has been hitherto un- 
| 

| 

| 


known. 


| He The thermodynamic theory of paramagnetic re- where x”(Hc) = Xopmpgv. The readings in the grid 


laxation in parallel fields! leads to the following circuit are proportional to the quantity x’(He). 
expression for the imaginary part of the complex The function F varies over the range 0< F<1 

_ magnetic susceptibility when its argument He varies from zero to infin- 

| = ity since! 

| x"/xom = F/pv + (1 — F)? psy, (1) ‘ Seek 

where xy is the equilibrium specific susceptibility, ogee (aaa ate Ct (4) 

| m is the mass of the material being investigated, where b is the heat capacity of the spin system 
p is the spin-lattice relaxation time, pg is the and c is the Curie constant (normal ferromag- 
spin-spin relaxation time, v is the frequency of nets are being considered). From Eqs. (3) and 
the oscillating field, and F is a function of the (4) it follows that the spin-spin absorption x”(Hc) 
constant field He, which will be discussed in de- is a decreasing function of He. Furthermore, 
tail below. The expression in (1) applies to the when He =0, we have y”(0) =1 which we will 
case in which pg <p, psy K1 and py >1. If use in converting between the meter readings and 
the difference between pg and p is large, by X”(He) in absolute units. Writing, for convenience, 


making the frequency v high enough the first term 
in (1) becomes much smalier than the second. In 
this case the paramagnetic absorption is described we rewrite Eq. (3) in the form 


by the relation x" (H.) = (1 — 7); (6) 
x"/xom = (1 — F)? psv (2) 


F=lI1/n, (5) 


furthermore, from Eqs. (4) and (5) we have 
and can be discussed a terms of only one internal Pa ee ET (7) 
relaxation mechanism in the spin system. 

Equation (2) has been checked by Garif’ianov? who If it is assumed that (2) is valid, Eq. (7) is con- 
has shown that it gives good agreement with experi- venient for experimental determination of the con- 
ment if it is assumed that pg, is independent of the stant b/c. Actually, giving n an arbitrary value 


constant field Hg. However, the sample in which n, (greater than unity) and using Eq. (6) we can 
this test was made was small. In Ref. 3 aninvesti- find x”(He nal and then, going over to the corre- 
gation was made of spin-spin absorption in para- sponding point of the experimental curve by using 
magnets in a much larger sample and it was estab- the relation x”(0) =1, wecan find He D substi- 
lished that in all cases considered the absorption tuting nj and He, in Eq. (7) we then find b/c. 
takes place in accordance with Eq. (2) with pg in- If, however, b/c is known from other sources, 
dependent of He. Eq. (7) can be used conveniently for experimental 

2. Assuming that ps is independent of Hc, we verification of the expression given in (2). Both 
write Eq. (2) in the form procedures have been used in this work: Eq. (2) 

x" (A) = (1— F)?, (3) | was verified in several materials in which the con- 
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stant b/c was known and then the constant b/c 
was found by the method indicated above in a num- 
ber of materials for which it had been hitherto un- 
known. 

The absorption curve, the ordinates of which 
are proportional to the quantity x”(Hc), was ob- 
tained using the method given by Zavoiskii.> In 
essence this method consists of using the experi- 
mentally determined linear relation between the 
grid current in an electronic oscillator and the 
magnitude of a small dissipative load. In measur- 
ing the absorption, a glass ampoule containing the 
material being investigated is introduced into a 
coil which is inductively coupled to the resonant 
circuit of the oscillator. The sample coil is ori- 
ented in a fixed magnetic field so that the oscillat- 
ing field of the coil is parallel to the fixed field. 
When the fixed field is changed the dissipative load 
on the oscillator changes and there is a change in 
the grid current, which is detected by an appropri- 
ate instrument. A detailed description of the oscil- 
lator and its operation is given in Ref. 6. The sam- 
ple is prepared from crystals which have been 
stored in the host solution to retain the water of 
crystallization. The neck of the ampoule contain- 
ing the sample material (in powdered form) is 
sealed with paraffin. All measurements are car- 
ried out at 600 Mcs at room temperature. 

3. The experimental spin-spin absorption 
curves obtained in the present work are all similar 
and differ only in intensity and half width. Hence 
it is sufficient to discuss one of them. In Table I 
are shown the results of an analysis of the curve 
for MnSQ,-4H,0; the quantity x”(Hc¢) denotes 
the readings corresponding to y”(Hc). It is ap- 
parent from the table that Eq. (2) is in good agree- 
ment with the absorption curve; the value b/c = 
6.3 x 10° oersted? agrees with b/c = 6.2 x 108 ob- 
tained by Tennyson and Gorter using a beat method 
(cf. Ref. 4). In all other cases investigated, which 
have been described in detail in Ref. 3, there is 
also substantial agreement between the experimen- 


TABLE I 
fa dice) x(a H,  |ele-40-* 
(2"(0)=1) sane rate 
1.5 1/9 9.3 3400 | 5.9 
2, 1/4 241.0 2500 | 6.2 
3 4/9 37.3 1780 | 6.4 
4 9/16 47.2 | 1450 | 6.3 
B) 16/25 53.7 1240 | 6.0 
6 25/36 08.3 1150 | 6.6 
7 36/49 61.7 1040 | 6.5 
8 49/64 64.3 960 | 6.4 
Average: 6.3 
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TABLE II 
7) % 
Peso vat 
il (rey ‘ 
Material 235 S90 gs 
Ee ag) 
ss 
CrK (SO4)2-12H2O 0.66 0.64 
(Cr 4H,O 2Cl] 2H,OCI 4.6 whys 
Cr (NOg)3-9H2O PS ies we 
MnCl,-4H,O 1Q).3) 19.95 ee 
MnSO,4:4H2,0 6.3 6.2 
Mn (NHg)s (SQq)2-6H,O | 0.65 | 0.65 
Fe (NH) (SOq)2-12H,0 | 0.28 | 0.27 
[CuCla] (NH4)2-2H,O 5 
Cu (CH3 COO)2-H20 0.93 — 
CuSO,4-5H2,0 0.47 — 
[Cu (NHs)4] SO4-H2O 0.30 == 
CuCl,-2H,O 0,35 a= 
Cr (OH)s 2 ges ae 


tal data and the theoretical expression (2) under the 
assumption that p is independent of He. It should 
be added that spin-spin relaxation has been investi- 
gated at ultrahigh frequencies by Kurushin' who has 
also obtained results which verify the Shaposhnikov 
theory! with p independent of He. On the other 
hand, there are recent experimental data on spin- 
spin absorption®~!! which have as yet not received 
theoretical explanation. 

4. A summary of the results of the determina- 
tion of b/c (both for materials in which it has 
been known and in which it is reported for the first 
time) is given in Table II. The values given in the 
last column of this table are taken from Gorter.’ 

We wish to take this opportunity to express our 
gratitude to B. M. Kozyrev, S. G. Salikhov, S. A. 
Al’ tshuler, and I. G. Shaposhnikov for a discussion 
of the results. 
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Formation of the radioactive isotopes A126, 1125, 


pi24, yt23) 7121 and J!29 from 1!27 was in- 


vestigated by radiochemical methods. The isotopes were produced with 100, 170, 300, 480, 
and 660 Mev protons. The experimental data are analyzed and compared with the results 
of investigations of similar reactions on other elements. The fraction of K capture in [!26, 


p24 p22! pi20 


, and was determined. 

is most radiochemical investigations where vari- 
ous elements are split by fast particles, not enough 
attention has been paid to the nuclei formed by the 
(p, xn), (p, pxn), and (p, 2pxn) reactions. Yet 
it is quite probable that a study of these reactions 
would yield additional data on the development of 
the intranuclear cascade, inasmuch as the radio- 
chemical procedure makes possible observation 

of neutron emission. 

The most suitable for the study of (p, pxn) 
reactions is I'?’, It is possible to trace reactions 
with this nuclide over sufficiently wide range of x 
(from x=1 to x=7). 

This article contains the results of a study of 
(p, pxn) reactions on iodine bombarded by protons 
of energies ranging from 100 to 660 Mev. 


EXPERIMENTAL PROCEDURE 


KI specimens weighing 0.1 g were prepared for 
the experiments. In the latest experiments of this 
series, specimens of elementary iodine (0.1 to 0.3 
g) were sealed in thin-wall glass ampoules.* The 
proton beam was monitored by the yield of Na” 
from the aluminum foil in which the irradiated 
specimens were rolled up. 

The energy of the bombarding particles was 
varied by varying the radius of the synchrocyclo- 
tron circular beam with which the target was irra- 
diated. 

The iodine was separated from the bulk of the 
other radioactive products by double distillation 
from a nitrate solution, containing sodium nitrite. 
The final purification of the iodine (essentially 


*#In both cases the cross sections obtained were equal, 
within experimental errors. This suggests that the radioactive 
iodine does not volatilize from a KI target heated above 100°C 
in the high vacuum of the synchrocyclotron chamber. 
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removal of the bromine and the chlorine) was by 
two sequential extraction cycles: the iodine was 
extracted with chloroform from a 1 m solution in 
HNO3, the chloroform layer was twice washed with 
water, the iodine was converted into an aqueous 
solution with the aid of Na,SO3, the iodide was 
again oxidized with the sodium nitrite and the io- 
dine extracted with chloroform, the washing with 
water was repeated, and the iodine was reextracted 
in a solution of sodium sulphite. 

The targets for the measurements were made 
in the form of AgI. All targets were scanned with 
a magnetic analyzer,’ which made it possible to 
detect the decay in each component of the emitted 
radiation: x-rays, positrons, electrons, and gamma- 
quanta. The x-ray intensity decay curves plotted 
from the measured data consist of five periods: 60, 
13, 4.5 days, 13 hours, and 1.8 hours. The posi- 
tron component of radiation contains three half 
lives — 4.5 days, 18 hours, and 30 minutes, while 
the electron component contains only one — 13 days. 

The calculated half lives of the various iodine 
isotopes are: 


J2(05, ed = omdays. J#25(K) Ty, = 60 idays; 
J124(B*, K) Ty, = 4.5 days; J#3(K) Ty, = 13 hr; 
Jn(eT i) sip See; J120 (8+) Ty, = 30 min. 


The x-ray decay curve was resolved into com- 
ponents so as to produce a best fit to the known 
values of the periods, and also to the probabilities 
of the K-capture fraction. The K -fraction cap- 
ture for the I'%6, 1! and 1'24 isotopes was estab- 
lished as 50, 58, and 58% respectively. These 
values are obtained by averaging 10 to 12 readings. 
The obtained K-capture probabilities for I'?° and 
1'%4 agree with the literature data (~58 and ~ 70%, 
Ref. 2). The K-capture fraction for I’ also 
agrees with the theoretical value (46%), and is 
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somewhat too low for I'*! (theoretical value 82%), 
but lies within the experimental error. No x-radi- 
ation was observed for I'?°, in agreement with the 
theoretical values of the K -capture for this iso- 
tope (5 to 10%). The theoretical values were cal- 
culated using the formulas of Ref. 3. 

To detect the presence of soft x-rays, the x-ray 
energy was determined by its absorption in alumi- 
num. No soft gamma-ray component was observed, 
and the wavelength of the x-rays emitted by the 
121 and 1'23 was found to be 0.46A. This quantity 
is in good agreement with the expected value A= 
0.455A (Ref. 4). A separate experiment has con- 
firmed that no buildup of Te’®™ (T,» = 60 days) 
takes place at a gamma-ray energy of 0.35 Mev.° 

To reduce the errors, the isotope yields were 
calculated from the data obtained by measuring 
the corpuscular radiation, using the K-capture 
fraction previously obtained. Only for I’? and 
1'25 was the yield calculated by analysis of the de- 
cay curves of the electromagnetic-radiation activ- 


ity. 


EXPERIMENTAL RESULTS 


Table I lists the cross sections for the produc- 
tion of light radioactive isotopes of iodine from 
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127 at various proton energies. The indicated de- 
viations at 660 Mev are mean arithmetic values 
calculated from the results of five experiments, 
while the remaining cases represent averaged 
limits of yields obtained from 2 or 3 experiments. 
The next to the last column gives the total cross 
sections for the production of all the iodine iso- 
topes; the last column indicates the average values 
of the emitted particles in reactions of the (p, pxn) 
type, obtained by averaging the cross sections. 

' The data obtained show that the energy depend- 
ences of the production cross sections of almost 
all of the isotopes are approximately the same. 
The reaction cross sections change little in the 
energy range from 300 to 600 Mev and increase 
with diminishing energy. For example, the total 
cross section for 100-Mev protons is almost three 
times that of 300 to 660 Mev ones. Figure 1 shows 
the dependence of the cross section on the energy 
of the incident protons for the various iodine iso- 
topes. 

The maximum yield at all proton energies is 
that of I'2°. The yields of the remaining nuclides 
diminish gradually with increasing x. An excep- 
tion is I'*!, with a production cross section larger 
than that of the neighboring nuclides and fluctuating 
sharply with varying particle energies. There are 


TABLE I 
Production cross section x 10727, cm? Aver- 
Proton S$ Sheek 
energy, ys yuss yea Jirs jim 120 pee i of et 
Mev (p, pn) | (p, p2n) (p, p3n) (p, pin) (p, p6n) (p, pin) |alliso-jemitted 
topes |particles 
660 }54+4+ 10 |31+44.6}17.343 1241.5 16.34+2.5 |5.14+1.5} 133 aie 
480 |70+9 32+5 19.54 4.6 J0.5+3 27.5+6.6 |5.6+1.8) 165 3.6. 
300 |53+8 o74+7 (28 +10 12 42.1 00 +10 |7.9+4+2.1] 188 4.3 
170 |64+9 444+-9 (54 +12 |13,54 2.4 20.5+3.2 |6.8+1.1] 203 3.6: 
100/126 + 26 !100 + 26 |50 +7 |44 +141 105 +16 /8.9+4+ 3,6} 434 4.0 


400 


So 
S 


Cross section, 10°?” cm? 
S 
S 


100 


FIG. 1. Dependence of the cross sections of 
individual products on the proton energy. 1—['**(p, pn); 
2—-I'* (p, p4n); 3-—I'?° (p, p7n); 4—total cross section. 


600 & Mev 


| 
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INVESTIGATION OF (Pp; pxn) REACTIONS ON IODINE 761 
TABLE II 
Cos® Cuss Cus | 89 ,183 we | 238 
Repent ue / cus | Y Cs Th U 
reaction | 100 Mev(*)| 100 Mev{"}]240 Mev(?]| 370 Mev[?] Mevit) ni 240 Mev [9 Mend Wee 340 Mevf's| 400 Mev eal 
(p, pn) 135 370 + 180} 120 + 60/121 + 60 120 (4155 93 +15 890 09 40 93 7 8 
(p, p2n) 31.5 = — (37) 70 ne ee eee ae 500 | 460 (35) = ee is 
(p, p3n) 3.) 894. 45/2241) 45.24-3.8) — | 80 | —28.2 2.5 Sa ha Te Be MAES fee 
(p, p4n) (pipers 416.642 1081 5.24193 | — | 37 15.8 3 116. 15 3003 = Sie es 
, a a5 es ee (1.7) B= 1412 2E 2:3).520.5 Sot yess NOES ae Shih 
p, p6n — — — — i) Wael Reese in gras a we 4 
(p, pin) igs 5 = se = — 0.08 + 0.04 carey ger £ ist 2 = 
(p, ony = = — — _ — — - 0. 41+0,03] 0.41 | 0.35 
(p, pon) ~ _ - _ — | — _ eet Ws = 0.046 0.4 | 0.06 
(p, p10n) = = — = a = = = — — 0.042 0.03 | 0.038 
Sum of all | 477 |480 + 230114962} 1890+65 | — | 272 
sahae we + ae 162 + 27 ee 179 = a 


not enough experimental data on hand* to explain 
the causes of such fluctuations. The greatest de- 
viation is at 300 Mev. The yield of the (p, p7n) 
reaction is the smallest and varies little with pro- 
ton energy. 

The average number of emitted particles, for 
all energies, is somewhat greater than 3.2, which 
is the calculated average number of cascade par- 
ticles, emitted by interaction between a 400-Mev 
proton and a nucleus with A=100 (Ref. 6). This 
indicates that the observed products are due not 
only to knockout but also to evaporation of nuclides, 


‘particularly for the lighter iodine isotopes. 


Our results are in sufficiently good agreement 
with the literature data in the compared energy in- 
terval (see Table II). 

The figures in the parentheses in Table II are 
the interpolated cross sections of the products, 
not observed experimentally. With the exception 
of cesium, the atomic weight of each isotope is 
one less than that of the target nucleus. 

We did not observe the relative increase in the 
cross section of the (p, p2n) reaction, compared 
with the (p, pn) reaction, with increasing proton 
energy, as noted in Ref. 11, although iodine and 
cesium have nearly equal atomic and mass num- 
bers. 

Comparison of our results with the literature 
data lead to certain conclusions concerning the de- 
pendence of (p, pxn) reactions on the atomic num- 
ber of the target element. Naturally, it is possible 
to compare only results obtained at nearly equal 
proton energies. Therefore, all that will be said 
below pertains to (p, pxn) reactions on cobalt,? 
iodine, and thorium?’ at proton energies of 300 to 
370 Mev (see Tables I and II). At other proton 


*Note added in proof (April 19, 1958). It is indicated in 


Ref. 18 that the 1.8-hour half life belongs to several iodine iso- 
topes. 


energies, these relations are less clearly pro- 
nounced, owing to the lack of coordination in the 
experimental data. 

The first striking factor is that the total cross 
sections for the above elements are nearly the 
same: 180 + 65, 188 +40, and 179 + 10 milli- 
barns for Co, I, and Th respectively. Nearly- 
equal cross section are found also for the most 
probable (p, pn) reaction, this cross section 
being almost the same (~40 mbn) for carbon 
as for the (p, pn) reaction on iodine and thorium. 
Next, the greater the atomic number of the target, 
the higher the relative cross sections for the pro- 
duction of the light isotopes (see Fig. 2). For ex- 


O(ppan) 
(p,pn) 


1 


14,15 


O75 


065 


025 


FIG. 2. Dependence of the ratio o (p, pxn)/o (p, pn) on the 
number of emitted neutrons, x, for cobalt, iodine, and thorium. 


ample, if the yield of the (p, pn) reactions is taken 
to be unity, then the relative cross sections for the 
production of Co, 1!23 and Th28 by the (p, p4n) 
reaction are respectively 0.04513-085, 0.2379-j5 and 
0.75 + 0.1 (Fig. 2). 
Such an increase in the yield is quite justified, 

since the increase in the excess neutrons over pro- 
tons in the nuclei should favor the emission of neu- 


trons and lead to an increase in the cross section 


? 
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for the formation of products that are farther away 
from the initial nucleus. 

The observed energy dependencies of the (p, pn) 
and (p, p2n) reactions can be explained in terms 
of the energy relations of the cross sections of the 
elementary nucleon-nucleon elastic cross sections. 
It is known, for example, that the cross sections of 
the (p, p) and (n, p) interactions are of approxi- 
mately the same magnitude and are almost constant 
over the particle energy range from 200 to 260 
Mey. 1617 

In those cases, when the production of the iso- 
topes cannot be explained as a result of nucleon 
knockout, we should not observe a similar depend- 
ence of the yield of the reaction products, due to 
the energy dependence of the elementary nucleon 
interactions. The relative constancy of the yield 
of 12° at all proton energies is apparently due to 
the fact that its production is caused by another 
mechanism, the evaporation of the nuclides. 

We take this opportunity to thank V. P. Dzhele- 
pov for valuable remarks and I. Iu. Levenberg for 
help rendered in the performance of this work. 
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The angular anisotropy in wt—et and n* —p* decays was measured. The dependence of 


the Te et 


decay anisotropy on the electron energy is not inconsistent with the two-compo- 


nent-neutrino theory. No angular anisotropy is displayed by a =p decays. 


1. INTRODUCTION 


‘he experimental data accumulated on angular 
correlation in 4—e and m—yp decays is currently 
of interest. In the former case, it can be used to 
verify the two-component neutrino theory and to 
understand the nature of the depolarization of the 
# mesons remaining in media. In the latter case 
it can essentially establish the presence or ab- 
sence of the correlation itself. 

As was shown by Lee and Yang,! Landau,’ and 
others®* who have developed the theory of the two- 
component neutrino, the degree and character of 
the angular anisotropy in ~—e decay depend sub- 
stantially on the energy of the decay electrons. 

Let ¢€ be the decay-electron energy in units of 
maximum energy in the ~—e decay. The angular 
distribution is then, according to the two-compo- 

nent neutrino theory, 


dN ~ 2c? [(3—2e) + cos (2e—1)}dedQ, — (1) 


where ¥ is the angle between the momentum of 
an electron emitted inside a solid angle dQ and 
the spin of the » meson (in the Tine et ide = 
cay with stoppage of the 1 meson the spin is 
parallel to the momentum of the u* meson), and 
é is a parameter that takes the character of the 
interaction into account. Integration of (1) over 
all electron energies yields 


dN ~ (1 + 4/,€cos 9) dQ = (1 + acos 9) dQ, (2) 


The theoretical value of ranges from —1 to 
+1 and a lies accordingly between -'/, and +s 
The coefficient a of formula (2) is a parameter of 
the theory, while the experimentally-determined 
coefficient depends on the degree of depolarization 
of the yp mesons. We shall therefore denote the 
experimental value of this coefficient by A, and 
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the correction for depolarization by a. 

We have studied the angular anisotropy in the 
i eo decay with discrimination by decay- 
electron energy. 


2. EXPERIMENTAL CONDITIONS 


The t*—yt—e?t decays were registered ina 
750-cce propane bubble chamber.® The chamber 
was exposed ina 7m -meson beam using the phaso- 
tron of the Joint Institute for Nuclear Research. 
The 7 mesons were formed on an external poly- 
ethylene target by protons with energies of ~ 660 
Mev. The target was 70 cm long, making it possi- 
ble to increase the 7 -meson yield through the 
use of the two reactions of * -meson creation, 


ptp—om+ptn and p+p—-m +d. 


The m* mesons, with an appr }imate energy 
ss) 
i oe 
49 
1000 
4 
ar 30° 60° ~— 0° 1a’~—«150" 80° 


FIG. 1. Angular distribution of electron momenta relative to 
the p-meson momentum in 7+— p+—et+ decay. The abscissas 
indicate the projection of the spatial angle ~ between the p- 
teson and the electron momenta, and the ordinate indicates 
the number of electrons over the interval of the angle y. The 
smooth curve corresponds to dN ~ [(1+ A(m7/16) cos ¢) dol 
at A=—0.22 + 0.03. Horizontal line —isotropic distribution. 
N = 6670. 
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of 180 Mev, were aimed with a deflecting magnet 
into a collimator, and were then slowed down by a 
copper absorber so that they were stopped inside 
the chamber. The total distance from target to 
chamber was 7 m. 

To prevent distortion of the angular distribution 
by precession of the stopped a mesons in the 
stray field of the accelerator, the chamber was 
shielded and the field inside the chamber did not 
exceed one gauss. The accelerator beam was 
switched off during the dead time of the chamber. 
This made possible, in particular, to regular vis- 
ual monitoring of the quality of the tracks in the 
chamber. Approximately 8,000 photographs were 
made during the time of chamber operation, and 
6,670 «+ —y*—et+ decay events were registered. 


3. ANGULAR ANISOTROPY IN p* —et+ DECAY. 
DEPENDENCE OF ANGULAR ANISOTROPY 
ON THE DECAY-ELECTRON ENERGY 


We have measured the projections of the spatial 
angles between the momenta of the am meson and 
the electron on the plane of the camera film. Com- 
pared with the measurements of spatial angles, the 
measurement of angle projections, in addition to 
being relatively simple, has also the advantage that 
it becomes unnecessary to introduce corrections 
for the angle distortion in the propane (the orthog- 
onal projections of spatial angles do not change in 
a refracting medium). The error in the measure- 
ment of the angle was 1 to 3°, depending on the 
length of the track. To eliminate possible edge 
effects, which can distort the angular distribution, 
the only events analyzed were those in which the 
u* meson was not closer than 3 mm from the wall 
of the chamber. Events identified as decay of 
stopped wt mesons may include u* mesons 
scattered prior to stopping or a t' meson decay- 
ing in flight. An estimate shows that these extra- 
neous events comprise not more than 1% of the 
total number of 1 —yp*t—et decays, 


FIG. 2. The same 


as in Fig. 1 for the 
group of 7+-—y+—et 
| decays with soft elec- 


| trons; N = 980. 
oe: Bee ee ee eal 
0 


30° 50° "to? 50° b0"g 


In the case when the projections of the spatial 
angles on a plane is measured, the distribution 
(2), as can be readily shown (see Appendix), is 
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transformed into 
dN ~ [1 + a(x?/ 16) cos 9] dg, (3) 


provided the directions of the » -meson momenta 
are distributed in space isotropically (as will be 
shown below, this condition is satisfied for Ti 
ut —et decays). Here g is the projection of the — 
spatial angle #. Figure 1 shows the distribution 
of the projections of the angles between the initial 
momenta of the y* meson and the electron for 
6,670 events of 7 —p*— et decay. It is seen 
that the experimental distribution is well approxi- 


mated by formula (3). 


AN 
FIG. 3. The same ay 


as in Fig. 1 for the 200 = 
group of 7+—p+—et 
decays with hard 
electrons. The smooth 
curve corresponds to 
dN ~ (1+ 0.715 

Acos ¢) dg at A 
=-0.33 + 0.07; N= 


1023. UIE TP UR TRI 1G 


180° y 


The coefficient A, obtained from the *forward- 
backward” ratio (the ratio of the number of elec- 
trons emitted in the 90 — 180° interval to the num- 
ber of electrons emitted between 0 and 90°) is 

= —0.22 + 0.03 (Ref. 6). 

The error in A is the statistical rms error. 

It must be noted that had we measured the spatial 
angles, we would have decreased the error in A 
by merely 22%. 

To estimate the correctness of the two-compo- 
nent neutrino theory, it would be interesting to 
separate the various groups with decay electrons 
of different energies from the total number of m* 
= pr os decay events, and tocompare the aniso- 
tropy for these groups with that predicted by the 
two-component neutrino theory. In the group of 
events with low-energy electrons, we have selected 
such decay events, in which, over a propane path 
2 cm long, the electrons experienced multiple Cou- 
lomb scattering at an angle not less than 2 to 3°, 
corresponding roughly to a limiting energy of 30 
to 40 Mev for these events. A total of 980 such 
events was found. The histogram for the projec- 
tions of the angles between the momenta of the 
u* meson and the electron, plotted for these 
events, is shown in Fig. 2. It is seen that we have 
here complete isotropy. If we calculate formally 
the coefficient A, using the above method, we find 


Ag — 0,014 = 0,08. 


Figure 3 shows the histogram for m* —yt —e+ 
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decays with hard electrons. This group includes 
events in which the electrons were scattered not 
more than 2 mm over 3 to 4 cm of their path pro- 
jections. A total of 1023 such events was found. 
Such a selection does not include events with decay 
electrons that have a small projection, the numer- 
ical coefficient in formula (3) is not 1?/16 = 0.616, 
but greater. Calculations show that it amounts to 
0.715. The coefficient A for events with hard 
electrons, found from the “forward-backward” 
ratio, is 


Age: 0,33 120.07: 


The isotropy for cases with soft electrons, and the 
increased anisotropy compared with the integral 
histogram for the cases with hard electrons, are 
in qualitative agreement with the concepts of the 
theory of the two-component neutrino, according 
to which the anisotropy should lead to an increase 
in the decay electron energy. 

For a quantitative comparison it is essential, 
first of all, to take into account the depolarization 
of the stopped y* mesons in the propane. We 
shall not carry out a quantitative comparison for 
cases with hard electrons, owing to the difficulties 
in estimating their energy, and also owing to the 
small difference (taking the errors into account) 
between the coefficient A, and the integral coeffi- 
cient A, which equals —0.22 + 0.03. We took 
account of the depolarization in propane in the 
manner used by Chadwick, Wilkinson et al.,”8 who 
introduced a depolarization correction for emul- 
sion. It is known from experiments in which the 
angular correlation in u* —et decay is measured 
with the aid of counters, that maximum anisot- 
ropy, which incidentally is of constant value, 
is observed when a pu meson decays in graphite 
and in certain pure metals, for example aluminum 
and magnesium.*?!? Furthermore, this anisotropy 
is the same for all these materials. It can be as- 
sumed that there is no depolarization in these sub- 
stances. However, the coefficient A obtained in 
these experiments cannot be identified with the 
parameter a of Eq. (1), for the degree of polari- 
zation of the je -meson beam is not known exactly, 
nor do we know the cutoff limit of the decay-elec- 
tron spectrum on the low-energy side. Depolari- 
zation in propane can be accounted for by measur- 
ing the coefficients A for carbon and propane, in 


the same setup, by the counter method. Such meas- 


urements are available in Ref. 10, which gives for 
carbon A = —0.27+0.02 and for propane A= 
—0.18 + 0.015. 

The ratio of these two quantities will character- 


ize the change in the coefficient A due to depolari- 


zation in propane. 


To introduce a correction for 
the depolarization in our measurements, it is nec- 
essary to multiply our measured values of the co- 
efficient A by this ratio. We then obtain for the 
entire electron spectrum 


a= A(0.27/0.18) = —0.33-+ 0.06. 


According to the theory of the two-component 
neutrino, a can range from —0.33 to +0.33, i.e., 
there is agreement with experiment. Introducing 
the depolarization correction for the group of de- 
cays with soft electrons (980 events), we get 


ag = Ag (0.27/ 0.18) = —0.02-+.0.11. 


To calculate the theoretical values of the param- 
eter ag, it is necessary to integrate the distribu- 
tion (1) to the limiting energy of the soft electrons. 
For a more accurate determination of the limiting 
energy, we selected approximately 200 events of 
ce ee 20); decays with an electron track length 
not less than 2 cm. We then calculated the ratio 
of the number of events with soft electrons to the 
number of remaining events, and obtained a value 
of 0.375. Then, integrating (1) over the angles, 

we obtained the distribution over the electron en- 
ergies only: dN(€) ~ €?(3-—2e€)de (which coin- 
cides with the well-known Michel formula with the 
parameter p=0.75). The limiting energy was 
found trom the relation 


jay (e) (ay (e) = 0.375. 


0 a 


We obtained €]jm = 9.56 or Ejjq = 30 Mev (at 
Emax = 53.6 Mev). 
Next, integrating (1) to €]jm, we get 


dN ~ (1 + ag cos 9) dO 


for a=-—0.33, and ag=+0.07. Our value, ag = 
—0.02 + 0.11, agrees with the theoretical within 
experimental error. Thus, the quantitative reduc- 
tion in angular anisotropy, observed with diminish- 
ing electron energies in the yt —e+ decay, is in 
agreement with the predictions of the two-compo- 
nent neutrino theory. 

The table lists data of five measurements of 
the angular y—e anisotropy in  — pe ey 
decay in propane bubble chambers. We took into 
account the correction for depolarization (fourth 
and fifth column), and averaged the parameter 
a from the five sets of data. In the next to the 
last line we give the average value of a obtained 
by Wilkinson® from eight investigations in emul- 
sion. There is good agreement between the values 
of the parameter a obtained in emulsion and in 
a propane chamber. This indicates, in particular, 


766 ALIKHANIAN, KIRILLOV-URGIUMOV, KOTENKO, et al. 
Nene 
E (0) 
Method | Reference A | a ek 
OR 0.18-+0.05 |—0.27 40.08 | —0.8140.24 | 1188 
rl Latin : = ()s i =O), : 
asl {2} By 1970.04 —0.285+-0.07 | —0.850.20 | 3500 
[23] —0.16+0.03 |—0.24 +-0.05 —0.72+0.17 3734 
‘ [4] —0.194-0.03 |—0.285-£0.05 | —0.850.16 | 6760 
” Our data | —0.22+0.03 |—0.33 0.06 | —0.99-+0.17 | 6670 
Average | —0.19+0.02 |—0.28 +0.03 | —0.84-+0.09 241802 
Ilford G-5 | Average® —0.287-40.089 —0.87+0.12 | 16000 
emulsion 
Average values obtained with —0.288--0.025 _0.85-440.07 


emulsions and propane chambers 


that correct allowance has been made for the de- 
polarization in media. The last line gives the av- 
erage values of the parameters a and & obtained 
with propane chambers and with emulsions. The 
parameter a does not exceed the maximum value 
(with a minus sign) called for by the theory of the 
two-component neutrino, i.e., — 0.33, and accord- 
ingly € does not exceed -1. 


4. ANGULAR DISTRIBUTION IN mt —ut DECAY 


Figure 4 shows a distribution histogram of the 
projections of the angles between the a - and 
[et -meson momenta for the same 6,670 at esi — 
en decay events. It is seen that the distribution 
is isotropic between 0 and 150°. The smaller num- 


aw 
4g 


1000; 


100; 5 5 5 : z 0 
0 30 60 W 120 WO" 0p 

FIG. 4. Angular distribution of p-meson momenta relative to 
the 7-meson momentum in m+—p+—e+ decay. The abscissas 
indicate the projection of the spatial angle between the 7- and 
f-meson momenta at the decay point, and the ordinates the 
number of mesons within the angle interval. The horizontal line 
reptesents isotropic distribution. N = 6670. 


ber of particles in the last angle interval is due to 
oversights. We have noted that the greater the 
number of extraneous particles in the chamber, 
the more oversights occur for decays in which 
the projection of the angle between the m* and 


Ti -meson momenta is close to 180°. If a series 


of measurements is made with small chamber 
loading, isotropy is observed over the entire in- | 
terval of angles, i.e., from 0 to 180°. The distri- 
bution of the angles between the a and p*-me- 
son momenta can thus be assumed isotropic. 
Since in our case of the momentum of the 7 
meson did not deviate more than 18° from the 
beam axis at the end of the range of the 7 me- 
sons, it follows from the isotropy in the angular 
distribution between the m* and me -meson mo- 
menta that the distribution of the angles between 
the momentum of the p* meson and the axis of 
the beam is also isotropic in mt ee decays. 


+ 


CONCLUSIONS 


1. An increase in angular anisotropy with elec- 
tron energy is observed in p* —e* decay; this 
increase does not contradict the two-component 
neutrino theory. 

2. The value of the coefficient A in the distri- 
bution of the angles between the p* -meson and 
the electron momenta, obtained in the registration 
of a 1 eC decays in a propane chamber, is 


Az = 0:20e—0 088 


The value of this parameter, averaged over five 
investigations in propane chambers, with correc- 
tion for depolarization, is 


a =2 0228 250.035 


which agrees with the average values of the param- 
eter, a = —0.287 + 0.039, obtained in nine emul- 
sion investigations.® The average a obtained in 
both propane and emulsion is 


a = — 0.283 + 0.023 
and correspondingly, the value of é is 


¢ = — 0.85 -++ 0.07. 
3. The angles between the meson momenta are 
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isotropically distributed in 7* =F decay. 
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APPENDIX 


CONNECTION BETWEEN SPATIAL ANGLE DIS- 
TRIBUTION AND THE DISTRIBUTION OF THE 
PLANE PROJECTIONS OF THE ANGLES IN 
M—e AND t—p—e DECAYS 


1. Isotropic Distribution in Projection (7—y 
Decays ) 


Let a beam of particles move in the direction 
Ox and decay at the point 0, the angular distribu- 
tion of the decaying particles being isotropic. We 
then have (Fig. 5) 


dN = const-dQ = const-sin 6 d6 do. 


In observing the decay along the z axis, i.e., in 
projecting the spatial distribution on the XY plane, 


we fix the projection of the spatial angle /’ between 


the initial direction Ox and the momentum of the 
particle OA. Here the projection of the angle ¥ 
coincides with the angle ». The observer, so to 
speak, integrates over the angle 

dN (©) = const -de ( sin 6d = 2 const-do = const-do. 

0 

Consequently, we also have an isotropic angular 
distribution in the projection. 


2. Distribution dN ~ (1+acos #)dQ In Projec- 
tion on a Plane (u~—e Decays). 


The distribution of the momenta of the decaying 
particles about Ox is now expressed by the for- 
mula 


dN ~ (1 + acos4) dQ. 


The problem consists of expressing this distribu- 
tion in terms of the projection of the angle 3 on 
the plane XY, i.e., interms of g (see Fig. 5). 

It is easy to show that the connection between 
the angles, 0, y, and # is given by 


sin 6 cos 9 = cos%. 


Inserting this expression into the formula for the 
distribution over ¥& and integrating again over 6, 
we get 


Direction of 
obsetvation 


Direction of 
electron emission 


Direction of 
p-meson spin 


FIG. 5 


a 


dN (e) ~\ (1 + asin@cos¢) sin 6 dds 


er 


= 2[1 + (ax/4) cos] do, 
dN (9) ~ [1 + (ax / 4) cos 9] dg. 


3. Distribution dN ~ (1+acos ¥#)dQ in Plane 
Projection, Subject to the Condition that the 
Direction from which ¥ is Measured is Iso- 
tropically Distributed in Space (T—p—e 
Decays ) 


The problem is as follows: The mt meson 
moves along Ox, and the decay m mesons are 
emitted isotropically. The momenta of the decay 
electrons have a spatial distribution dN ~ (1+ 
a cos 6’)dQ relative to the direction of the p 
meson (see Fig. 6). The observer sees the pic- 


observation 


[ Direction of 
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ture in the XY plane. It is required to find the 
distribution of the projections of the spatial an- 
gles 6’ relative to the projection of the pp -meson 
momentum on the XY plane. 

Since we always measure the projection of the 
angle between the meson and the electron, we can 
consider the projection of the momentum of the 
meson to be directed at all times along Ox (the 
# meson moves in the ZX plane), and we have 
the picture shown in Fig. 6. 

In x’y’z’ coordinates the electron distribution 
is 

dN = const:(1 + acos 6’) dQ. 


But now the momentum of the ~ meson makes an 
angle (90—q@) with the plane of observation. 

It is necessary to find the connection between 
the angles a, gy, 0, and 6’. Then, integrating 
over the corresponding angles (taking into account 
the isotropic distribution of the » -meson momenta 
in space), we find the dependence of the electron 
emission on the angle gy. This dependence is of 
the form 


cos 6’ = sin§ sina ces ¢ + cos 6 cos «. 


Putting AO=a, AB=b, CB=c, OC =d, and 
AC =f, and noting that / OAD = 6’ and / OCB = 
gy, wewrite for OB 


a? + 6? — 2ba cos §’ = c? + d? — 2cd cos 9, 
where 


b =f /cos« =acos6/ cosa; 
c =f tana =acos6tana; d=asin9. 


Solving this equation with respect to cos 0’, we 
obtain the relation given above between the angles 
a, ~, 6, and 6’. It must be noted that the angle 
@ assumes values from 0 to 7 and, in addition, 
we assume an isotropic distribution of the pu- 
meson momenta in space. To take this factor into 
account we must multiply the entire distribution 
by sina: 


dN =const-[1 + a(cos6cos« + sin@sina cos ©)] sin « da dQ, 


where dQ = sin 6 dé dy. Here the angles qa and 
@ vary from 0 to 7. Integrating over 6 and a 
we get 
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sinasin§d6do = 4; 
cos §cos «sin @sin « d6da = 0; 


acos ¢ | | sin 6 sin asin 6 sin a d8 da = (ar? / 4) cos 9, 
00 
1.C%; 


dN ~ [1 + (an? / 16) cos 9] do. 
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The authors analyze ten events, observed in a cloud chamber, of the decay of unstable 
charged particles produced in penetrating showers by cosmic rays at an altitude of 1800 
meters above sea level. The V~ decays are divided into two groups, depending on the 
place of generation. The upper limit of the mean lifetime for one of these groups is es- 
timated to be T< (1.44 + 0.83) x 107!°seconds. An analysis is proposed for one anoma- 
lous decay, which cannot be explained on the basis of any of the K -particle or hyperon 


decay schemes existing at present. 


lh The first to estimate the lifetime of charged 
ge particles was Barker,! who has shown, that the 
lifetime of the decaying particles lies in the range 
10°°=7=10-*seconds. Further investigations?~4 
have shown that V* events contain both a long- 
lived K component with a lifetime longer than 
107° seconds, as well as a short-lived one, on the 
order of 107! seconds. 

Jork et al.,? using two cloud chambers with an 
absorber placed between them, obtained a uniform 
distribution of the decay points, with an average 
ratio x/xo) = 0.46 + 0.05, for the charged particles 
produced in a generator placed over the chambers. 
On the other hand, the decays connected with the 
interaction in the middle absorber gave a clearly 
pronounced asymmetry with a ratio x/x) = 0.31 + 
0.05. These data have led the authors to conclude 
the existence of a short-lived component with a 
lifetime in the interval 1.5 x 10°!9<7 < 2.8 x 107” 
sec. The presence of protons?»® among the prod- 
ucts of the short-lived component indicates, in the 
authors’ opinion, the presence of hyperons among 
the decaying particles. However, in some cases 
it was possible to identify decays of lighter par- 
ticles, making it difficult to attribute the short- 
lived components to decays of hyperons alone. 
Later investigations made by the same group® and 
carried out under somewhat different conditions, 
have not confirmed the preceding results, which 
apparently are explained by the impossibility of 
observing decays in the direct vicinity of the gen- 
erator in this series of experiments. 

Thompson! et al. also found a short-lived com- 


*Delivered at the Conference on Cosmic Ray Physics, 
Tbilisi, October, 1956. 
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ponent with a decay point near the upper wall of 
the chamber, and a long-lived component with uni- 
form distribution of events. In this experiment, 
unlike in those of Jork et al,” negative particles 
predominate in the short-lived components. 

2. In this work we analyzed ten events of decay 
of heavy charged particles, observed with a setup 
similar to that of Jork.? The observations were 
made at the El’ brus High-Altitude Cosmic Labora- 
tory, 1800 meters above sea level. The apparatus 
consisted of a rectangular double cloud chamber’ 
placed in a magnetic field. The principal diagram 
of the setup is shown in Fig. 1. 


FIG. 1. Principal diagram of apparatus: A, B — working 
chambers; C, and C, — Geiger-Miiller counters; 1 — poles of 
electromagnets, 2 — opening for photography, 3, 4, 5, 6 — ab- 
sorber. 


The cloud chamber combines in one housing 
two independent working chambers each 280 x 100 
x 110 mm, and three absorber compartments, iso- 
lated from the working chambers. The chamber 
was filled with argon to a pressure of 1,000 mm 
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TABLE I. Data for Ten Events of Decay of V Particles 


Momiontaumrorn Momentum of Ionization of | Ionization of Aperture 
Number primary par- secondary primary par- secondary angle Sign 
of ticle, particle, ticle, particle 

event, | (P.(10° ev/c) P,(10° ev/c) GAO: (J/Jo)e 

82,179 | Not measured | 1.72 19°98 1 1 76 a 
92,98 : 3.60007 op <1.5 1 60 aa 4 
101,14 bs Not measured 2—4 4 42 ? 
105,90 : 1.09 +0: 15—20 { 107 a 
101,76 Not me asutee <a <li 31 ? 
115,115 ; 1 Quan 6 1 124 = 
{17,64 : eae $20 <1.5 95 a 
147,85 : ON Ene 1 1,53 25 = 
132,12 : Acasa es 1 1 86 Ee 
WTS69 578 tog | noe <1.5 1 28 as 


Hg. The condensate employed was a mixture of 
70% ethyl alcohol and 30% water. The working 
chambers were illuminated from both directions 
with IPS-1500 photoflash lamps. The tracks were 
photographed on “Panchrom 10-800” film with two 
“Helios-42” objectives at an effective aperture of 
10. The base of the photograph is 42.8 mm, and 
the average magnification is 15. The chamber is 
controlled by penetrating showers, sorted out by 

a system consisting of two series of Geiger count- 
ers, connected for 1—4 coincidence. The showers 
were generated in absorbers 55 and 25 mm thick 
located correspondingly over the working volumes 
of the chamber. To shield against the soft-compo- 
nent, the entire setup was covered with an absorber 
160 mm thick. 

Copper absorbers were used in one series of 
experiments, and lead was used in the other. 

A magnetic field was produced with a type SP-13 
electromagnet with stabilized supply .® The field 
intensity in the working volume of the chamber 
was approximately 4300 oersted with no more than 
5% deviation. 

3. After 2836 hours of operation, 11,559 photo- 
graphs with records of 2269 penetrating showers 
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were obtained. Ten fork-like tracks, which could 
be interpreted as V decays were observed in 
these photographs. In addition, we found 22 v° 
decays, a T'-meson decay, decays of two 7 me- 
sons in flight, and 13 stars in the gas of the cham- 
ber. The sorted V* decays were thoroughly 
checked for the presence of a common peak for the 
two tracks and for the absence of a recoil nucleus 
at the bend. The momenta and the arrangements 
of the tracks were determined by the coordinate 
method,*»!° used in our laboratory during the past 
few years. The rms error in the curvature of 
tracks 10 cm long was 48 rast corresponding to 

a maximum measured momentum of 6 Bev/c. The 
error in the depths of the points of the track was 
+1.4 mm. The error in the angle between the 
tracks was not more than 3 to 4°. The ionizing 
ability of the particles was estimated by measuring 
the optical density of the tracks with a micropho- 
tometer. Unity blackening was taken to be the op- 
tical density of tracks of relativistic particles lo- 
cated in the same frame. The measured momenta 
and angles, and estimates of the ionization, are 
given in Table I. 

Since the momenta of the decaying particles 
cannot be measured, in most cases, owing to the 
short length of the tracks, it is impossible to carry 
out a complete analysis of each event. Neverthe- 
less, some information can be gained from the dy- 
namics of the decay and from the ionization meas- 
urements. 

If phiax is the maximum value of the momen- 
tum of the decay product in the rest system, and 
pt is the transverse component of the momentum, 
then it follows from the relation p, <p), that 

1/p,>sin6/p-.., (1) 


where @ is the emission angle and P, is the mo- 
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mentum of the charged product in the laboratory 
system. 

Figure 2 gives the limit curves obtained from 
(1) for various decay schemes and from the (P2, 9) 
plot of the observed decays, with the exception of 
two unmeasured events. All decays, with the ex- 
ception of 117,61, lie within the allowed region for 
hyperons and K mesons, within the experimental 
error. Decay of the m meson is excluded in event 
117,85, since at the observed momentum and emis- 
sion angle of the secondary particle, the meson 
should be at least triply ionized. Only one event, 
namely 147,69, for which the momenta of both 
tracks could be measured, can reliably be inter- 
preted as a K-meson decay; it is impossible to 
distinguish between K and Y decays in the re- 
maining cases. It must be noted that not one pro- 
ton was observed among the decay products. 

It is difficult to explain event 117,61, which 
lies outside the allowed region for Y and K de- 
cays, on the basis of experimental error. It will 
be analyzed separately in Sec. 5. 

4. The V+ decays can be divided into two 
groups in accordance with the character of their 
production. 

The six relativistic particles, comprising the 
first group, are accompanied by penetrating show- 
ers from the upper and middle absorbers. This 
group of events features minimum ionization by 
the primary particles and decay points that are 
distributed near the generator. 

The second group consists of four slow highly- 
ionized particles which are not connected with 
visible interaction and which enter into the illumi- 
nated portion of the chamber from the side of the 
electromagnet poles; they are apparently generated 


FIG. 3. Distribution of the decays of the first group in the 
chamber. The origin coincides with the optical center of one of 
the objectives. The distances are in millimeters. 


TL 
far away from the decay point. 

The distribution of the decay points of the par- 
ticles of the first and second group is shown in 
Figs. 3 and 4. The corresponding real and virtual 


FIG. 4. Distribution of the decays of the second group in the 
chamber. 


ranges are given in Tables II and IIJ. The mean 
values of the ratios of the real ranges to the vir- 
tual ones is 0.30 for the particles of the first 
group, and 0.64 for the particles of the second 
group. 


TABLE II. Real and Virtual 
Ranges of Particles Accom- 
panied by Showers from the 
Upper and Middle Absorber 


Number Real : 

Virtual range 
event om Xp, cm #/%q 
82,179 Dal 14.14 0.19 
92,98 4.0 13.4 0.30 
104,76 ae 141.6 0.20 
4117-89 ASS) 14.6 0.16 
132742, 2.9 6.7 0.37 
147,69 9.4 15.4 0.59 


The difference in the distribution of the decay 
points and in the ionization indicates a shorter life- 
time for the first group of particles. Starting with 
minimum ionization of the primary particles, it is 
possible to determine the upper limit of the life- 
time, assuming that their velocities are B= 0.7, 
i.e., ionization of not more than a multiple of 1.5. 
Calculation by the maximum probability method," 


TABLE III. Real and Virtual 
Ranges of Particles Without 
Visible Shower Accompaniment 


Number Real Virtual range 
range / 
ae, x, cm Xp» Cm a) 
401,14 4.7 13.8 0.34 
105,90 9.5 1229 0.74 
A BUSy Gia tts) Use UST 0.94 
117,64 Ge2 11.1 0.56 
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based on this assumption, shows that the average 
lifetime of the particles of the first group is 


«< (1.44+0.83)-107% sec. 


If an attempt is made to attribute our relatively 
short mean lifetimes to the structural features of 
the cloud chamber, features which made it possible 
to observe particles in the nearest vicinity of the 
middle absorber, it becomes advisable to consider 
separately the five particles coming from this ab- 
sorber. By so doing, we eliminate event 147,69 
from the first group, which we identified as a K- 
meson decay. The average real to virtual range 
ratio for particles generated in a middle absorber 
is 0.23. The probability of effecting such a selec- 
tion from uniform distribution is less than 0.24%. 
The average lifetime calculated under the assump- 
tion B=0.7 does not exceed 


<< (1.00 0.54)- 10° sec. 


5. Event 117,61 is of particular interest. 

As indicated in Section 3, in the (p>, @) plot 
decay 117,61 lies outside the ailowed region for 
hyperons, K-mesons and m mesons (see Fig. 2). 
We consider it therefore necessary to analyze this 
case in detail. 

A slow particle, with ionization not less than a 
multiple of 20, without visible accompaniment of 
nuclear interaction, enters into the chamber from 
the forward side. Without experiencing noticeable 
scattering, it decays in the well-illuminated region 
into a like charged particle having minimum ioni- 
zation. The charged decay product is emitted at 
an angle of 95° to the direction or motion of the 
primaries and has a momentum 3b20e Mev/c. The 
momentum of the transverse component, in this 
case 351 Mev/c, is substantially less than the 
maximum momentum of the decay product in 
the proper system for all known decay schemes 
of hyperons and K mesons. In fact, at a given pos- 
itive-particle momentum and a given emission 
angle, the negative product can be not more than 
triply ionized for all three schemes, although the 
ionization observed is more than by a factor of 20. 

The anomaly of this case is difficult to attri- 
bute to the experimental errors. The track of the 
secondary particle is 10 cm long and has a smooth 
curvature. Since it passes near a cloud cluster, 
we measured several tracks of hard » mesons 
without a magnetic field, passing through similar 
photography defects. Measurements have shown 
that these clusters do not lead to track distortion. 

The measured momenta could not be sensitive 


to systematic errors in the measurement of the 
curvature, since such errors amount to 0.03 m™ 

in our chamber. To attribute this event to K- 
meson decay it becomes necessary to assume er- 
rors equal to three standard deviations, an assump- 
tion having a probability of 0.3%. 

All this gives ground for assuming that in this 
case the decaying particle is heavier thana K 
meson. It is possible to assume that this case is 
a charged analogue of the neutral meson, whose 
decay was observed by Cowan.’ 

We have included a photograph of this event 
in an earlier preliminary report.’® 
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The specific heat, thermal and temperature conductivity of aluminum and zinc have been meas- 
ured between 1.5 and 0.15°K by the temperature wave method described in Ref. 1. Results of 
measurement of the normal-state specific heat are identical with those obtained at higher tem- 
peratures. The temperature dependence of the electron specific heat in the superconducting 
state is given by Eq. (2), where a =1.2 for Al and @=1.03 for Zn. The heat conductivity 

of electrons in a superconductor also depends exponentially on the ratio T/T. In this case, 
in contrast to the electrons of normal metals, Keg/ceg depends on the temperature. The 
results obtained are compared with the results of measurement of the specific heat of other 
superconductors and with the results of the microscopic theory of superconductivity.?»3 


open tee it has been shown in a series of 
papers!»4~’ that the specific heat of electrons in 

a superconductor depends exponentially on T/T. 
However, it is still not clear whether this depend- 
ence is general for all superconductors, and 
whether one can speak of a law of corresponding 
states for their properties. To clarify these ques- 
tions, a study was undertaken of the thermal prop- 
erties of aluminum and zinc — metals which pos- 
sess relatively low temperatures of transition to 
the superconducting state. 

A study of these metals is also of interest from 
the viewpoint of the possibility of direct measure- 
ment of the specific heat and thermal conductivity 
of electrons. Thus, while in tin the specific heat 
of the electrons at the critical temperature amounts 
to only about 60% of the total specific heat, in alu- 
minum and zinc it amounts to 98%. 

The method of measurement was not fundamen- 
tally different from that used to investigate the 
thermal properties of tin.! The thermal conductiv- 
ity and the thermometric conductivity a? = K/cp 
were determined by direct measurements, from 
which the specific heat was calculated. Cylindrical 
specimens with diameters of about 1.5 mm and 
length 100 mm were employed. The zinc samples 
were single crystals, grown in thin glass capillar- 
ies. The angle between the (001) direction and 
the axis of the sample was about 30°. The alumi- 
num crystals consisted of large crystals with the 
length of the sample equal to several times the 
diameter. Before the investigation, the aluminum 
was annealed in a vacuum at ~600°C for 4 hours. 

The results of the direct measurement of the 
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thermal and thermometric conductivities are shown 
in Figs. 1-4. Experiments with each of the speci- 


K, W/cm-degree 


FIG. 1. Thermal con- 
ductivity of aluminum. 
e—Al-1; o—Al-2; n— 
thermal conductivity in 
the normal state, A— 
measurements in a mag- 
netic field. 


mens were carried out over a period of several 
days. The mean spread of the results amounted 
to 10 and 4%, respectively, for the thermal and 
temperature conductivities. On lowering the tem- 
perature to 0.2°K and in the region of a strong de- 
pendence of the thermal conductivity on the tem- 
perature, the accuracy of the determination of the 
thermal conductivity was decreased. This condi- 
tion was connected with the fact that at reduced 
absolute temperature the errors in its determina- 
tion increased, reaching 3 — 4% near 0.2°K. In the 


774 
K, W/cm-degree 


FIG. 2. Thermal con- 
ductivity of zinc. 1— 
Zn-1; 2—Zn-2; a— 
measurements in a mag- 
netic field. 


FIG. 4. Tempera- 
ture conductivity of 
zinc. O— Zn-1, e— 
Zn- 2; n—normal 
state. 
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case of a strong change in the thermal conductivity 
with temperature, this is equivalent to the pres- 
ence of a several times larger error in the magni- 
tude of the thermal conductivity also.! Since such 
errors are determined in fact by the accuracy of 
establishing the absolute temperature, they always 
impose a certain limit on the determination of the 
temperature dependence of physical quantities be- 
yond the dependence on the methods of their deter- 
mination. 

Measurements of the specimens in the super- 
conducting state were carried out in a magnetic 
field which was compensated to 0.2 oersted. As 
in the investigation of the properties of tin, control 
experiments showed that the results were independ- 
ent of whether the transition from the normal to the 
superconducting state took place in this same mag- 
netic field or ina field ~ 10 oersted, perpendicular 
to the axis of the specimen. In the normal state, at 
temperatures below critical, measurements were 
carried out in a field parallel to the axis of the spe- 
cimen and amounting to 115 oersted for Al and 60 
oersted for Zn. 

The specific heat of aluminum is shown in Fig. 
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FIG. 3. Temperature con- 
ductivity of aluminum. Sam- 
ple Al-2; n—normal state. 
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FIG. 5. Specific heat 
of aluminum; n—normal 
state, dashed line — lat- 
tice specific heat. 
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5. The calculation was carried out in terms of the 
thermal and thermometric conductivities of the 
sample Al-2. The plotted points were obtained by 
calculation on the curve of Fig. 3, and from the re- 
sults of measurement of the thermal conductivity 

of Fig. 1. The specific heat of zinc is plotted in 
Fig. 6. Calculations were carried out on the curves 
of Figs. 2 and 4 for each of the samples studied; 
the results led to numbers agreeing within the lim- 
its of error (~10%). 


DISCUSSION OF THE RESULTS 
Specific Heat 


We first consider the results of the measure- 
ment of the specific heat in the normal state. As 
is well known, for sufficiently low temperatures, 
the specific heat of metals can be represented as 


Cn =yT + 1944(T/@)? joule/g-mole-degree, (1) 


where © is the Debye temperature. The first 
term is due to the specific heat of the electrons, 
the second is due to the specific heat of the lattice. 
The value of the linear term for Al and Zn, ob- 
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FIG. 6. Specific 
heat of zinc; n—nor- 
mal state, dashed line 
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tained on the basis of our measurements, is shown 
in Table I. For Zn, this value agrees, within ex- 
perimental error, with the results of measurement 


— lattice specific heat. 


at temperatures above 1.5°K; for aluminum, it is 
somewhat smaller than the literature value, al- 
though the deviation is also at the limit of the ac- 
curacy of measurement. 

The thermometric conductivity a? of zinc in 
the normal state changes with temperature, as is 
seen from Fig. 4. Evidently this is connected with 
the specific heat of the lattice. Actually, since the 
thermal conductivity of metals is directly propor- 
tional to the temperature, we have 


a =D] (1 -- qF*), 


where D is aconstant and q = 1944/y@*. Analy- 
sis of the resultant data shows that q = 0.07 + 0.02 
for Zn; this corresponds to @= 340 + 20°. This 
value of ® agrees within experimental error with 
the results of measurement for temperatures above 
1.5°K (see Table I). All these results are of in- 
terest from the point of view of confirming the 


TABLE I. Characteristics of metals studied 


| Results of measurement Literature values 

Sample | Per cent 10%, | Ky. ele. Refer- 
| Spurity j/g-mole-deg? | W/cm-deg? j/g-mole-deg? SDSS sens 

Al-1 0.01 3.02-+-0.08 1.44-++0,05 408 [5] 

Al-2 0.01 Wevall S053 2.17-+0.08 1.37--0.05 375 [9] 
4 .40-+-0.07 [5, 12] 

Zn-1 0.0004 0.67 +0.04 1.02+0.05 0.654 321 [2°] 

Zn-2 0.0001 0.645-L0.04 0.75-+40.04 0.66 296 [3] 


validity of Eqs. (1) down to temperatures ~0.5°K. 

Earlier investigation! of the thermal properties 
of tin has shown that in the transition to the super- 
conducting state only the specific heat of the elec- 
trons undergoes a significant change; the specific 
heat of the lattice remains practically unchanged. 
This allows us, by making use of data of the speci- 
fic heat of the lattice in the normal state, to esti- 
mate its contribution to the total specific heat, and 
to separate the specific heat associated with the 
electrons. For both aluminum and zinc, the lattice 
specific heat is a relatively small quantity, not ex- 
ceeding 10% of the total specific heat in the entire 
interval. 

The transition of the metal into the supercon- 
ducting state is accompanied by a discontinuity in 
the specific heat Ac. The relative magnitude 
Ac/cyn (TK) of the discontinuity can be determined 
from a measurement of the thermometric conduc- 
tivity for the critical temperature. Specifically, 
inasmuch as the heat conductivity in the normal 
and superconducting states are the same at Tk, 


Ac /[¢n(Tr) = (a — 95) | a5. 
Analysis of the results of the measurement 


(Figs. 3 and 4) show that Ac/cy(Tx) = 1.60 + 
0.15 for Al and Ac/cy(Tyx) = 1.25 + 0.15 for 
Zn. These values practically coincide with the 
values of Ac/yT, for Al and Zn, since the spe- 
cific heat of the lattice in these cases amounts to 
less than 3% of the total specific heat (at Ty). 
The dependence of the specific heat of the elec- 
trons Ceg on T,;/T is plotted in semilogarithmic 
scale in Fig. 7. For T< 0.7 Ty, it can be writ- 
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FIG. 7. Specific 
heat of electrons: 
O — aluminum, ®— 
zinc. 
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FIG. 8. Specific heat of electrons in superconductors. 
A—Nb; VV; A— Ta; + — In; x — TI; = Zn; ---, V= 
Sn; @, O—Al (---, @—measurements of author; VO 
measurements of Goodman’?). Solid line — Eq, (2). Values 
of y, Tx, % are given in Table Il. 
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ten as T;/T ina sufficiently wide temperature range, in 


Ces = Aexp(—aT;/T), 


where A =(8.2 +1) X 1073 joule/gram-mole- 
degree, a =1.20+0.08 for Al and A=(2.3+ 
0.3) x 10 3joule/gram-mole-degree, @ = 1.03 + 
0.08 for Zn, under the assumption of T, = 1.17°K 
for Al and Ty, = 0.84°K for Zn (the errors in A 
and a are functionally related). The value of a 
obtained for Al differs somewhat from the value 
of 1.28 established by Goodman? by analyzing the 
results of direct calorimetric measurements of 
the specific heat of Al down to 0.25°K; however, 
new data by Goodman” also agree better with a = 
1.20 (see Fig. 8). There is a systematic devia- 
tion of about 10% in the absolute magnitude between 
the results obtained and the data of Goodman (see 
Table I). 

The exponential dependence of the specific heat 
of the electrons, which was first discovered in 
vanadium, is also observed in tin, aluminum, and 
zinc. Probably, this dependence is a characteris- 
tic of all superconductors. However, the quantity 
a@, which determines the dependence of ceg on 
the relative temperature, changes from one metal 
to another. By the same token, if a law of corre- 
sponding states is established for the specific heat 
of superconductors, the quantity @ ought to appear 
in it along with y and Tx. 

From this point of view, we have analyzed all 
the results of the investigations which are suitable 
for the determination of the dependence of ceg on 


particular, for Nb, V, Ta, Sn, In, Tl, Al, and Zn. 
In all these metals, there exists a clearly deline- 
ated region of exponential dependence of ceg on 
Tk /T. In this region, in first approximation, 


Cos = 4yT 02 exp (— aT, /T). (2) 


The values of y, Tx, @ are given in Table II. 
Thus, while the absolute values of ceg in the vari- 
ous superconductors at T, differ by as much as a 
factor of 500, the expression ceg/ya?T, does not 
change by more than ~10% (Fig. 8). This varia- 
tion can be ascribed in significant measure to er- 
rors in the determination of y, ces, @. Of course, 
the presence of a general relation among Ceg, ¥, 
Tk, @ for all superconductors is due to the ther- 
modynamic connection between the thermal prop- 
erties in the normal and superconducting states of 
the metal. We note that deviations from a simple 
exponential law (2) possibly exist not only close to 
the critical temperature for T >0.7 Ty, but also 
in the region of very low temperatures,! for T < 
0.2 Tk (see Fig. 8). 

The difference in the dependence of the thermal 
properties of superconductors on the relative tem- 
perature T/T, is defined by the quantity a. This 
quantity changes from one superconductor to an- 
other in a systematic manner. It is likely that 
some sort of relation exists between a and T;,/® 
of the superconductor (Fig. 9a), although the small 
number of metals for which @ can be compared 
makes this conclusion not very trustworthy. Close 
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TABLE II. Characteristics of thermal properties 
of superconductors 


a a ee 
-10*, ¢ 
yaa ‘j/ Paoledde @,°K gf rs | ci Reference 
Nb 8.54 252 8.7 4.80 13 
Vv 9,26 338 5.03 41.50 cat 
Ta 5.44 231 4.4 1.49 [4] 
Sn eS 200 Se 1.50 [i 8} 
In* 1.84 109 3.4 41:60 [P] 
Tl* DIS 86.6 2.36 1.30 (7 
Al il OF 390 4.17 4:20 
Zn 0.65 340 0.84 1.03 


*One must regard the thermal characteristics of these metals with 
some caution, since their electron specific heat over the whole range 
of measurement amounted to only a small fraction of the total spe- 
cific heat. This especially applies to Tl, for which the y obtained 
on the basis of calorimetic measurements is substantially different 
from the value of 1.53 determined on the basis of magnetic measure- 


ments.*° 


to the critical temperature, the thermal properties 
are determined by the size of the discontinuity in 
the specific heat for the transition from the nor- 
mal state to the superconducting. A comparison 
of the relative discontinuity Ac/yT, shows that 
the change in this quantity is apparently also con- 
nected with T;/® (Fig. 9b). In this case, since 
calorimetric measurements in a narrow range of 
temperatures close to Tr can also be used for 
the determination of the quantity Ac/yT,, the 
number of superconductors whose properties can 
be compared according to this characteristic is 
increased. A significant deviation from the gen- 
eral dependence of Ac/yTk on Tk/®@ is observed 
only for thallium, if we make use of y obtained 
from calorimetric measurements (see note on 
Table II). In the presence of a general law for 
the change in the specific heat of the electrons 

in the superconductor with the temperature, 
Ac/yT,x and q@ are probably interrelated. From 
this viewpoint, the data of Fig. 9b serve as addi- 
tional proof of the presence of a connection be- 
tween the quantity a and T,/®. 

It is natural to compare all these results in the 
first place with the recently developed?»? micro- 
scopic theory of superconductivity. In first approx- 
imation, the theory describes the change in the 
specific heat of superconductors with temperature 
with sufficient accuracy. The theoretical values 
Ac/yTx = 1.4, @ = 1.44 also agree with the ex- 
perimental values. However, according to the 
theoretical model, these quantities should be 
constant for all superconductors; in reality 
they vary considerably. This change could be 
corrected, for example, with the appearance 
of an anisotropy in the electron spectrum in 


the real metal, from which the specific heat 

at sufficiently low temperatures will be deter- 
mined by the change of the sums of exponents. 
Here, however, one would expect a connection be- 
tween q@ and the crystallographic structure of 
the metal, a relation which has not as yet been 
discovered. Moreover, only the decrease of @ 

in comparison with Qtheor could be explained 

in this way, whereas, for a series of metals, @ > 
@theor: All this shows that a further refinement 
of the model currently considered is necessary to 
explain quantitatively the properties of supercon- 
ductors. Since the value of q@ is connected with 
the temperature dependence of the value of the 
energy gap A, then the experimental data (Fig. 9) 
should be regarded as indicative of the presence 


1,18 


FIG. 9. (a) « and T;/® of superconductors. The re- 
searches involved are enumerated in the text; (b) Ac/yT, and 
T,/®@ of superconductors. For Cd,*’ and especially for La,** 
the data are not very trustworthy; for Hg,*®»”® the data are from 
magnetic measurements; for Pb, the data of Refs. 20, 21 are 
used, for the other metals, the results of the researches enur 
merated in the text were employed. 
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of a dependence of A on T/® as well as the de- 
pendence of A on T/T, considered in the theory. 


Thermal Conductivity 


In the normal state, the thermal conductivity 
Ky of the metals under consideration is linearly 
proportional to the temperature in all intervals of 
measurement: 


I Ns — Kol. 


The quantity Ky is connected with the chemi- 
cal and physical impurities of the specimen, just 
as is the residual resistance. The values obtained 
for Ky (see Table I) confirm the relatively high 
purity of the samples under investigation. 

It is known that for sufficiently low tempera- 
tures, transfer of heat to the superconductor is en- 
tirely governed by the lattice. In our measurements 
this temperature region is achieved for aluminum 
only below 0.2°K, where a sharp change is observed 
in the thermal conductivity in both samples. At the 
higher temperatures for Al, and over the whole 
range of measurements for Zn, the transfer of 
heat is essentially related to the thermal conduc- 
tivity of the electrons, Keg. The dependence of 
Keg on Tx/T is shown in Fig. 10; it can be rep- 
resented by 

Kes = kos exp(— BTx/T), 


where the values of 8 are 1.5+0.1 for Al and 
1.30 + 0.1 for Zn; kog is a constant, related to 
the quantity Ky of the given sample. This is the 
same law (but with other values of B) established 
previously for tin. 


K, W/cm-deg 


FIG. 10. Thermal 
conductivity of elec- 
trons: O—Zn-1; e— 
Zn-2; A— Al-1; A— 
Al-2, 


The characters of the temperature variations 
of thermal conductivity and specific heat of elec- 
trons of the superconductor are interrelated. This 
is shown by a detailed measurement of the expo- 
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nents a and @ in the exponential laws for Ceg 
and Kes, although this means of comparing K 
and c does not appear to be very trustworthy. 
More accurate evidence on the relation of the 
specific heat and the thermal conductivity is given 
by the results of measurement of the thermometric 
conductivity a* = K/ cp; this permits us to estab-_ 
lish even a very small difference in the tempera- 
ture dependence of these quantities. Since the ther- 
mal characteristics of Al and Zn are chiefly de- 
termined by the electrons in this case,* we have 
for these metals, with accuracy to within several 
percent: a? =Kes/cegp. For convenience, the 
value of the temperature conductivity was taken 
in the normal state at T,, and the dependence of 
& =a%/a2 on T/T, was considered. It turned 
out that Al and Zn have the same type of depend- 
ence of € on T/T ,, although the possibility is 
not excluded that, the absolute magnitude of é 
contains the value of @ or B, since &a)/ézp is 
approximately inversely proportional to a,aj/a@7zp.- 
All these quantities can be considered from the 
point of view of the new theory of superconductivity. 
If, within the framework of this theory, we compute 
the thermal conductivity of the electrons in the 
temperature range where the path length is deter- 
mined by scattering from impurities,{ then 


Ney Ae x7 ax 


KG 298 ch? x’ 
es Tx) RAM er 


where A(T) is the width of the energy gap in 
the superconductor, or 


Kol) Ke(E ae (expe One 


where 8=1.75. Although this law agrees 
qualitatively with the experimentally estab- 
lished dependence of Keg on T/T, the 
quantity 6, as also q@ in the specific heat, is not 
a universal constant, changing from one metal to 
another. In the same way, starting out from the 
model developed recently, it is not possible quan- 
titatively to determine the thermal conductivity of 
the electrons of the superconductor in a sufficiently 
wide temperature range. 

It is natural to expect that the change in q@ and 
8 from one metal to another is determined either 
by the appearance of anisotropy in the metal or by 


*For aluminum, measurements of the temperature conductiv- 
ity are considered only above 0.3°K where, in accord with the 
data of Fig. 1, the thermal conductivity of the lattice of spec- 
imen Al-2 contributes less than 10 % of the total thermal con- 
ductivity. 

tThe author acknowledges his deep gratitude to B. T. 
Geilikman who kindly reported the results of this computation 
prior to publication.” 
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FIG. 11. Depend- 
ence of €= av/a‘, on 
alice — Al=1-0)— 
Yaeile iN PAN D, 
Dashed line — the- 
oretical curve. 


a different dependence of A on the temperature. 
From this point of view, we may assume that the 
ratio Keg/ceg can be theoretically determined 
more accurately than Keg or ceg alone. Evi- 
dently this is so. Thus, for example, while the 
deviation between the experimental and theoreti- 
cal values of Keg and ceg for Zn at 0.2°K 
amounted to a factor of six, the quantity £, com- 
puted on the basis of the theoretical dependence 
of Keg and Ceg, differs from the experimental 
value by not more than 10%. However, even in 
this case, it is still possible that in detail the 
theory does not accurately determine the depend- 
ence of ~€ on T/T, (see Fig. 1). 

In conclusion, I take this opportunity to express 
my deep gratitude to P. L. Kapitza, A. I. Shal’ ni- 
kov, Iu. B. Sharvin, and P. G. Strekov for valuable 
remarks in the course of completion of the re- 
search, and to V. I. Shishkin for help in the meas- 
urements. 
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Collective oscillations of electrons distributed with periodic density in a lattice are considered 
as quasi-hydrodynamic oscillations of a degenerate non-uniform gas of electrons. Properties 
of the various levels are analyzed and the probabilities of exciting collective oscillations by 
light and by charged particles are calculated. Quantitative estimates of the position of the 
levels are compared with data concerning characteristic losses of electrons in thin films. 


1. INTRODUCTION 


Arremprs have been made to apply the theory 
of collective oscillations of a plasma to the valence 
electrons in a crystal by considering them as a de- 
generate Fermi gas (see, for instance, the review 
article by Pines! ). At the present time it is not 
clear whether such oscillations, “plasmons,” are 
stable enough to be considered as actually existing. 
There is no doubt that the lifetime of a plasmon is 
small, and the probability that it will be converted 
to the excitation of separate electrons and to ther- 
mal motion is large. However, the successful in- 
terpretation on this basis of certain characteris- 
tic energy losses of electrons passing through 
solid films! obliges us to direct ourselves seri- 


¢.=0 
| 
| 
| 


a — Form of the oscillations for even /,, 1, =0. For k =0 
only the term 1 =0 appears; p belongs to the type P, = pees 
in neighboring cells the function is the same. For kd = 7 
principally the term / = 1 is represented; p belongs to the type 
Py lenin neighboring cells the functions differs in sign, 
exp(ik-d) =— 1. b—Form of the oscillations for odd J,, J, = 1. 
For k=0 only the term / = 1 appears; p belongs to the type 
p= p;\?) — in neighboring cells the function is the same. For 
kd =7 principally the terms /=0 and /=2 are represented; 

p belongs to the type pa and ps” 
functions differ in sign. 


— in neighboring cells the 
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ously to the problem of the collective oscillations 
of electrons in crystals and, above all, to attempt 
to broaden the circle of phenomena under study 
which are connected with plasmons. 

The theory of collective oscillations is applied 
to crystals in a quite elementary way.'? Fora 
uniform degenerate gas of free electrons the fol- 
lowing dispersion equations are used: 


wo = wp + Cv?>R?, Op = Arp oe?/m, (1) 


where w, k are the frequency and wave number 
of a plasmon; <v’> is the average square of the 
thermal velocity of the electrons, 


KOE Sie a = (Bn) & ie 
Po is the average number density of the electrons; 
e is the charge and m the mass of an electron. 
The relation (1) and the condition of its applicabil- 
ity were obtained from a kinetic equation.?~* It 
was shown that the quantum correction is small.’ 
This relation is valid (or, a plasmon exists) so 
long as the plasmon wavelength is sufficiently 
large in comparison with interelectronic distances, 
and therefore the term <v?>k? in (1) is small in 
comparison with w?, which leads to the conditions 
k Skg ~ p'¥/*. This is a strong condition, because, 
in the other direction, the effective wavelength can 
not be materially larger than the lattice constant 
(see figure a below). Consequently the success 
of all ideas can be charged in large part to a favor- 
able relation between the numerical coefficients. 
If the condition derived above is violated, the mo- 
tion rapidly breaks up into individual excitations 
of electrons, so that if indeed plasmon levels exist, 
they ought to be very broad. 

In reality the positive charge in a metal is not 
spread out as ina plasma. Furthermore it is nec- 
essary to take the constitution of the atom into ac- 
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count by one means or another. Up to the present 
time this has, in fact, not been included in the 
theory but has been dealt with on a different basis. 
One considers the atom only as the source of a 
periodic field, or else, proceeding from semiqual- 
itative considerations, assumes that in certain 
cases, that of Cu, for instance, one must under- 
stand by py in (1) not only the valence electrons, 
but should add to these a certain number of elec- 
trons from the shell — for Cu, for instance, three 
times the number of valence electrons, etc. 

The problem obviously consists in studying the 
collective behavior of all of the electrons of the 
crystal (including the ionic group) from a single 
point of view, and the theory itself ought to show 
what part of these participate effectively in a plas- 
mon. The goal of the present paper is to study 
this question, although only very roughly because 
of the roughness of the approximation of collective 
oscillations. 

A study has already been made of a plasma in 
a periodic field on the basis of a classical kinetic 
equation, in the approximation of a weak periodi- 
city, for a gas of valence electrons.® (For an in- 
teresting application of the theory of collective 
oscillations see also Ref. 7). This investigation 
does not include the ions and is unsatisfactory for 
our purposes. 


2. KINETIC EQUATION METHOD 


It is a simple matter to write down the kinetic 
equation for the electron distribution function 
{(r, p,t) for a non-uniform density if one takes 
- into account the external field created by the 
atomic nuclei. It is possible to start out from the 
quantum kinetic equation.? However, the quantum 
corrections are small even for electron interac- 
tions, and for a gradually varying nuclear field it 
is known that one can use the classical approxi- 
mation, so that the external field U(r) enters 
only in the form V~U-Vpf (where r is the co- 
ordinate, p the momentum). As usual, we put 


fest (RD (OAT, PY), hee fF 


Now f(9) depends on r, although comparatively 

weakly. Consequently the difference between this 
case and the case £9) = £09) (p) boils down to the 
fact that we have to understand U to be the com- 
bined potential of the nucleus and the undisturbed 
distribution of the electrons, satisfying the equa- 

tion 

VU = —4npo, pp =\ f(r, p) ap. 


We now carry out the transition from the distribu- 
tion in multi-dimensional space to the single-par- 


ticle approximation: 
fF) (ry, Pus Te, Pei t) = fa (ta, Pi, ¢) fi (To, Pe: 4), 


which is equivalent to the Hartree approximation, 
to which, as Wolff has shown,® the theory of plas- 
mons corresponds. 

From the kinetic equation for f;(14, py, t) it 
is possible, following Silin,® to go over to the 
“quasi-hydrodynamic approximation,” in which 
the first moments of the desired distribution are 
studied: 


\fidp=er(r.t), | fapidp, 


A system of equations is obtained for these mo- 
ments, and the succeeding moments are ignored. 
This system cannot be simplified as readily as for 
a uniform plasma,’ but one general property of its 
solution — that of periodicity — is important for 
us. 

For the case of electrons in a crystal, a system 
of equations is obtained which is linear and homo- 
geneous, with coefficients which have the periodi- 
city of the lattice. Consequently one can verify 
that the solution of this system, for instance the 
excess density, has the form 


\ fpepedp, gts 


Py Kr, t) a ero, (r, ay (2) 


where pik (r,t) has the period of the lattice and 
k = (2mx/Lx, 2my/Ly, 2mz/Lz); Lx, Ly, Lz 
are the dimensions of the unit cell, and nx, Ny, Nz 
are integers. As a matter of fact, all of the usual 
arguments which enter, for instance, into the Bloch 
theory for the wave function of an electron in the 
periodic field of a crystal, are applicable here. 
The solutions form a complete orthogonal set of 
functions of the characteristic oscillations, num- 
bered according to the index k, and the indices 

of the states pik, determined from the solutions 
inside the cell. It is obvious that the question of 
the stability of these new plasmons remains un- 
solved here also. 


3. HYDRODYNAMIC APPROXIMATION 


Many of the following results require only a 
knowledge of the above-mentioned property of 
periodicity of the functions (2). However for the 
sake of concreteness, it is convenient to have a 
method, even though a very approximate one, 
which would permit one to carry out the calcula- 
tions to the end. The method of hydrodynamics 
is one of these.’ In solving the hydrodynamic 
equations for an electron gas with Coulomb forces 
guaranteeing a collective interaction, one can 
take account of collisions and of thermal motion 
in the term [ap/p (p is the pressure) for the 
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corresponding equation of state. It is known 
that this method gave in the classical case an 
incorrect coefficient of /, in the correction term 
<v?>k? of (1).3-5 In the case of a uniform degen- 
erate Fermi gas, this method gives a coefficient 
of a in the correction term [see Ref. 10 and Eq. 
(14) below ], which is closer to unity but is still 
not correct. 

The principal equations for a non-uniform de- 
generate electron gas, neglecting the retardation 
of the interaction, were written down long ago by 
Bloch,’ who made a partial study of their proper- 
ties for the case of an atom, although he was not 
engaged in looking for a solution. We will take 
advantage of this approach for the more general 
problem. 

For plasmons in a crystals, the accounting for 
the retardation may be essential. 

In the linear approximation with respect to the 
velocity u, for p=po+p1, |pil K po, taking 
account of the fields E, H of the electrons them- 
selves and the external fields E(©), H(©), we have 
the following system of equations (the quadratic 


term (Su x H) is dropped ): 


a 
“st = — div (pou), 
ou (e) 1 (e) 
m= —V (Dp) etree +[+ ux H We 
a= = 4xpou + ccurlH, 7 = —ccurlE. (3) 


Here the term -— V(Dp;) arose from the decom- 
position 


Qo 
* dp Peo \ dp (\ 4) D 
—= = == 0), 
\ e ee, EMO BRS 
0 


(for a uniform Fermi gas D = 5m <v?>/9p)). 

The quantity p, which, like u, is real, gives 
the quasi-classical approximation to the density 
matrix; consequently in a system of n particles 
with unperturbed wave functions wf?) and a per- 
turbation wh): 


= DH OHO = DO” +4") OP +9") = c+ en 
on Dy (HO + HP'Y??). (4) 


j=1 
Let us study the free oscillations in the absence 
of an external field. 
The energy of the oscillations is 


IE ee 3 | 
I = \ar { Mapu + De® + 7 (E? +H} ¢ (5) 
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Here and in what follows the index 1 in p, is 
dropped. 

We introduce a four-component quantity whose 
first component is a scalar and whose remaining 
three are vectors (thus in fact we have a ten- 
component quantity ): 


G= (GG Gen G™) = (, a, E, H), 0=VD(r)e, 
u=YVmo(r)u, E=E/V 4x, H=H/V 4. (6), 


If then, with a view to what follows, we multiply the 
system of equations (3) by i, we can write them in 


the form 
dG * iN IP xs) 
iG = 16, H=~\Car, (7a) 
: - - ; 4re*p, (1) 
G,G,= ss GPG?” igs yy Lo) g®) Or (r) = ae 
a==) @=1 
7 ey 0 
0 PVIDV ae : 
(a8) __ ie 
pe ny ein) 0 —ap(r) 0 
0) Wp (tr) 0 c curl 
0 0) =e curl Q) 
(7b) 


Thus L isa self-adjoint operator. We split all 
real quantities into two parts: 


c pa (Gye *°* 4. Gre"), (8) 
so that for p, for instance, we have 


p= Dla (rye “°* + (r) 6"). (9) 
Xr 

It is clear that if p, corresponds to a transi- 
tion with the absorption (emission) of a quantum 
hw,, then Pp corresponds to a transition with 
the emission (absorption) of a quantum. In deter- 
mining by any manner the real oscillation of 
p(r,t) with the frequency Wy, we can split it 
up into two parts, corresponding to (4), and con- 
sider p, and Px as the quasi-classical approxi- 


mation for >) wf? and >) v9) ale, in 


order, for instance, to use them in quantum -me- 
chanical calculations of different procegses. 
For G) there occur the equations 


G), G, = LG. (10) 


_ Thus by using the self-adjointness of operator | 
L and the antisymmetry of the real operator —iL 
one can, by the usual method, obtain the properties 
of orthogonality and normalization. 

The value of the constant of normalization is de- 
termined from the requirement that the energy of 
an oscillation with a certain frequency w, is equal 
to hw,. Substituting one term of the sum (8) into 
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KC (7) we obtain the normalization conditions: 


\ G,Gy dr = heyd,y/, (11a) 


\ GGiar = \G,Gudr 245) (11b) 


If the G) are understood to be quantities, al- 

_ ready normalized, which form a complete set of 

| functions, then an arbitrary state is determined by 
the set of coefficients a, in the expansion 


G(r, t) = 9) (a,G,e"™" + a Gye ), 


so that the energy turns out to be 


(8a) 


KH = Di) |? he». (12) 


Thus for a uniform plasma, in which Po = const, 
Wp = const, we have “free plasmons:” 
o= o,etk-r—ot) w= uei(k-r—et) 


(13) 


etc. Substituting into (10) and (12) we find two 
types of solutions: if w* = w+ c’k’, then H = 


(c/w)(kxE), E=imwu/e (transverse waves), 
= V 2Qxhe?/(moV), py, = 0. (14a) 
If however w’ # wy + ck’, then H=0, E= 
imwu/e, k-u=ku (longitudinal waves), 
wo? = wp + 5/9 (> R?, 
eee) 
where V is the normalization volume. The dis- 


persion relation obtained by this method has an 
incorrect factor of % in the correction term. 


CHARACTER OF THE FUNCTIONS FOR A 
CRYSTAL 


In a crystal, p, u, E, and H have to be deter- 
mined from a numerical solution of (10), where 
Po, Within the limits of one cell, is taken according 
to the Thomas-Fermi method. py has been deter- 
mined many times for different elements and dif- 
ferent degrees of compression (see Refs. 11 and 
12, for example). 

We will use the cell method, !?»!4 which was de- 
veloped and used to find the wave functions of elec- 
trons in crystals. If we make use of the continuity 
of the functions and their derivatives in going 
across the boundaries of the cells, in conformance 
with the condition of periodicity (2) (which is valid 
for all components of G), we can write the follow- 
ing boundary conditions, for example, for p: for 
any point ry the surface of the cell has to be! 


O° (Fo) za 


Oo (Fr, 
Aree p(y id), 2 Been C01 to Oy = 


» (15) 


783 


where d is a vector connecting the two opposite 
faces of the cell. We will set d equal to the lat- 
tice constant. 9/8n is the derivative taken normal 
to the faces. 

If we consider waves having the character of 
longitudinal waves [and going over to longitudinal 
waves for py — const; see (14b) ], we can neglect 
retardation and set E=—grad &. In this case the 
coefficients of (10) in each cell will have spherical 
symmetry and a solution inside the cell can be 
sought in the form of an expansion in the spherical 
functions YjJm(v%,g) (normalized to unity), 


alee Dian (k) PL (r) Yim (99), (16) 


in which we assume that the polar axis is directed 
along k. For m #0 waves appear which have the 
character of transverse oscillations and go over to 
transverse electromagnetic waves for py,» — const 
in a uniform plasma (14a). Generally speaking it 
is no longer possible here to ignore the magnetic 
field of the waves and the retardation. However, 
the waves which most interest us are those having 
principally a longitudinal character, that is, con- 
taining a weak admixture of terms with m = 0. 
Consequently we will consider that the average 
field of distant cells is small in comparison with 
the field 


— = — grad O, © =—e\ plc) On, 


so long as the aj,, for m0 are comparatively 
small. Since p(¥y — d) = D) ajmpt (0)_x 


Yim (m9, + 9) = 2) admey (To) (-1)'¥im (4 9), 
then (15) has the form 


») Aim ( 


Im 


pa Aim (k) 


k) p (To) {1 ae ic Wess Yim (do) = ((). (17a) 


” 1 + (= 1)f 24} Vin (99) = 0 (17) 
for all ¥ and y(rp=1o(¥, ~)). AS we see, prin- 
cipally the states with k=0 are important for us. 
In this case there remains in (17a) only a sum over 
odd J, in (17b) — over even 1. Consequently for 
k=0 any solution pj(r)YJm(%, 9) of (10), taken 
by itself, will satisfy the conditions (17) if we sub- 
ject pj to the requirement pl (To) = = 0 for even 1 
and to the requirement pj(rj) =0 for odd l. We 
note that for any / the radial equations, for in- 
stance for pj, have in general many solutions dif- 
fering in their “radial quantum number” ny; how- 
ever it is apparently necessary to take only the 
lowest of these into account, since the remaining 
ones will correspond to too large a gradient of p, 
for which it is already known a plasmon cannot 
exist and breaks up into individual excitations of 
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electrons. 

Those solutions with k=0 forma basis. For 
k #0 each of these generates its own branch of 
solutions. Thus if kd «<1, then expanding 
exp(ik-d) ina series and keeping only the first 
terms, we can seek a solution in the form of a 
sum of several first harmonics with coefficients 
alyMo(k), where the new indices Jymg indicate 
to which branch the solution belongs,:or which 
harmonic remains when k— 0. It is easily shown 
that, if for k=0 a certain abomo is different 
from zero (and equal to unity), we find that for 
k #0 the adjacent harmonic will have aj, (kK) ~ 
kd, the next one Aq (K) ~ (kd)*, ete. 

Let us for simplicity replace the cell by a 
Sphere, r)=const, for example. We will study 
the case 1, = 0, ayy, (0) = 6]), i.e., the branch 
arising from the state 1 =1)=0. We will look for 
p in the form of a linear combination of the three 
first harmonics, all with m = 0: 


ox (r) = >) alo (k) p{ (r) Yio (99) (18) 
1=0 


(the index s indicates that p has to satisfy a 
“symmetrical” boundary condition p)- (ro) = 0). 
Condition (17b) drops out here. It is impossible to 
satisfy (17a) for all 3, g, however. We satisfy it, 
for example, (a) for ¥=0, (b) on the average over 
the sphere. Here, in calculating the normalization, 
all three coefficients ay are determined; it turns 
out that for kd >0, aj) decreases; af) increases, 
at first linearly with kd, while a) increases 
quadratically. For kd=7 only a’, is different 
from zero [in this approximation see Eq. (18)], 
then it decreases and for kd = 7/2 the second 
harmonic is maximum. 

Let us now study the branch which for k =0 
starts with the state /=1, m=0, that is aja 0) 
= 6],5m,: Proceeding similarly, we imagine p a 


ny (a) 


to be of an “antisymmetric” type, p) (Yo) = 
0. It is clear that here the functions have more ’” 
nodes, and the energy of this state has to be con- 
siderably larger than for 1) =0 (as is substanti- 
ated by a calculation; see Sec. 8). For small k, 
ane decreases as kd, and a and ase increase 
linearly. For kd=7 afi vanishes, and apy and 
aj) have the same order of magnitude. If one does 
not replace the cell by a sphere, then the genera- 
tion of longitudinal waves with m=0 becomes 
generally impossible. For all orders of (kd)? ~ 
d?/2, transverse waves are mixed in with waves 
having a longitudinal character, and conversely. 
We obtain the solution in another cell with in- 
tegral indices vy =(14, 2, v3) by multiplying the 
solution found in one cell by an exponential factor. 


Introducing for normalization purposes the factor 
N77, where N is the number of cells in the nor- 
malization volume V [Pln,. is normalized inside 


the cell in conformance with (1la)], and writing 
out all the indices, we have 

Orn, = N he™ 4 ea (e) om? (r) Yim (9, 9), (19) 

Im _ 

where nj denotes the combination of indices of 
an “internal state” in the cell, nj = (ny, 29, mo), 
that is it indicates to which branch the solution 
belongs, and the index pp; denotes the type of 
boundary condition for p: for even Ll we have 
Pnj = 8, p’(Lo) = 05 for odd ly, Pnj = 2, p(T) 
=(. All that has been said has to be repeated 
for the remaining functions G @)' for which all 
the indices of the different functions G‘®) coin- 
cide. In practice we do not take the index ny into 
account (see below). 

The nature of typical solutions is shown sche- 
matically in the figure. The solution for k =0, 
l)=2=0 formally is in conflict with the condi- 
tion {pdr =0; however this condition would be 
fulfilled for a k different from zero but arbitrar- 
ily small. If one goes over to a uniform plasma 
Py > const, then this solution goes over to the 
usual longitudinal oscillations. The reduction of 
p to zero in the center of the cell is related to 
the fact that oscillations of arbitrarily small en- 
ergy do not penetrate into the depth of the atomic 
shell. 

These collective oscillations have essentially 
the character of excitons. An excitation inside 
one cell (also representing a collective oscilla- 
tions) is propagated in the form of a wave through- 
out the entire crystal. 


5. EXCITATION OF THE OSCILLATIONS 


If a system of solutions is known for a crystal, 
then the change of state under the influence of an 
external field can be found by the usual method. 

In the presence of an external electric field 
Ee) | equation (3) can be written in a form corre- 
sponding to Eq. (7a): 

i =iG+k, 
Kee (0: 20) Be. 0: 0) (20) 
V 4x Hoiethe 

Usually the external field is periodic, with a fre- 
quency Wy). We resolve it into components of the 
type exp(—iwot) and exp(iw yt), which give rise 
to corresponding components in G, and study one 
of these components, for instance G ~ exp ( —iwyt). 
We expand the desired solution in terms of the 


basic system of functions — the solutions G0) of 
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Eq. (10): 


Pi 2 a, (te ™ GY (r). (21a) 
Substituting in (20), multiplying by G{°)", inte- 

grating over space and using (11a) we obtain 
i 


Qa= —-;-. 
3 ho, 


(21b) 


<. \ G0” K (r,t) dre’, 


Let K = K(r)e71“ot. mtegrating from the initial 
condition a, = 0 for t=0 we obtain: 


a, (t) =I [et (@,-0)t — 1]/i (w,—), 


P= a \ GK (deh + Ty 


I=—_ { putts Adr, p= \ o,Ddr, 


(22) 


where E(©) is expressed in terms of vector and 
scalar potentials, Ee) = —-V@ - A/c. 

According to (12) the weight of the state A at 
the instant t is |a,(t)|?. The probability of tran- 
sition to this state per unit time is 


ee lim | ay (t) |? = Qu] Ty + Iy|23 (wo, —o,). (23) 


6. INTERACTION WITH LIGHT 


Let us study the absorption of light. For ® 
quanta in the volume V let 


@ =0, A= A,jexp (i (kor — @of)), Ag = 2nha,N /VRo. 


We assume that Ay is directed along the z 
axis, Ay =A) grad z. Using the first equation of 
(3), we have 


( ptt, Aodr = ex, A, \ p,zdr. 


Hence according to (19): 


27.2 
GON Ae 
hc? “°° 


fay = (24) 


| 2 
x | D) Nelo > ayn (k) \ Yim (99) er cos Sdr|_, 
(aay lm 

where the integral is extended throughout the vol- 
ume of one cell. Since 


DY exp [i (ko — k)-vd] = NBxx,» 


and, for light, for fiw) = hw, ~ 5 to 30 ev, kod « 1, 
then the exponential factor in the integral can be 
dropped. Consequently, just as for ordinary exci- 
tons, a plasmon is excited with a k that is prac- 
tically zero. Only dipole oscillations with tsi 
give a contribution For k=0 such oscillations 
are present only if J)=1. Energetically this 
branch is situated below the branch J, = 0. Sub- 
stituting the value of Ay, multiplying by the num- 
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ber of initial photon states (27)? Vdk,) and intro- 
ducing the spectrum of the incident light 


So (@p) doydQ erg-cm=*sec-? = a Choy (27)? dky, 


we obtain, after integration over w,, the follow- 
ing expression for the total absorption of energy 
per unit time, hw )W =S: 
2 

| 215" (0) 

(25) 

Thus only transverse oscillations with 1=1, m= 
0 can be excited (we recall that here the z axis 
is directed along the field Aj, and not along k, 
as in Sec. 4). If we designate 


ro 


\ ot (r) rdr 


0 


e2 


Serg/sec = N3n ae 


WS (a) dQ. 


To 

an r 

= 01 (r) atl 
0 


= Nett » (2 6) 


(the effective number of oscillating electrons), 
then S_ takes the usual form" for the absorption 
of light by N atoms, for each of which the effec- 
tive square of the matrix element of the coordinate 
is 


~ rn? 


|x 0 eff” 


(27) 


ab leer 
However such an absorption indicates that it 
takes place very rapidly: setting N= a 
where T is the width of the crystal and 2 is the 
area of the surface being irradiated, we find for 
the ratio of the intensities of the incident and ab- 
sorbed light (ro ~ d): 


Te 


S Gi ys I 
Sp dw,dQ= he dw, d~ 


Thus even over a distance much smaller than 
137d ~ c/w ~ 1/ky the absorption will be total. 
Consequently even on the surface of a crystal a 
light wave very rapidly goes over into a trans- 
verse plasmon wave, in which the principal com- 
ponent of p is a dipole oscillation (in each cell) 
in the direction of the external electric field. Ac- 
cording to the statements made in Sec. 4, there 
will be present in this oscillation, with a relative 
weight (kd)? ~ (e*/fic)?, an added wave with 
l)=1, l=0, for which the average value of p 
will not vanish, i.e., a wave of longitudinal type. 


7. EXCITATION BY FAST CHARGED PARTICLES 


Let a particle with charge e,, mass M, mo- 
mentum py and energy Ey = h’p}/2M strike the 
crystal, and as the result of exciting a plasmon 
make a transition to a state with momentum p¢ 
and energy Ef. This will produce a charge den- 
sity for the transition, expressed in terms of the 
initial and final wave functions of the particle, 
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b= Voigt (Per ED IA, (28) 
There will arise a perturbation potential 
d : * , , 
® =e) Hrs HC 2) 
x Ane, h? a 7 (PoP fF T)—Le9 ft ; (29) 


Ae ee 
Here 
Roe = Ey — Ey = Voki | Pp — Py | cos 9, 


Vy = (Pe + Py)/2M is the average particle velocity, 
which for a fast particle is the same as the initial 
velocity, and @ is the angle between the outgoing 
momentum and Vp. 

Substituting @ into (22) and (23), one can split 
up the integral over the whole crystal into a sum 
(over v) of integrals over the separate cells, 
since p differs from one cell to another only by 
the factor exp(ik-vyd). The sum gives hk) = 
Po — Pf, and after multiplying by the number of 
final states (27)? Vdk or (27h)? V dpe and in- 
tegrating with respect to k or pf we obtain 


Cee dk % 
w=4n |S 


a 8 (w (Rk) — kvo cos 9) 


\ elk-ro* (r) dr 


’ (30) 


where the integral over r is taken within the lim- 
its of one cell. 
For the case of a uniform plasma we substitute 
p from (13) and (14b) (here V has to be replaced 
by the volume V/N of one cell) and obtain 
Ro 1 


evo Cideann > 
Wate \ _ \ d cos 68 (w (k) — kv, cos 6) 
SI pe 


4 mov, er ho, Uke 
275 = mga nee (31) 


where we have ignored the difference between w 
and w(k). This is the usual formula, which has 
also been obtained by other methods.! 

For the case of a crystal the integral over the 
cell in (30) has the form 


p 


\ ei ker » ajeme (k) plo(r) Y,, (8,0) ar. 
Im 
We will restrict ourselves to a study of such 
small k that kd <1. Since, as is apparent from 
(31), the upper limit in the integral with respect to 
k appears logarithmically, we can ignore it for a 
small portion of the scattering of the order of 
In (Ke /kmax)/In (Kev) /wp). For M =m (excita- 
tion by an electron) 


We will exclude it from a consideration of very 
large angles of scattering: probably cos 6 > 


(e2/tic) Vme2/E, . Setting exp(iker) ¥1+iker 
and directing the z axis along k we obtain the 
probability of exciting a plasmon with a given k, 
1), and mo (integrated with respect to the angle 
6 between k and Vo): 
2 52 
Wrgly, m, ak = a — 2 


_ 


202 ewe 
x [laigr yer + SE] amor z |}. 2) 
Here the term with sin? @ is dropped in compari- 
son with cos? 6 = w?/k’v2 and it is considered that 
in the term 6(w(k) — kvp cos 6) it is in general 
necessary to write wy, (k) in place of w(k). The 
bar on top denotes an averaging over the cell. 
Hence, only longitudinal waves with m=0 are 
excited. The first term in the brackets corre- 
sponds to an ordinary longitudinal plasmon (the 
average density does not vanish), the second toa 
longitudinal dipole oscillation in the cell. Since 
small k play a role, the first, principal term 
appears if J) =my)=0, that is if a plasmon is ex- 
cited in the lower band. But a non-vanishing p 
can also be involved in oscillations with l = 0. 
Thus for small values kdaj}?0(k) ~ kdajf0(k) 

(see Sec. 4). Hence for 1)=1 this term is (kd)? 
times smaller than the principal term. It is pos- 
sible to write 


{| }~[leBeel tba + Ha caer, 


2 


(32a) 


ny 
abo} 4 


The role of the different terms for different k > 
depends essentially on how k enters into the nor- 
malization factor. For a uniform plasma the first 
term in curly brackets is equal to 3hkp,) /( 2mrjwWp e 
Thus one can set 


if 
10 
Fo Py To 


3 AR? Po eff 
as 2m ap 


| a8 (f) 8 |? = 0; 
where by is a number of order unity, and py eff 
can be considered equal to py(rpj). Then for the 
lower band the total probability is 


5 Sa enema (33) 


The excitation of higher levels for longitudinally 
polarized dipole oscillations (l)=1, m)=0), if 
they exist, can take place with a probability of or- 
der (kd) relative to the probability of the princi- 
pal process, in the form of characteristic losses 
for scattering through large angles 6, in which 
the following relation ought to be satisfied: 
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COS 6 ~ W1,,/RV9 >> Olymeo/Vo- 
8. QUANTITATIVE ESTIMATES 


It is possible to estimate the energy of a level 
by using, for example, a variational method for an 
almost-longitudinal plasmon, when the retardation 
of the interaction can be ignored. These calcula- 
tions have been carried out by D. G. Sannikov for 
the case of Cu. By selecting test functions in the 
form of polynomials for p and for the velocity 
potential g in the cell, which satisfied the bound- 
ary conditions appropriate to a given lJ), and then 
varying three undetermined parameters, it was 
possible to obtain eigenvalues of the energy hw] 
for different 1. The unperturbed density was sub- 
stituted from Ref. 12. 

The radius of the cell was taken to correspond 
to the normal density of copper, &) = ry/p = 9.4. 
The following values were obtained, which repre- 
sent upper limits, since a variational method was 
used: 

1. 2,=0; L=0, fw = 30 ev (which corresponds 
to the beginning of the band, k=0); 1 =1, fw = 
27 ev (which corresponds approximately to kd = 
T). 

2. l,=1; 1=1, fw =58 ev (which corresponds 
to the beginning of the band, k=0); 1=0, fw= 
74 ev (which corresponds approximately to kd = 
1). 

The relatively small width of the lower band 
(~3 ev) corresponds to the fact the plasma is uni- 
form (<v’>k¢ « wh). It indicates that the study 
of collective oscillations in crystals carried out 
above is developed within the confines of the usual 
theory of plasmons. The lower band corresponds 
to optically inactive oscillations in the sense that 
it cannot be immediately excited by light. Cer- 
tainly, however, a more complicated process on 
the part of an interstitial electron is possible, as 
a result of which light can excite a plasmon of such 
a type. This has been the object of a separate 
study .'¢ 

The characteristic value of the energy losses 
in Cu is considered to be about 23 ev (Ref. 1). 
One can identify the band J) =0 with this figure. 
It follows consequently from (32) and (32a) that 
just this band can be excited by a charged particle. 
The existence of longitudinal oscillations with pe 
1 has to be regarded as extremely improbable; 
this band is very broad, plasmon oscillations with 
energies of ~60 ev will very rapidly go over into 
excitations of separate electrons. Certainly the 
application of the Thomas-Fermi method can in 
general give rise to certain doubts. Here, how- 
ever, the method is not addressed to such fine ef- 
fects as the chemical bond or the compressibility, 
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where it is excessively crude, but to energies 
which exceed the energy of the chemical bond by 
one or two orders of magnitude; we expect that 
the results derived above are approximately cor- 
rect. As a matter of fact it is known that the 
Thomas-Fermi method gives values for the ener- 
gies of atomic electrons which are not too far out 
of line. For a study of other possible optical ef- 
fects see Ref. 16. 

In conclusion I would like to thank V. L. Ginz- 
burg and V. P. Silin for interesting and useful dis- 
cussions and comments and D. G. Sannikov for 
submitting the results of his calculations, quoted 
in Sec. 8. 
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The absorption coefficient is calculated for a crystal placed in a uniform electric field, for 
frequencies at which the crystal does not normally absorb in the absence of a field. It is 
shown that there is a shift in the red absorption limit toward the longer wavelengths, by an 
amount which may reach hundreds of angstroms for reasonable field strengths. 


IE. is known that a uniform electric field greatly 
alters the electron states in a crystal. Strictly 
speaking, there is no stationary state at all under 
these conditions. Instead of the Bloch functions 
~j (Pp, T) for the electrons, we have functions of 
the form 


p; (Po, r, t) 


ag exp {— 5 \ =) (Po — eEx) dx| biipee bt. rh) e(1) 
even in the zero-order approximation. Here €j (p) 
are functions which define the dependence of elec- 
tron energy on the quasi-momentum in the j-th 
band; E is the electric field strength. 

These functions satisfy the time-dependent 
Schrodinger equation for the model under consid- 
eration (an electron in a periodic field plus a uni- 
form electric field), accurately up to the exponen- 
tially small terms corresponding to the “leakage” 
of electrons from one band to another under the 
influence of the field, and describe a uniform ac- 
celeration of the electron which is in the state 
~j(Po, r) at the instant t=0. 

In what follows we shall express corrections to 
the wave function for the system which arise from 
interaction with light, using an expansion in terms 
of the functions (1). We could have-used for this 
purpose any other system of functions satisfying 
the above-mentioned Schrédinger equation, so long 
as this system is complete and orthogonal at all 
instants of time (since we shall be considering 
only those expansion coefficients that change with 
time). However, the system (1), in addition to its 
physically descriptive nature, has the further ad- 
vantage that it is obviously complete and orthog- 
onal. As a matter of fact, although each of the 
functions varies continuously with time, at every 
instant the system as a whole is identical with the 


788 


complete system of Bloch functions for the crys- 
tal. The particular choice of functions in which 
to carry out the expansion is quite immaterial to 
the final result, since the number of quanta ab- 
sorbed (or, the number of photoelectrons, which 
is the same thing) depends on the total sum of the 
squares of the moduli of the coefficients in the ex- 
pansion, and therefore does not depend on the 
choice of the base functions. 

The probability that a quantum with frequency 
w and polarization vector e will be absorbed by 
an electron in the state yy (pp, r,t) is 


W (Po, ®, t) 
t 
= (5) es [ de¥2 (Po, 1, #) e“feV Go (Post, |, (2) 


where the indices v and c refer to the valence 
and conduction bands respectively; e and m are 
the charge and mass of electron. 

In the general case, in the absence of an electric 
field, the integrand varies harmonically with time; 
this implies that the energy must remain constant. 
The total probability of absorption of a photon fiw 
per unit time per unit volume is then given by the 
expression 


_ (dw (p, , t) a’p 
yt) \ di (anh) (3) 


=(2) anh | eMoe (P) ) |? {ec (p) — eo (p) — ko} Re Fe 


Moc (p) =) $2 (P, F) Vo (Pp, 1) ds, (4) 


from which it can be seen, in particular, that quan- 
ta with frequencies less than wy = €)/h, where € 
=min {€¢(p) — €y(p) }, are not absorbed at all. 
To be specific, we shall assume that the transition 
(4) is not forbidden by symmetry considerations, 
i.e., Myc(Pm) #0, where py, is the value of the 
quasi-momentum corresponding to the absolute 
minimum in the function €,(p) — €y(p). This 
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case corresponds to the steepest absorption edge, 
and is therefore particularly suitable for observa- 
tions. In fact, near this edge the expression (3) 
can be put into an explicit form by noting that in 
this region the function €,(p) — €y(p) can be 
written as 


&c(P) — Ev (P) = 20 + 9) (22 — Pim) (Pk — Prm)/2Min. (5) 
bak 
Then 


_ t e c [mymymg 2 (hw — €y) 
W (@) tT he w [ ms m 


[PleMoc (Pn) (68) 


where mj 1 


mij. 

The absorption coefficient is thus seen to vary 
as (w — wy), In the particular case Myo (Pp) 
= 0, the coefficient increases much more slowly,’ 
as (W — wy Wwe 

In the presence of an electric field, expression 


is the principal value of the tensor 


(2) no longer contains delta functions, and therefore 


the probability of absorbing a quantum of frequency 
less than wy, is not zero. The probability of pho- 
ton absorption in this case must be calculated in 

a different manner. We shall first carry out this 
derivation under the simplifying assumption that 
the field is directed along one of the axes of a 
simple cubic lattice with period d. Then because 
€j (p) and ~j(p, Vr) are periodic functions of the 
quasi-momentum, the electron undergoes a peri- 
odic motion within the j-th band, with the period 
T = 2nh/eEd. In this case it is natural to take the 
absorption probability for one period of this oscil- 
latiagn, w(Dpp, w, 27hi/eEd), as the characteristic 
absorption. In order to calculate this quantity, we 
transform (2) into the new variables of integration 
Px = Pox — eEt (the X axis is assumed to be in 
the field direction) and note that the factor 


exp le \ [ec (P) — &u (Pp) — ho] dpx| 


occurring in the integrand has a saddle point px = 
(Py, Pz) in the complex px plane, determined 
by the conditions 


Ee (q; Py Dz) — &g (q; Py Pz) =i — 0: 


Making use of this circumstance, we obtain 


é arch 2rh 2h 
w( Po, ®, Ea) a7 ee eE | eMy¢ (7; Poys P. Poz) |? 


@ 


0 le, (P) — &y (p)] |- 
Op, 


Pxy=q 


(7) 


ees 2 
x | exp ne \ [2 () — 2 (') — do ap 


Multiplying this expression by the number of 
oscillations of the electron per unit time, eEd/2zh, 


and integrating over all py, we obtain the absorp- 
tion probability for a photon of frequency w per 
unit volume per unit time. Electrons with this 
same Poy and poz, but different pox, will be 
found to carry out exactly the same motions, but 
with a shift in time. Hence integration over px 

is equivalent to a simple multiplication by 1/d, 
the number of states with a given pp, and poz. 
Using the expansion (5), and bearing in mind that, 
for the almost trivial case under consideration, 
mj =m*~'6;,, we arrive at the following final 
result (for frequencies w < wy): 


2 m* \* &) — hw hE) 
W)=—2 (we) V2 a a ep Tayi | Moe (Pm) 
4V 2m* ; 
* exp | 35 oe (9 — hw) oF (8) 


It is not difficult to repeat all the steps outlined 
above for more general cases as well — lattices 
with any symmetry and with arbitrary field direc- 
tions, in which the electron motion, generally 
speaking, is aperiodic (see, for instance, Keldysh’). 
The number of photons absorbed per unit volume 
in unit time is then given by the following expres- 
sion (under the condition w < wy) 


2 Athen ee: 
Wo) =e Ye ee) FG, hat | Me (Pm) [ 
4V 2m, ; 
xX exp hE (Ep — hw)"!2) , 
mot = x cos? y;/1mz, (9) 
where mj’ are the diagonal terms of the tensor 


Mik; andl y; are the angles between the field and 
the principal axes of the tensor mj,. This for- 
mula applies when Vm, (€9 — fhw)'//ehE 2 1. 

For w>w, and Vm, (fw — €))/?/ehE 21, for- 
mula (6) is still valid. 

Comparison of these two expressions shows that 
in an electric field E there is a fundamental 
change in the frequency dependence of the absorp- 
tion coefficient near the threshold, which can be 
integrated between known limits to give a shift of 
the absorption edge toward the red by a distance 
of the order of 

2 )2 2 7 I, 
Aor = ;-[ (cE)? Hel " = [(eEa)? aaa 4 S00} 

For crystals whose absorption edge is in the 
visible region of the spectrum, in electric fields 
E of the order of 10° v/cm, this shift amounts 
to hundreds of angstroms, if we assume that my 
~m-=1072! g. However, it is very seldom that 
either .an electron or a hole will have an effective 
mass much less than m, which would lead to an 
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increased Awg, since my, is the resultant ef- 
fective mass of the electrons and holes, and is 
therefore determined by the smallest of these 
masses. Thus the most favorable case for ob- 
serving this effect is one in which the effective 
mass is small and the forbidden zone is not too 
wide (of the order of 1—2 ev), so that the rela- 
tive value of the shift Awp/wy is not too small. 
The origin of this effect is analogous to the self- 
ionization which causes widening in the lines of 
atomic spectra. This case was considered by 
Lanczos, in whose work‘ it is shown that spectral 
lines which are separated from the series limit 
by a frequency Aw widen and merge into a com- 
lex spectrum when the applied field satisfies the 
condition Awp~ Aw. The basic qualitative dif- 
ference between the two cases is that in crystals 
this shift has nothing at all to do with the existence 
of any discrete lines corresponding to bound states 
of electrons or holes, much less to any broaden- 
ing of such lines. Furthermore, the cases most 
suitable for the observation of the effect are those 
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in which such states are completely absent, i.e., 
when the field E is so strong that hAwf is 
greater than the binding energy, and consequently 
bound states are practically non-existent. Under 
the opposite conditions,° the picture is similar to 
the one put forward by Lanczos. 

Obviously there will be an analogous shift of 
the lower threshold which corresponds to absorp-— 
tion with the formation of phonons. 


1. W. Houston, Phys. Rev. 57, 184 (1940). 

2G. Dresselhaus, Phys. Rev. 105, 135 (1957). 

31. V. Keldysh, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 33, 994 (1957), Soviet Phys. JETP 6, 
763 (1958). 

4C. Lanczos, Z. Physik 62, 518 (1930). 

5E. F. Gross, Progress Phys. Sciences 68, 575 
(1957). 
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The spin Hamiltonian for the interaction between an F-center electron and the angular mo- 
menta of the first and second coordinational spheres surrounding the nuclei have been obtained 
by using the continual and orbital models of F centers in KCl-type lattices. The dependence 
of the frequency of spin-nuclear transitions on the orientation of the crystal in an external 
static magnetic field is considered. Comparison of theory with experiment leads to a satis- 
factory agreement between the angular dependences and (to order of magnitude) of the spin- 
Hamiltonian coefficient. The square of the F-center wave function in the potassium and 
chlorine sites of the lattice have been determined by comparison with experiment. 


iB The spin-electron resonance of F center in an 
ionic crystal was considered in Refs. 1 to 3. The 

most general form of the spin Hamiltonian was ob- 
tained in Ref. 4 for the interaction between the lo- 
calized electron in the crystal and the momenta of 
the surrounding nuclei. The same reference gives 


also the spin Hamiltonian of the F center with 
allowance for the interaction between the electron 
of the F center and the nuclei of the first coordi- 
national sphere. It was emphasized in Refs. 2 to 4 
that the spin Hamiltonian has an anisotropy which, 
as indicated, should cause the parameters of the 
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spin-resonance absorption band to depend on the 
_ orientation of the crystal in an external static 
magnetic field. 

In a recently published article, Feher® was able 
to resolve the lines due to a change in orientation 
of the spins of the individual nuclei surrounding 
the F center upon absorption of radio waves. It 
has been indicated in the same reference that it 
is possible to explain the experimental results by 
using the following spin Hamiltonian for the inter- 
action between the electron and one of the nuclei 
surrounding the F center: 


=A (IS) + BlaSe+Q'[0 — 3 (e+ H]. 


Here S and I, are the respective spins of the 
electron of the F center and of the nucleus in the 
k-th site; A and B are phenomenological coef- 
ficients of the hyperfine interaction, and Q’ is 
the coefficient of quadrupole interaction. The co- 
efficients in (1) were determined by Feher from 
comparison of the frequencies obtained from (1) 
with the experimental values. 

If the quadrupole interaction is disregarded, the 
Hamiltonian (1) is contained, as a particular case, 
in the general spin Hamiltonian obtained in Ref. 4. 
What is important, however, is the fact that in 
Refs. 2 to 4 it was possible to calculate the coeffi- 
cients of the spin Hamiltonian theoretically. Using 
the results of these works, we shall derive below 
a general form for the spin Hamiltonian of the hy- 
perfine interaction between the F -center electron 
and the magnetic momenta of the nuclei of the first 
and second coordinational spheres. An investiga- 
tion of the anisotropy of the spin-Hamiltonian co- 
efficients leads to good agreement with the results 
of Feher’s experiments. 

2. The general form of the spin Hamiltonian of 
the interaction of a localized electron in a crystal 
with the magnetic moment of the k-th nucleus of 
the lattice is of the form!: 


Hn = 40 = |} (en = 0)? IeS) + Dd) Apa! prSy, (2) 
Pa 


where ~ is the electron wave function, while py 
and py, are the Bohr magneton and the magnetic 
moment of the nucleus in the k-th site respec- 
tively; p and q represent the rectangular coor- 
dinate axis and assume values from 1 to 3; 


_ Ue ( Xgr OIYP 3 
Avg = 37 \ act (3) 

Here Xgk is the q-th component of the radius 

vector p, drawn to the point from the k-th lattice 


site. 
We shall henceforth take into account the most 


important interaction, that with the nuclei of the 
first and second coordinational spheres. We shall 
choose the rectangular system of coordinates 
(Xik, Xok, X3k) in such a manner that its center 
is in the k-th site, and the x3, axis is directed 
along the radius vector R, drawn from the F 
center to the k-th site. 

The form of the ~ function depends on the 
model of the F center. In the case of the contin- 
ual model (method of effective mass® and strong- 
coupling approximation) we have 


b= 9/(r) pa Cute (Px), 


where g(r) is the smoothed wave function, 
spherically symmetrical about the lattice defect, 
and %(pk) are the atomary 4s -functions of K 
and Cl~. If we make allowance in y for the con- 
tribution of the ions of the first and second coor- 
dinational spheres, and also of the contribution of 
the central ion Cl” (the last component), we have 


b= er) [eS dees) +0 D eles) + eats (1). 


In the orbital model of the F center’ we have 


¥= 01D di (61) + 02 D Ye (o%), 


where, as in the preceding case, the first sum con- 
tains the wave functions of the alkali atoms of the 
first coordinational sphere, and the second sum 
contains the corresponding functions of Cl” (Ref. 
8). We note that the functions 7% are even with re- 
spect to xj, and xX»; in both models. 

Let us consider first the hyperfine interaction 
between the F-center electron and one of the nu- 
clei of the first coordinational sphere. In this case 
the axes of the local system of coordinates are 
directed along the principal crystallographic axes, 
and the coordinates x4, and x»; enter in an iden- 
tical manner in ||? and py. A consequence of 
the evenness of |y|? and pz with respect to xy; 
and xX, is the vanishing of all coefficients Apgk 
with p#q. Next, since xj, and x»; enter into 
|y|? and p, in an identical manner, Ay; = Ago. 
The non-vanishing coefficients are Ay; =A». and 
A33- 

From (2) and (3) we have 


Hex = 4S | (Pm = 0) PS) + Aaa (FayySeay + Leonia) 
+ Ags! x4,Sxq, = A (aS) + B (IeRr) (SRz); (4) 


where 
Wes = Ty [419 (en = 9) 4 \2 ee wv], 
k 


Ox 1p 
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Bip 0|y/? d|y/?\ 4 
B=-— \(« x ) dV. (5) 
PISI OU AT sO ee ee 


We note that when A and B are calculated, 
for example with the aid of the continual model, 
use is made of integrand components containing 
two-center functions of the type g(r ) ye (pj) 
(Refs. 3, 4) and the like. 

Let us examine the spin Hamiltonian of the hy- 
perfine interaction between the F -center electron 
with the chlorine nucleus of the second coordina- 
tional sphere. The x3; axis of the local system 
of coordinates will now be oriented along one of 
the twelve (110) directions, the x), axis along 
another similar direction, and the x;, axis will 
be directed along one of the (100) crystallographic 
axes. In this case all the coefficients App, are 
different. The coefficients Apgk with p# q van- 
ish as before (the evenness of the 7% functions 
with respect to xj; and x,;). Thus, if k denotes 
the number of the chlorine nucleus of the second 
aor sphere 


Hr = = 4n a | ( Gidea 0) )P( (1,S) i? Ay y,Saqp se Agel xo,Sixop 


+ aes = A’ (In) + BY (InRa) (SRa) + Clay, Sey 
(6) 


Here 
, ve Xor O| |? 
= Sh [iin or (58 a 
? ; 


; EMR (64, a 
joy == 
! RSI, \ (#8 


0H 812 = nu hth) Lay 


ST, OX, OX, 4 


Pr Lope) a dV, 


OXyp oF 


(6a) 


It is useful to bear in mind the following rela- 
tion between the coefficients A,;, Ag9, and Ags: 


Au ae Agg =f A33 


ae Rt 0|y/? O|yP a 4 
= ST \ (238 Xp sly Mah sa ar “Oran + Xs oar ba (7) 


Up 4 5 
= — ‘gy, \ grad grad |p PAV = — FP 4e| (04 = 0)|?. 


If Ay; = Ago, a connection is obtained between the 
coefficients A and BR of Ref. 4. In the general 
case, however, it follows from (7) that 


UU, 8r 


BR =—3(A — SF 19 =OP\—C. (8) 
In addition, it can be shown that 


UU, 8x 
A= Si, | 9 (Or = 0)? —6. 


Introducing the notation 


= 8x 


3 | (Px = 0) P (9) 


with experiment (diagram). 
when @=0 the frequencies vj, v%)1, and v 
coincide, and when @ varies from 0 to 45° the 
frequency v%, increases and the other two de- 
crease. 
the frequency vi) at @=0. As 86 increases, 


Yi99 increases and becomes equal to vy) at 6 = 
45°. 
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and taking (8) and (9) into account, we get 


A’=a—b, if 
BRS aae ve) 
If C =0, then (5) and (6) lead to formula (1). Thus, 


in the case of nuclei of alkaline ions, the Hamilto- 
nian (1) is correctly chosen, and in the case of in-_ 
teraction with the chlorine nuclei, the Hamiltonian 
(1) of Feher’s work must be supplemented with a 
term Clx4,Sx ik: 

3. Feher observed transitions in which ASy = 0 
and Aly =+1 (Sy and Iq are the spin projec- 
tions on the external static magnetic field H). The 
frequencies of these transitions are hv = gpfyH + 
Egy. Iq ~ Esy, In,’ where gn, Bn are the nuclear 


g factor and Bohr magneton and Egy, Iq is the 
energy of the hyperfine interaction. 

Assuming the field H to be in a plane perpen- 
dicular to the (001) direction and to make an 
angle 6 with the (100) direction, we obtain for 
the transition frequencies the expressions given 
in Tables I and II. 


TABLE I 


Directions 

along which | ee No. of 
the metal ions| Transition frequency] jons 

are located 


(001) hy = gn3nH + lin A 2 

(010) tv = gunn Hb Y2A+ 
+1/2BR?,, sin?0 2 

(100) fav = gn3n + /.A+ 


-+1/sBR?, cos?0 2, 


The angular variations of the frequencies agree 
Thus, it is seen that 


010 


Further, the frequency v4) is less than 


4. We shall compare quantitatively the angular 


dependences of Table II with Feher’s experimental 

data. For this purpose it is necessary to determine 
three parameters. 
enter in all four »v=v(6) curves, while one pa- 


rameter, C, is contained in only two curves (Vo10 
and Vi99). 


Two of these (A’ and B/R2 Cl) 


It is possible to determine A’ and 


Be Ro] from the experimental points of one curve, 
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TABLE II 
a Da 
Direction, 
perpendicular 
to the plane 
in which the Transition frequency 


chlorine ions 
are located 
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y Mc 
ISS 


Desig- 


nations 
No. oflo¢ ions 


(001) Javgg4 = gnBn H +1/ A’+ 1/4 B'Rey(1— sin26) 

(010) hvgg, =EnBn i +1/2 A’+ 1/4B’ R* (4 + sin 26) 
hvoio=gnBnH 4/2 (A’+C) +3/4 (B’RE1—2C)cos?6 

(100) |A%4o9= nBnH + Yp (A’-+C)+3/4 (B’ ROI — 2C)sin20 


ions | in JMS 
Ref. 5 
2 Cc 485 
2, A 
4 B 
465 
4 D 


while C can be calculated from the experimental 
data of another curve (all three parameters cannot 
be determined from one experimental curve). 
serting the values of the parameters thus obtained 
into the two other functions v =v(@), we can make 
an independent quantitative comparison with experi- 
ment. We have determined the parameters gpyfynH 
+ A’/2 and B’ Roy from the experimental points 
(Ref. 5) of the vf), curve, and have evaluated C 
from the points of V499. 

It must be noted that the spread in the experi- 
mental data makes it impossible to obtain a suffi- 
ciently accurate value of C (diagram). 

The above method was used to find the following 
values for Cl*® (H ~ 3,000 oersteds ) 


A’/h =~ 6.66 Me; B’Re\/h ~ 1.52Me; ig 
Cit 0042-0.) Me. 
Using (10), we get 
ajn=7.1Mec; 6/h~0.5Mc. (11a) 


a and b of (11a) coincide approximately with the 
analogous values obtained by Feher (judging from 
the values of Ref. 5, the field H was somewhat 
greater than 3,000 oersteds ). 

Expression (9) makes it possible to find the 
value of the wave function of the F center in the 
sites of the first and second coordination spheres. 
Denoting by Ve (K) and Ve (Cl) the squares of 
the F-center wave functions in the sites indicated, 
we get 


$e (K) = 0.70-10% cm"; pp (Cl) = 0.11 - 10% em” 
de (K)/} (Cl) = 6.4 


We determined Pn (K) using the experimental 
value a/h = 21.6 Mc (Ref. 5) for K**, while 
Wr (Cl) was determined from (11a). 

Using the orbital model of the F center, and 


(12) 


restricting ourselves to the first coordination 
sphere, we can determine Pic ( 0) (the square of 
the wave function of the 4s state of potassium in 
the potassium site) in an approximation that does 
not take into account the overlapping of the func- 
tions: 


bk (0) = 6% (K) = 4.2-10%4cm7s, 


Reference 3 contains a method for calculating 
the coefficients of the spin Hamiltonian (5) in the 
continual F-center model. According to Ref. 3, 
and also according to Ref. 9, A’/A ® 0.2, 
whereas experiment yields A’/A ~ 0.32 (A’ and 
A are the Hamiltonian coefficients for Cl® and 
Ke respectively ). A continual-model computation 
gives lower values of A’/A. This is readily under- 
stood since the smoothed F -center wave function 
g(r) diminishes very rapidly in KCl (small state 
radii), making the macroscopic approximation in- 
accurate. For the same reason, the absolute val- 
ues of A, A’, and BR? from (5) and (6a), calcu- 
lated in the continual model (Refs. 3, 9), agree 
with experiment only in order of magnitude. 

It is interesting to calculate the coefficients of 
the spin Hamiltonian in the orbital model, where 
better agreement with experiment can be expected. 

Experiment? leads to the following value of the 
ratio A/BR? 7 for the coefficients of the iso- 
tropic and anisotropic terms for K. Calculations 
using a smoothed F -center wave function of the 
form g = (26/7)%/e-P©* leads to A/BR? ~ 5. 
Better agreement can be obtained between theory 
and experiment by using a more accurate approxi- 
mation for the smoothed wave function.'? 


= a ~ (1 + ar)e—™. 


Let us note, finally, that the frequencies of the 


794 


spin-nuclear transitions for cl" are less than the 
corresponding frequencies for cl® by approxi- 
mately a factor of 1.2, which corresponds, within 
experimental error, to the ratio uc 35 /uc137. This 
should be, according to (5) and (6a). 
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A study is made of polarization phenomena in elastic scattering at high energies. It is shown 
that nuclear beams with considerable polarization can be obtained by small-angle elastic scat- 
tering. The applicability of the “black nucleus” and “gray absorbing nucleus” approximations 


to high-energy p—p scattering is discussed. 


le The present paper contains a discussion of the 
probiem of polarization phenomena at high ener- 
gies. We determine what peculiarities appear in 
the polarization phenomena in the approximation 
in which “diffraction” expressions appear for the 
scattering cross-sections averaged over the spins, 
and what sort of information can be obtained from 
the results of experiments on the polarization at 
high energies, at,which the elastic scattering is to 
a large extent determined by the presence of ine- 
lastic processes. 

We consider first the scattering of particles 
with spin 3 by spinless particles [the case (0, 4)]. 


In most of the published works,* after introduc- 
ing the effective potential, one makes various as- 
sumptions about the radial variation of the poten- 
tials, and discusses the results of comparison with 
the experimental data from the point of view of de- 
termining the parameters of the effective potential 


*There are many papers in which polarization phenomena in 
scattering by nuclei are discussed by the use of the concepts 
of the optical model. We mention the papers of Riesenfeld and 
Watson! and of Brown, 2 which provide references to other 
papers. The writer takes occasion to thank Dr. Brown for send- 
ing him a number of unpublished notes. 
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(CE; e 12.4 Ref::3). 

2. We shall proceed differently. Without intro- 
ducing the interaction potential explicitly, we de- 
termine, in analogy with the procedure used in the 
spinless case (cf., e.g., Refs. 4, 5), the absorption 
coefficients K, and K, and the indices of refrac- 
tion n, and np). The quantities so introduced are 
related to the four functions Vc], Vsy, Vcr, Vsr 
of the paper of Riesenfeld and Watson.! For exam- 
ple, the quantity K, is proportional to the imagi- 
nary part, and (n — 1) to the real part, of the av- 
erage amplitude for nucleon-nucleon scattering at 
6 =0. In the notation of Ref. 1, K, and (n,; —1)k 
are proportional to the imaginary and real parts of 
the quantity 


Mo =e B+ N+ Glpp +([B+N+Glnp}o-o, (1) 


and similarly K, and (n, —1)k are proportional 
to the imaginary and real parts of 


== 4 4 
M, ee leas (Cop + Co), 


47 od (2) 


== Oy Fees (Cop + oo) hae 


If we use the usual limiting transition from Le- 
gendre polynomials Pj(cos 6) to Bessel functions 
J)(2@), then for the coefficients A(@) and B(@) 
of the amplitude 


M = A(6) + B(8)(on), n= ky x k/|ky x k{ (3) 


we get 
R 


2A (6) =ik \ bdbJ.o (R68) (2Q— 07-2 (1) MIs 


0 
x (rae (Me—1) k] s at el Ka—28 (f2—1) ap 


R 
IB (6) = aN bdbJ, (R66) e—[Ki—22 (m4—1) k] Ss 


0 


X {e-(Ke-2é (M1) hs _ @[Ks—2é (Ma) K] 5}, (4) 


where s? = R? — b? = R? — /7a?, the remaining no- 
tation is obvious, and 

K, > Kz> 0. (5) 
Conditions (5) replace the requirement of definite- 
ness of sign of the imaginary parts of the scatter- 
ing phase shifts in the spinless case. 

8. For infinite absorption (“black nucleus” ) 

Ky Sa Ck and 


R 


A(6) = it\ Jo (R68) bdo = “8 J, (8); B = 0; 
0 


Cia *ImA (0) = Ink? 6; = th? (6) 


and the polarization Pyy from the elastic scatter- 


ing of an unpolarized beam becomes zero. In virtue 
of time reversibility the cross-section for elastic 
scattering of a polarized beam does not contain any 
azimuthal asymmetry and is the same as the cross- 
section I)(@) for the scattering of an unpolarized 
beam. For the polarization Poy (Ref. 6) after 
scattering of a polarized (P1") beam we get 


Io (8) Ppu = P| A (6) [2m x kg Pou = P'™nxky = Pi”, (7) 


if we choose Pi perpendicular to ky and the nor- 
mal n. From Eq. (7) it follows that in the approxi- 
mation of the “black nucleus” there is also no rota- 
tion of the polarization. Thus the absence of any 
polarization effects at all is characteristic of the 
“black nucleus”. Consequently, the observation 
of a nonvanishing polarization Py, at high energy 
can serve as a good “indicator” of the non-appli- 
cability of the concept of the “black nucleus.” We 
remark at once that the solution of this problem by 
the study of unpolarized cross-sections only is a 
difficult task. 
4. In the absence of refraction, i.e., for n, = 
ng =1 (“gray absorbing nucleus”), 
R 
A(8) = ik \ bdbJ (Rb9) (1 — e-Ks cosh Ks), 
0 
° (8) 
B(6) =k \ bdbJ, (kb9)sinh Ks; 


0 
op = Im A(0) = 2nR® {1 — [(Ky — Ko) R® [1 — eK R 
x (1 + KiR — K2R)] — [(Ki + Ke) RY? 
X[L—eKtOR (1+ KR+KR)}. 
The expression for the differential cross-sec- 
tion for elastic scattering 
1) (6) =| A (6)? +] B (6)? (10) 
follows from Eq. (8). Integrating Eq. (10), we get 
for the total cross-section for elastic scattering 
gap RIO {NaC R) 2 eae’ (Meare 

— 2(K, — K,)?R®? [1 — e-&-*) R(1 +. K,R— K2R)] 
—2(Ki-+ Kz) ?R * [1 — ear hk (1 KR KK) (EE) 
The expression for the total cross-section 0, 
for inelastic processes is obtained by taking the 
difference of the expressions (9) and (11). 

Going on to consider the polarization phenom- 
ena, we note that A(@) is purely imaginary and 
Bey -is.purery real, ie., 

At (6) = — A(6), B* (9) = B (6). (12) 

The expression for the polarization Pyy 


Io (0) Pun = (A*B + AB") ih) 
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vanishes for nonvanishing A and B. Since the 
azimuthal asymmetry in the cross-section for 
scattering of a polarized beam is proportional 
to the right member of Eq. (13), such asymmetry 
is also absent for the region of energies for which 
the scattering phases are purely imaginary. 

For the polarization Pp, after the scattering 
of a polarized beam we have instead of Eq. (7) 


1)(8) Pou = P'" {(ag — B?) nxk, —2a,Pky} . (14) 


(A =ia)). The quantities A and B are given by 
the formulas (8). 

We note that the vanishing of the polarization 
Pyy for nonvanishing A(@) and B(@) also oc- 
curs, as is well known, in the Born approximation 
(for real potentials), since, as can be seen from 
the expressions for A(@) and B(@) in terms 
of the scattering phase shifts, for small real phase 
shifts 


Aft (8) = A, (8), Be (6) = — By (6). 


The polarization (even for real potentials) be- 
comes different from zero if one makes the ex- 
pressions for A and B obtained in the Born ap- 
proximation exactly unitary. 

5. From consideration of limiting cases it can 
be seen that the presence of a polarization Pyy 
is connected with deviations of the indices of re- 
fraction n,; and n, from the value 1. The maxi- 
mum polarization will occur when n,j=1, K,=0. 
In this case 


R 
A (0) = ik \ (1 — es cos [2 (Mg — 1) ks]} Jy (kO9) bdb 
0 


= — Au =) ido, 
R 
B (6) = —ik \ bdbJ, (kb8) e-%5 sin [2 (ny — 1) ks] 


0 


nA RE eb, (15) 


and the polarization reaches 100% at a small angle 
where |ag| = |bo|. The fact that such a point can 
exist in the case under consideration follows from 
the fact that in the region of small angles A(0@) 

is a decreasing function of the angle and B(@) is 
an increasing function. The intersection ag = by 
occurs near the first diffraction minimum. As has 
been shown by the analysis of Brown,’ precisely 
this case is found in the interaction of protons of 
energy ~1 Bev with carbon. To describe the 
scattering one needs here two parameters Ky 

and n, (if the radius R is known), and the study 
of the polarization Ppu can serve as a check on 
the interpretation adopted. For Pou we have in 
this case instead of Eq. (14) 
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Ty (8) Ppu (0) = P'® (a2 — 62) m x ko+ Punto (6), (16) 


The polarization experiments necessary for the 
determination of the parameters of the effective 
potential for nonvanishing K,, Kj, ny -—1, and 
n,-1 (Voy, Vst Vor» VsR) have been dis- 
cussed by Riesenfeld and Watson.! 

Electromagnetic effects have not been included _ 
in the present discussion. As is shown by an ex- 
amination of the spinless case,‘ it is essential in 
some cases to take the electromagnetic interaction 
into account. Of particular importance for the 
polarization Pyy is the change of phase of the 
amplitude, which manifests itself at very small 
angles. 

The expression for the amplitude with inclusion 
of the effect of the magnetic moment, as obtained 
in the Born approximation,”® has the disadvantage 
that the expression for Pyy does not go to zero 
for @—~ 0. The study of the electromagnetic ef- 
fects on the polarization may be of great interest 
in getting information about the electromagnetic 
properties of nucleons (relaxation of the magnetic 
moments ). 

6. We have considered above the elastic scat- 
tering of particles with spin 4 by a spinless target 
[the case (0, 4)]. The qualitative results relating 
to Py, remain valid also for the cases (3, 3) 
‘and (i, 0) (nucleon-nucleon scattering and scat- 
tering of deuterons by spinless nuclei). We repre- 
sent the amplitude M for the nucleon-nucleon 
scattering in the form 


M = BS + C (eo, + 9, n) + (1/,G [(¢,A) (62,A) + (0,7) (a,%)] 
+ 4/,H [(¢,A) (¢,A) — (9,7) (.%)] + N (en) (¢,n)} T. 
(17) 


Here 


S = (1 —9,9,)/4, T = (3 + 99,)/4 


are the singlet and triplet projection operators, 
and 


® = (ko +k)/|ko +k], A= (ka—k)/| ko —k]. 


From the expressions for the coefficients B, 
C, ... obtained by Wright? it can be seen that for 
imaginary phases B, G, H, and N are imaginary 
quantities and C is real . We note particularly 
that just this case for My and Mj, in Eqs. (1) and 
(2) leads to the maximum polarization in the scat- 
tering of nucleons by nuclei. 

For imaginary phase shifts in N-N scattering 
the polarization Pyy goes to zero, and the cross- 
section for scattering of a polarized beam by an 
unpolarized target has no azimuthal symmetry. 
Thus here too the study of the polarization Pyy 
can be a good way of checking the correctness of 
the diffraction approach, with imaginary phases, 
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to the analysis of the experimental data. A num- 
ber of other polarization effects (including the 
correlation of polarizations) are nonvanishing, 
and the correlation of the polarizations, when the 
beam is polarized, does not differ from the case 
of an unpolarized beam with an unpolarized target. 
The addition to the polarization 


I (8) Pipg = 7 Sp MsyM*o4p50 
goes to zero. 

For imaginary scattering phase shifts the num- 
ber of independent experiments is the same as the 
number of components in the amplitude, since the 
phases of the coefficients become equal to 0 and 
m/2. 

To get an idea of what happens in the elastic 
scattering of particles with higher spins, let us 
consider briefly the case (1, 0), again confining 


ourselves to imaginary phase shifts. For this case 


the amplitude M is essentially identical with the 


M for the triplet scattering of neutrons by protons, 


i.e., we can get it by setting B=0, T=1 in Eq. 
(17) and replacing (o,a)(0,a) by 2(8a)?-1 in 
the remaining expressions, where § is the oper- 
ator for spin 1. Then, as follows from the work of 


Wright® and Cheishvili,'® the polarization Pyy also 


goes to zero, while the average values of the ten- 
sors 


Din =o (SiSn + 5,82) —2/s8ins 

which, together with S;, characterize the state of 
polarization, are not equal to zero. In general the 
cross-section for scattering of a polarized beam 
will contain terms proportional to cos g and 

cos 29, but the term containing cos gy is only 
proportional to the average value of 


ee eS 415.5, 25,50) 


eV OD ari yn: 


7. In the discussion of proposed experiments 
with nucleons of energies amounting to several 
Bev it is sometimes assumed that the elastic scat- 
tering of nucleons by nucleons and by nuclei will 
correspond to the simple picture of diffraction by 
a “black nucleus” or by a “gray nucleus”, and that 
polarization phenomena will be absent. Confirma- 
tion for this is found by its proponents in the good 
agreement of the available experimental data on 
p-p scattering and the scattering of nucleons by 
nuclei with the simple formulas for the cross-sec- 
tions in the approximation of the “black nucleus” 
or of the “gray absorbing nucleus” with n=1, 
although the values of the parameters obtained 
(with the use of “spinless amplitudes”) in the 


energy region around 1 Bev make these writers 
express amazement at the good agreement. 

Some objections against the applicability of 
such an argument for the p-p scattering in the 
region of energies: ~1 Bev have been presented 
by Rarita.!! 

The results of the discussion in the present 
paper show that also at high energies, when the 
elastic scattering is to a large extent determined 
by the presence of inelastic processes, it may 
turn out to be possible to obtain beams of-nucle- 
ons with considerable polarization. The existence 
of such beams makes possible the performance of 
additional experiments. Polarization experiments 
give a sensitive method for studying spin effects 
in elastic scattering, the existence of which might 
not be revealed by the study of the differential 
cross-sections. 

The relevance of the predictions of the “black 
nucleus” or “gray absorbing nucleus” approxima- 
tions to polarization phenomena appears doubtful, 
Since the quantities (n,».—1)k are proportional 
to the real part of the forward scattering amplitude 
and to its derivative wfth respect to the angle at 
6 — 0, divided by the momentum k. But even in 
the high-energy limit these quantities are not zero, 
as is shown by the dispersion relations, but ap- 
proach constant nonvanishing values. The decisive 
quantity is the relation between the limiting values 
of the real and imaginary parts of the amplitude. 
In addition to this, the presence of a magnetic mo6- 
ment of the nucleon leads to the presence in the 
amplitude (3) of a coefficient B(@) with a non- 
vanishing imaginary part. 

As for the agreement of the diffraction formu- 
las for the cross-sections with the experimental 
data in the region ~1 Bev, this is evidently due 
to the fact that the main features of the elastic 
scattering at high energies (the scattering is 
strongly directed forward and is concentrated in 
the region of small angles) are expressed by the 
simple inequality!!~8 


Io (0) > (koz/4x)?, (18) 
from which one has the result that!* 
nO? < (4x/koz)? os. (19) 


For the n-p scattering one has added to this the 
quantity 


To (m) > (&/4n)? (opp — onp)?. (20) 


The inequalities (18) to (20) are based on the optical 
theorem, i.e., they follow from the general unitary 
property of the S matrix, which also is preserved 
in the optical model. In the framework of the opti- 
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cal model (for n=1) Eq. (18) becomes an equal- 
ity, and from (19) it follows that the main range of 
scattering angles is given by 


P< (2/RRY 


These last facts also evidently explain the good 
agreement of the simple “diffraction” formulas 
with the experimental data on the elastic scatter- 
ing at high energies. 

Arguments analogous to those given by Okun’ 
and Pomeranchuk" lead to the conclusion that in 
the amplitude (3) the quantity A(@) is in general 
predominant in magnitude as compared with B(@), 
so that the latter can be neglected in the discus- 
sion of the unpolarized cross-sections. As is 
shown by the arguments that have been given, in 
the range of angles where A(@) and B(@) turn 
out to be comparable, a considerable degree of 
polarization is nevertheless possible. This will 
also occur for the inelastic processes. 

Although the discussion was primarily in terms 
of the interaction of nucleons with nucleons and 
nuclei, it of course applies to beams of other nu- 
clei, and also to antinucleons, hyperons, etc. 

We remark that beams of antinucleons, hyper- 
ons, and antihyperons are in general partially po- 
larized by the processes that produce them. This 
provides the possibility of using the azimuthal de- 
pendence of the cross-sections for interaction of 
such beams with nucleons or nuclei to obtain in- 
formation about the spin values for hyperons and 
antihyperons.!® 

An interesting point for study is the polariza- 
tion Ppy. As can be seen from Eq. (16), Ppy(@) 
is practically identical with P! in the range of 
angles in which a? > b?. The rotation of the po- 
larization is greatest in the region of angles where 


LAPIDUS 


ay = by. There Pyy is at its maximum, and Ppu, 
given by the second term in Eq. (16), is turned 
through an angle 7/2 relative to P!™. 

The writer is grateful to S. M. Bilen’ kii, I. I. 
Levintov, R. M. Ryndin, Ia. A. Smorodinskii, and 
L. M. Soroko for helpful discussions and valuable 
comments. m 
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Correlation functions have been obtained between the components of a random electric field 
with account of spatial dispersion. The correlation radius depends on the frequency: for 
6(w) > it is identical with the depth of the skin layer, while for 5(w) «Jl it coincides 


with the length of the mean free path. 


As has been shown by Leontovich and Rytov,!* 
the correlation between the random side currents 
in a metal is determined by the conductivity tensor 
Sik 
i F , ho 
Lie (r) in F'Ylo = 52 9 
while for hw « T 
: OF it , 
(ie (Fr) in P')Jo = = 9in5 (t —¥"). (2) 


By means of Eqs. (1) or (2) we can find the corre- 
lation relations between the components of random 
fields (for example, see Ref. 4, §90). 

However, at low temperatures, Ohm’s law, 
ji = Sik Ex, which was used in the derivation of 
Eq. (1), must be replaced by the integral relation 
. between the current density j and the direction 
of the electric field E.° This connection is ob- 
tained from the solution of the kinetic equation. 
In the general case, the integral connecting the 
current and the field has the following form: 


je(r) = \ Kn(t, 1’) Ex (0) do". (3) 

The space correlation function between the com- 
ponents of the electric current is expressed simply 
by the components of the kernel Kj, (Yr, r’). Actu- 
ally, according to Eq. (90.5) of Ref. 4, we can in- 
treduce the generalized coordinates xg and the 
generalized forces fg in the following manner: 
Xq — EAv/4mr (Av = element of volume), fg ~ K, 
where K [ not to be confused with Kj, (Tr, r’)!] is 
connected with the current density by the relation 
j = -—(iw/4r)K. Transforming in Eq. (3) from in- 
tegration to summation, and replacing j by K, 


hi , 
in coth 5-8 (r—r’), (1) 


*See also Refs. 2 and 4. The most satisfactory account of 
the problem of correlations for our purposes is contained in 
Electrodynamics of Continuous Media by L. D. Landau and 


E. M. Lifshitz. 4 
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we find the following connection between the gen- 
eralized force and the generalized coordinates: 

16 ey la , ia A 

K; (r) = D Ka(r, r’)Ex (r') =. 
Bars 
From a comparison of this expression with 

(88.10) of Ref. 4, it is seen that the kinetic coeffi- 
cients Co in the given case are equal to 
(1677i/w) Ki, (r, r’), whence, in accord with 
Eq. (88.11) of Ref. 4, we obtain the following rela- 
tion for the generalized forces Kj(r): 


8h 


@ 


[Ki (t) Kn ("Jo = — =" Re Kin(r, r’) coth 5p 


or, turning again to the currents: 


: a hi , h 
lie (r) in (r’)lo = 5 ReKa(r, r’) coth =. (4) 

Thus, to find the correlation relations, it is 
only necessary to write out the concrete form of 
the connection between the current density j and 
the direction of the electric field E. 

For this purpose, we make use of the linearized 
kinetic equation (for simplicity, the dispersion law 
is taken to be quadratic and we introduce the relax- 
ation time T): 

‘ae Pot eal topuee iy 

ag. ee ae CE'V. (5) 
Here df,/de¢ = —d(€ —€9), and é€9 is the Fermi 
energy; the current density is determined by the 
following: 


: 2e 
i = Gene \ vdeo (6) 
In the case of an unbounded metal, replacing E 
and f,; in the Fourier integral by (5) and (6), we 
find 
n,n,doe'* co) 


0 to} 3 
Kat, 0) = Gar ae \\ ikea y Oe (7) 
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Here gy is the static conductivity, n=Vv/v, do = 
element of solid angle in momentum space, 1 = 
v/T = length of the mean free path (v is the con- 
stant value of the velocity on the Fermi surface). 

It is easy to see that in these cases, when we 
can neglect spatial dispersion (/=0), we get 
Eq. (1), wherein in this case, 


Sin = Sobin/(1 + @2?). 


Making use of Eq. (7), we compute the depend- 
ence of the correlation function on p=r-—-r’: 


- sore h ki 3, 8, 
(ic (PT) fr (Pe =7-coth or ’ ae 


o2 


(= \)e- let cos +or sin) dur Fas fer aeons 
h 


l 


Bi 
x [=| (3u? — 1) e-el#! (cos 2 — ewe sin °*) du}. (8) 
0 
Clearly, there is a broad range of frequencies 
(up to the infrared) in which spatial dispersion is 
important, while time dispersion can be neglected 


(wt «<1). In this region, Eq. (8) can be materially 


simplified: 
1 
_ 359 Sip oo 
ee ue 
0 


ae be 1 ( (out 4 1) e-elut du | (9) 


[ji (r) Ir (res = eS coth = 1) e-elul dy 


a Ox ,OX), OX, 
or 


fiw 36, |. eel! 1 e 
lie(t) ine’ )lo = ~coth OT * Te [en] orl neal 4)| 


+ sSaK(on(9)—a(Ph. 8 


where 


Ee (ee eee dz. 
1 


In two limiting cases, it follows from Eq. (10) 
that 


ss ho 36, Sip 


. eae? h 
Lic (r) ja (to > Freoth 57+ Fa (p/l <1); 


hw 365 Y2YR 


(iz (t) jr (t’)lo = ue coth Gap Oia o2/ ean, 
e; \ 11 
erat esatigh (it) 
Therefore the random currents, as was to be ex- 
pected, are correlated at distances of the order of 
the mean free path length 1. 

Using the correlation relations for the compo- 
nents of the random currents, we can, by means of 
Maxwell’s equations, obtain correlation relations 
between the components of the electric and mag- 
netic fields.' 

However, it is better to proceed otherwise; from 
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Maxwell’s equations, we have 


ry , 4 ; tor 
(curl H), = 2) Kin(r, 1) En(e') do + Fie" > (12) 
1 0H 
curlE = —= 57. 


Eliminating H from the system (12), and solving 
for E, we get the following expression for the — 
electric field: 

IB yp el An te r’) inn (r’) du’. (13) 
Introducing the generalized coordinates and gener- 
alized forces xg > E, fg ~ KAv/4m, and also 
transforming (13) from an integration to a summa- 
tion, just as was done in deriving Eq. (4), we find 
-Im Air (r, ry 


LE, (t) Ex (lo = 2h coth he (14) 


It is simplest to find the kernel Aj, (Yr, Yr’) in 
the case under consideration by going over to 
Fourier components in (12), Then, solving the re- 
sultant system relative to the Fourier components 
of the electric field intensity, and employing the 
inverse Fourier transformation, we get the follow- 
ing formulas: 


Sip °° Bike 
Ain (0) = Gace aa 


8 1 OF Le (RDP eR de | 15 
a" 6 Ox;0X, © \ Lilt = Sarctanikyel as o) 
Here 
ey ee 38 1 \ arctan kl 4 
L,=k 32 [( om (Rl) ) ae a “epi (16) 


arctankl 
b=) + arlene ea te 
6 =c/V2mo)w is the penetration depth of the low 
frequency field in metals. As the mean free path 
approaches zero, Eq. (14) takes the form 


[Ec(t) Ex(t’)lo= z= Cot 5° {e-el8 sin © Bp 
ay Q2 e 0/8 ° 
TT Piney Osu, Nap ge RS }. (17) 


This equation can be obtained directly from Eqs. 
(90.23) of Ref. 4, if we assume the dielectric con- 
stant of the metal to be equal to € = 4rapi/w. 

We consider the opposite limiting case (large 
mean free path, 1 > 6). The general formulas 
(for any ratio between p and 1) are very rough 
We limit ourselves to asymptotic expressions in 
the two cases: 

lp«K<é6b<«l: 


CORRELATION RELATIONS FOR RANDOM ELECTRIC CURRENTS 801 


[E; (tr) Ex (r’))o 


= 2h coth or {a 2 gel \ (18) 


1 oF ayn 6 dxdx, ° (P) 
where 
A = 1729 /Q'le a*ls 3'le ~ 570. 
Here the spectral density of the energy per unit 
volume of the electric field in the metal, Wy, is 
equal to 
2 
Wom ge (E3o= Fecoth ir Se. (19) 
In averaging over an infinitely small volume, the 
second component in Eq. (18) drops out. 
2.6<«Kl<p. For calculation of the integrals 
entering into Eq. (15), it is appropriate in this 
case to extend the path of integration to infinity® 
(we consider k a complex variable, Im k — ~), 
taking into account all the singularities of the in- 
tegral. The singularities of the integrand are the 


zeros of the denominator and k =i (branch point). 


After transformation, the integrals reduce to a 
sum of residues and an integral from i to i~. 

It is easy to see that for 6 «<l the sum of the 
residues is appreciably less than the integral, the 
asymptotic value of which leads to a correlation 
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function of the following sort: 


; fiw ho [ 8; viv ell 
Ney (r) En (r Ye a Gna, (Oth ap = ~~ Tin? Can | e2 
(20) 
The authors take this opportunity to express 
their gratitude to L. D. Landau and E. M. Lifshitz 
for acquainting us with the book, Electrodynamics 
of Continuous Media, before publication. 
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On the basis of general formulas obtained earlier by the author, a quantum-mechanical for- 
mula is found for the total surface impedance of metals at high frequencies, where the skin 
depth is small in comparison with the Larmor radius and with the electronic mean free path. 
The analysis is carried out for an arbitrary law of dispersion for the conduction electrons. 
Cases involving constant magnetic fields both parallel to the surface of the metal and inclined 
with respect to it are studied. The influence of the thickness of the metallic film on the quan- 
tum oscillations is ascertained. It is shown that an experimental study of the surface imped- 
ance in a strong magnetic field makes it possible in principle to reconstruct the shape of the 
Fermi surface and to determine the velocities of the electrons on it. 
INTRODUCTION equality 
ty 
a eorde 
In Ref. 1 we found the first non-vanishing quantum eH \ Ringe’ 
correction to the current density AM at high fre- : Oui ; 
quencies in a film whose width D satisfies the in- Uz (to) = Ue (to) =0, dvg/dty>.0, dvg/dty<0, (1.1) 


Dena = 


ext 
Poerz 


802 . M. 


where t is the period of orbital revolution of an 
electron in a magnetic field; p, v=Ve, and ¢€ 
are the quasi-momentum, velocity, and energy of 
an electron; ¢ is the direction of the normal to 
the surface ofthe metal; and z is the direction 
of the constant magnetic field H (which makes 
an angle ® with ¢). 

It was shown that under the conditions of the 
anomalous skin effect, when the effective skin 
depth dere is small in comparison with the mean 
free path 1=vty, with v/w, and with the radius 
of the Larmor orbit r. 


qu h3 din S\2 0AM? 
se = DSuE i de ) OH |&=*0 Dz eps o, (1.2) 
ty 
Y= suid if (t;) s (: _ \ vt) 
lo ete } 
t, 
A ee ry 
x ‘(p< \ Urals Op (ty EN Ge (2 din Pe, 
a \ Pi av 
1 (w>0) 
s(w) = => tie. (1.3) 
LO (w<0) 0 


Here the averages (denoted by the bar and by “av” ) 
are taken with respect to t; and ti; the summa- 
tion is taken over all extreme cross sections of 
the limiting Fermi surface ¢€(p)=€ 9, if 1/2 — 
® « So¢¢/l, and only over central cross sections 
€(p)=€9, pz =0 if 1/2 — & > doge/r. In the 
latter case equation (1.3) is valid only for a suffi- 
ciently strong magnetic field: 

an\e|H . 


a S 
a ees fod 


k (Sy ee ae 


4 
ty” Bete \ &o 

We note that Eqs. (1.2) and (1.3) give correctly 
the zero approximation (uH/e,)!? also for D <d, 
but this approximation reduces to zero, and it is 
the next one which is of interest. The functions s 
in Eq. (1.3) appeared because, as it turns out, the 
approximation under consideration depends entirely 
on electrons whose average velocity is very small 
in the bulk metal and which do not collide with the 
surfaces of the film. 

Equations (1.2) and (1.3) permit us to obtain the 
quantum correction to the total surface impedance 
under the conditions indicated. 


2. CALCULATION OF THE TOTAL SURFACE 
IMPEDANCE 


In order to determine the total surface imped- 
ance it is necessary to solve Maxwell’s equations, 


hay 
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which in our case reduce to 
(2.1) 


(2.2) 


Ex. (0) = 4niwc?j,(6) (=, §), 


ic =9 


with the following relation between the current den- 
sity and the electric field intensity: 
i Q=i2 O+4O 
(& is the direction in the plane of the metal perpen- 
dicular to x). We will consider first the case of a 
half space. We write jj(&) in the form jj (|¢|) 
and extend Ej(¢) as an even function into the re- 
gion £< 0, just as was done in Refs. 2 and 3. 
Taking a Fourier transform of both sides of 
(2.1) and (2.2), we obtain 


(2.3) 


— E(k) — 2E4(0) = 4niac? (78! + Aj2"(k)}; (2-4) 


if () + Ale (b) =0. (2) 


The expression for jf"(k) was obtained in Ref. 3 
(the results of which we shall use repeatedly in 
what follows), and AjP"(k) has the following 
form for the case of a half space: 


eS ee ; 


qu h8 
Aji (k) = yy oe aK dé, OH 


10 


(2.6) 


e=e— Pz = Pz 
t” x 
7, (k) = (4ne2 / h3{°—1) [eto)[o, (t’) feos | H\ vedts) 6 i(k) 


bel 


, 


co is t 
1 eg Cc ° ; 6; (k’) dk’ 
aoe \ sin ca \ vcd, Lia (ect) ao 


, , 


Se te Lie 


Ei (OO 2\ E; (0) cos kid6:; 


je (k) = 2\ jc ©) cos he de. 


) 


(2.7) 


For the anomalous skin effect only large k and 
k’ play a substantial role;*? by the method of steep- 
est descents with respect to k and k’ we find 


8rr2e2 


wet |v, (| T? 


0,0; H 


1 


(2.8) 


co 


«16-4 


0 


Vk G(R’) dk’ 
Viki (kR+ 28’) 


ext : 
E=fy, Pz= Pz 30;0¢ =0 


It is clear that Xe ( €) reduces to zero in this 
approximation (since vy =0). The same thing 
happens also for ih (kK) ~ ve because of the fact 
that, for the anomalous skin effect, only electrons 
travelling almost parallel to the surface are im- 
portant at all times. According to the same prin- 
ciple, the term with ©¢(k) drops out in the equa- 
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tions for jg, and it is sufficient to carry out the 
Summation only over two indices j, x and &. 
Thus Eq. (2.5) is satisfied automatically, and 
there remains only the solution of Eq. (2.4). 
In the case of a magnetic field Fao to the 
surface of the metal, the asymptote of iw ik) with 
respect to k has the form? 


Anes ®) — 2 Cah 


kn (k/&’) Gg(k’) dk! 


18 ' (k) = 


hk? — R’2 

— + (asl_cst § // # Satna (2.9) 
ee cant: 
0 
where 
Asi e 8e? \ Nye do 
ap 3h3 , K ; { ; eas 
— exp \—2ni GS — Oi 
Big = gar \ “Rea (2.10) 
0 
cl _- pel 262 ( Malle an ) 
Ca — ap ae R Wien pres nt do; 


n=v/U= (Nx, Ny, Mz) =(sin§sing, cos#, sin dcos 4); 


all quantities are evaluated at €=€), 9 = 1/2 
(Vy = 0); K is the Gaussian curvature at the 
Pe ryesponding point; 1/t) is averaged over the 
time of revolution of an electron in its orbit. 

In the case most important.to us, that of a 
strong magnetic field (Q > w, 1/t)) and reso- 
Rance (w+, +2Q0,...) itis sufficient to re- 
tain in (2.9) only terms with Ags: Then from 
(2.9), (2.6), and (2.8) it is clear that the quantum 
correction changes only Agg: 


¢ VEG, (b’) dk 
ju (k) = Aap ae = |G (k)— = ees (2.11) 
16 2 0,09 
Thea = Ag, A Aas; , AAG; = -——— Ff? 7 
ea 6 a a ie oir 
dinS \? 0A M? 2.12 
( de ) OH \e=£0, Pzy= pee ve=0° ( ) 


In Ref. 3 it was shown how one can find, in terms 
of Aqp> the total surface impedance Zqp, which 
is determined by the equation 


Eu(0) =Zuglg, Ip =—(c2/4niw)E,(0), (2-18) 


Ig is the total current in the direction 8. In the 
special case when the complex tensor Agg is re- 
duced to principal axes, the principal values of Zqy 
are expressed in terms of the principal values of 
Aq: 

(2.14) 


16 (V 3202 \!2 . ee 
Ly | ) etl Ay Is. 


In the general case of a constant magnetic field 


of arbitrary magnitude and direction, the exact ex- 
pression for jq(k) has avery complex form. 
However, assuming only a small error (of the 
order of several percent) in the numerical factor 
in the expression for the impedance, one can write 
ja(k) approximately as 

dap = ahct Aaa, (2.15) 


Te (2) = ee ey here 


Aaye is determined from equation (2.12), where 
vf replaces vy and acl gp coincides with ac, 
[see (2.10)] for 1/2 —-& «K do¢¢/l and with Bel 
for 1/2 — © > def¢/r. The impedance Zyg is 


easily found in terms of agg: 


Jb, 146 V3 102 \ "ls einls (x1 + Xa) X1%2 + ge, xx 
4%, GE 9 ct X1X0, (x4 45 1%, +X5) 
V3xne02 \" . mea 
Zz ie Z ae [LE eft l3 
aE EX ce Hy Xo (x2 + %1%2 + oe) 


[*/4 (ex — Geez)” + aye |e}, 

(2.16) 
We choose the cubic root whose argument lies in 
the.interval (—7/6, +7/6). 

It is clear from the equations derived that the 
case of equal numbers of “holes” and electrons 
(N,;=N,) is not a special one; this result differs 
from the static case, but is the same as for the 
classical part of the high-frequency Zap: 

As already pointed out, the equations derived 
give the zero- and first-order approximations for 
the impedance with respect to (uH/ €,)'/ 2 and the 
zero-order approximation with respect to deff/r. 
This approximation can reduce to zero only in the 
exceptional cases when vx or vg equals zero at 
the point €=€ 9, p, = pgxt, Ve = 0. Such a case 
occurs, for example, for an isotropic quadratic 
law of dispersion in a constant magnetic field par- 
allel to the surface and having the same direction 
as the electric field. 

Furthermore, Eqs. (2.15) are inapplicable if the 
equations p, = pgxt, vy =0 coincide, or € = €, 
p, = p§*t, Ve =0 determines a line instead of 
an isolated point. This happens, for instance, 
when the magnetic field is perpendicular to the 
surface and the dispersion law is isotropic. Since 
electrons with p, =0 are at all times in the skin 
layer, the skin effect is normal for them, conse- 
quently vy, or Vy becomes zero; the zeroth ap- 
proximation of the impedance with respect to 
(pH/e,)'/ reduces to zero; and in the sums in 
Eq. (4.4) of Ref. 1 it is necessary to take terms 
with 1 # 0 into account. Since electrons with a 
vanishing v, do not generally collide with the 


X1,2 = { "Te (Axx + dex) + 
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surface, the calculation can be carried out also in 
this exceptional case (see Sec. 3). 

Naturally, because of the “normality” of the 
skin effect for the electrons which are responsible 
for the quantum oscillations, and the “anomaly” of 
the skin effect for the remaining electrons, the 
relative magnitude of the quantum oscillations 
turns out to be considerably greater in this case 
than in the static one. 

We note in conclusion that all the equations de- 
rived above are valid also for films which are not 
too thin (according to the criterion D>d given 
above) struck on one side by an electromagnetic 
wave. In this case, because of the anomaly of the 
skin effect, the electrons with Ve = 0 (which are 
only important for Aj"), which do not get into 
the “skin-layer,” in general make no contribution 
to Ajd", and the second surface of the film has 
absolutely no effect on Aj 

If the film thickness is D<d, then the ampli- 
tude of the quantum oscillations with the corre- 
sponding period is zero to the approximation under 
consideration, since x; =0 [see Eq. (1.3)]. This 
circumstance permits one, by studying Zqg(H) in 


[D(y, Py, 2, Pz)] 


Once the quasi-classical matrix elements are 
known, one can calculate ix,y from the equations 
derived in the preceding sections. It is convenient 
to introduce 
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films of width D</, to determine the d and Soxt 
corresponding to exactly this period in terms of 
the value of the magnetic field for which an abrupt 
increase occurs in the amplitude of the quantum 
oscillation with a given period and for a given 
direction of the constant magnetic field. 


= 


3. QUANTUM OSCILLATIONS OF THE SURFACE 
IMPEDANCE IN A MAGNETIC FIELD PERPEN- 
DICULAR TO THE SURFACE FOR A QUADRAT- 
IC DISPERSION LAW 


We assume that (uH/e9)'l/Sesp K 1 and 1 >r. 
Then it is possible to regard the electrons making 
the essential contribution to the quantum oscilla- 
tions and having vz ~v(pH/e,)'/* as generally 
not through the spatial distribution of the electric 
field E, setting E=0 outside the metal. Since 
such an extrapolation of the electric field into the 
region outside the metal gives simultaneously the 
correct classical result,4*® we shall obtain the ex- 
act quantum-mechanical formula for j. 

In the case under study the quasi-classical 
matrix elements are* 


; T 
(Pe — pz) z} dz \ e-Him—n™ D (y(t), py (t) 2, pe) dt; Ne: 

0 

OS 25/T = ley ac. 
qu = 2 3H 5 ° , 
AK (w) a 2. Es; l= => a \ e2rinsdn \ dpWn 
= 0 —co 
- iQ + v,p, 1/t,—ip,o,/h 


jh =jehijpvE: =E, IE; (3.2) 
Then 
E., (2) = 4niwc™?j, (2); (3.3) 
jx @=\ Ka (2-2) Ex 2) ae’; (3.4) 
0 

eBH She 

K., (w) Conti eet ae \ dp, pa Op 
. i (Cap,  hQ + v,p,) — f° (Enp,) exp {—ip,w/h} (3.5) 


F IQ + v,p, 1/t, —ip,v,/h 
where 
02 = 2(n + */2) hQ/m; enp, = (A + 4/2) hQ + p2/2m, 
1/t., = 1/t) + i(o+Q). (3.6) 


From (3.5) 


Setting n=n’ + 1 —v,pi,/hQ and noting that, by 
hypothesis, 


| ozpz| ~ (BH /e,)**r Ber <1, 


we obtain the following result (the lower limit for 


*It is a simple matter to obtain this equation by writing ® 
in the form 


D = DY) 5 Ys Py) Ys (2s Pz) 
s 
and observing that in the quasi-classical approximation 


7 
, If 1 a , 
(np, |5|n'P,) = 8 (Pp, —P,) \ 6 a glt) dt; 
0 


1 “e j 
| Tl! U U 
(np, |¥,|n'p;) Sa Snn! \ exp \- ay (Q2 723) 2} v, (Z, p,) dz. 
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n has no effect on the oscillating part): 


ACN a Relive Nal plied ete 
Ie = — ae 8 (w) | errordn | def? (ene): 
—2 
We now easily find 
qu 2e*t | H VHB tiled 
AK. (w) ———— me, 8 (w) AMZ =S> — eV ot” (w) AM 


Oy => Ne?t../m, (3.8) 


where N is the electron density. Here 
; 2 
AjT@) = — 2H 0, AME, (2) = ASPE. (2), 


i.e., aS was assumed, the skin effect is normal for 
the electrons responsible for Aj?", and Aj?" 
does not depend on the form of the boundary con- 
dition. In particular, such a result would also have 
been obtained for specular reflection, for which 
Eq. (3.4) has the form 

jx @= | Ky (lz—2') Ex eae’. 


=O) 


(3.9) 


Since the character of the reflection has only a 
weak effect on the classical equation for the sur- 
face impedance,** we shall not solve the exact 
Wiener-Hopf equation, but shall consider the case 
of specular reflection. 

Writing down the Fourier transform of (3.9) and 
taking into consideration the fact that, according 
to Ref. 4, 


Ko! (k) ~ 310/42, (3.10) 
we obtain 
4nio E, (0) Soe: dk 
25 es 2 : = 2 \ 2 j/2.521 6 Uy Bern a2 
e Be (0) Cc Rk? + 3ri/282lk + As? 4niw/e 


0 


1 pose 28 V 30, , (2821 \4ls \, 

1a (0) {1—e ey (=) AM? ; 
1 16(V3ne%)\" 3.11 
Se eagles ake orael oh 


Thus the quantum correction to the surface imped- 
ance in the zero approximation with respect to 1/6 
is purely real; its relative amplitude for kT < ha 
is of the order of (kQ/e,)?/2(1/6)7. 

The fact that the calculations were carried out 
in terms of the variables fchem, H (fchem iS 
the chemical potential) and not N, H, as already 
mentioned,! is also unimportant here because 
(1/8 )?/3 > 1. 


4, POSSIBILITY OF CONSTRUCTING THE FERMI 
SURFACE 


It has been shown by I. Lifshitz and Pogorelov® 
that the study of quantum oscillations is a very con- 
venient method for ascertaining the form of the 


Fermi surface in metals. The periods of the quan- 
tum oscillations 


A(1/H) = |elh/cSext (¢0) 


permit one to determine directly the extreme 

areaS Sex of cross sections of the Fermi surface. 
Knowledge of these areas for different directions 
makes it possible to construct €(p) = €). 

From this point of view the study of quantum 
oscillations of the high-frequency conductivity is 
particularly convenient for two reasons. First, 
the quantum oscillations are, generally speaking, 
€)/HH times larger at high frequencies than in 
the static case. In particular, in strong magnetic 
fields the amplitude of the oscillations of dR/dH 
and dX/dH (Z=R+4iX), which can be directly 
measured experimentally, exceeds the classical 
values of dR/dH and dX/dH by a factor of 
(€ /pH 72 > 1 [this conclusion follows at once 
from (2.15)], which facilitates the observation of 
the quantum oscillations. 

Second, in an inclined magnetic field the oscil- 
lations do not yield all the extreme cross sections, 
as in the static case or in the case of a parallel 
magnetic field, but only the central sections. Con- 
sequently, a study of the oscillations for different 
angles of inclination of the magnetic field with re- 
spect to the surface of the metal can materially 
simplify the analysis of the experimental curves, 
which in the static case is quite difficult because 
of the superposition of a large number of harmon- 
ics with different periods. i 

Up to the present time quantum oscillations of 
the high-frequency conductivity have not been ob- 
served experimentally. However, a study of the 
classical and quantum-mechanical variation of the 
surface impedance in a constant magnetic field is 
of special interest, since in principle it permits a 
completely determination of the form of the Fermi 
surface and of the velocities of the electrons over 
it. (The quantum-mechanical variation can be 
easily distinguished from the classical one by the 
sizes of the periods. ) 

A study of quantum oscillations in films of width 
D<J is particularly convenient, since by deter- 
mining Zqp( H) one can find all the extreme 
cross sections without harmonic analysis. For 
this it would be sufficient to increase the mag- 
netic field and find values of H for which there 
was an abrupt increase in the amplitude of an os- 
cillation with a given period (different periods 
would appear one after the other with increasing 
field). Furthermore, one can obtain d directly: 
knowledge of this quantity for all directions makes 
it possible to determine its form, at least for a 
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convex surface. In particular in a parallel field 
on a central section, which is easily distinguished 
from others by the inclination of the field, d= 
|(2c/eH) p@2*| (the maximum is taken with re- 
spect to t), so that by rotating H in the plane of 
the metal we establish the shape of the cross-sec- 
tion €(p) = €, py = 0. If we use films whose sur- 
faces are oriented in various ways with respect to 
the crystallographic axes, we can plot €(p) = € 
directly. 

Finding the magnitudes of the velocities of the 
electrons on the Fermi surface requires a knowl- 
edge of the extreme effective masses (8S/2€ )ext /27 
for different directions,® which can be determined 
from the amplitudes of the quantum oscillations 
of the magnetic susceptibility. However, the mag- 
nitude of the amplitude is extremely sensitive to 
various incidental effects, such as, for example, a 
mosaic crystal structure. Consequently the deter- 
mination of (9S/8€)ex¢t from quantum oscillations 
appears to be very unreliable. 

(9S/9€ )ox¢ can be determined with consider - 
able accuracy from the classical variation of the 
impedance in a magnetic field aligned parallel to 
the surface. The extremal masses are determined 
directly from the resonant frequencies of the cy- 
clotron resonance.? 


(OS/0e)ext = 2r\e|Hres/WC, 


in which the interpretation of the superposition of 
the resonance curves is naturally simpler than the 
interpretation of the superposition of the quantum 
harmonics. 

It is not difficult to distinguish the classical 
variation of Zqg from the quantum-mechanical 
one. There are differences between the classical 
and quantum oscillations both with respect to their 
relative magnitudes, 


(JAZ™ |< |Z" |, |dAZ™/dH | > |dZ°"/dH |), 


and their periods (the periods of the quantum os- 
cillations are, as a rule, considerably smaller ); 
in a strong magnetic field (Q >> w) the classical 
oscillations (cyclotron resonance) usually vanish, 
while the quantum -mechanical ones of course remain; 
for an inclined magnetic field only the quantum os- 
cillations corresponding to central sections are 
conserved (in this case it is obviously expedient 
to study dZ/dH, since, in the next approximation 
with respect to the anomaly, the cyclotron reso- 
nance is preserved in an inclined field as well’). 
Beyond this, a change of the frequency w of the 
high-frequency field can give a well-defined re- 
sult: the periods of the quantum oscillations wili 
not change at all, but the periods of the cyclotron 
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resonance will vary directly as w. 

The most convenient way to observe the quan- 
tum oscillations of dZ/dH is in strong magnetic 
fields Q>w. 


5. QUANTUM OSCILLATIONS OF THE STATIC 
CONDUCTIVITY IN FILMS i 


We shall make several remarks relating to 
quantum oscillations in films in the static case. 

We note first of all that in films which are 
not too thin (according to the criterion given 
above, D>d), but also not too thick (D~d), 
only those electrons with v; = 0 which do not 
collide with the surface are important for deter- 
mining Nia even in the static case. The point 
is that the energy spectrum of all the remaining 
electrons which, clearly, do collide with the sur- 
face, is not quasi-classically degenerate with re- 
spect to P,, and therefore such electrons give 
a contribution in the next approximation with re- 
spect to (pH/€ yV/ 2 their contribution being 
(yH/ €))/ ?>>1 times smaller than the contribu- 
tion of the “sub-surface” electrons with vz = 0 
(see Ref. 1). In those cases when the quantum 
correction, necessitated by those electrons which 
do not collide with the surface, does not reduce to 
zero, the problem can be solved in light of the 
above remark. — 

This pertains first of all to the de Haas-van 
Alphen effect in films.’ 

For a film in static fields, the quantum correc- 
tion to the current density is determined by Eqs. 
(1.2) and (1.3). It is to be understood that these 
formulas are not exact in the static case, since it 
is impossible to introduce a free-path time even 
in the classical case at low temperatures. One 
can convince himself, however, that all of the re- 
sults obtained below are qualitatively correct for 
any form of the collision integral. 

Averaging the current density over the thick- 
ness we have 


D 
1 
AP = 5 \ Ai Od 
0 
hs dinS \2 0AM? 
= > Qn H?hi( de } OH dace pipes , (5.1) 
Sees D—Q2 
Te a 
a 0: (01g \ E,(u) dy| : 
hit 3. x 
bi i, 
Ome \ eedto; Ore | eedes. (5.2) 


¢ , 


ie ‘i 


In an inclined field in this approximation the sum- 
mation in (5.1) is carried out only over central 
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cross-sections, on which (naturally, if they are 
closed) v=0 and Ajde =. 

The effect is possible in the first approximation 
with respect to (wH/e yi/ f only in a magnetic field 
parallel to the surface of the film, if the Fermi 
surface has non-central sections. Then, since Ex 
and Ez do not depend on y, 


Eu) E (Da): Uae 0230, Uy = —|c/eH | dp,/dt; 
Aj® = aj? =o; am 


d\n = OAM? 
dey OH 


= BE wel 


where Ey (y) is determined from the condition 

jy (y)=0. It is easy to see that in the case of the 
bulk metal, only Ao@? is different from zero in 
the approximation under consideration. Thus prac- 
tically the only case for which there are, generally 
speaking, “large” quantum oscillations is that of 
high frequencies. The oscillations of the static 
conductivity in films apparently do not exceed the 
oscillations in the bulk metal, in spite of the pres- 
ence of a substantial anisotropy of the current den- 
sity. — 

In order to determine a non-vanishing Ao in 
films it is necessary to solve the very difficult 
problem of finding the energy spectrum of the elec- 
trons in the film for diffuse reflection of electrons 
from the boundary. 


CONCLUSIONS 


1. Quantum oscillations of the high frequency 
conductivity are predicted, whose relative ampli- 
tudes (the amplitudes as compared with the clas- 
sical quantities) are, generally speaking, €)/yH 
> 1 times larger than the relative amplitudes of 
the quantum oscillations of the static conductivity. 

2. The amplitudes of the quantum oscillations 
of dR/dH, dX/dH exceed the classical values of 
dR/dH, dX/dH by a factor of (€)/uH)'/?2 aie 

3. In a magnetic field aligned parallel to the 
surface (1/2 — ® K deff /l), the periods of the 
quantum oscillations are determined by all the 
extreme cross-sections pz = pet of the Fermi 
surface €(P) = €9; 


ext , 


A (1/1) =e|A/cS(éo, Pz Np 


in an inclined magnetic field (1/2 — © > degf/r), 
they are determined only by the central sections 
Pz =0, €(P) =€. | 

4. The tensor of the surface impedance is ex- 
pressed in Eqs. (2.16) in terms of the tensor aap 
= ae f + Aan where 


cl 


aap => 
8 a non 
e2 a d 
a ne 9 ee. (e Ox Beir/l) 
1 — exp (— 2niw/Q — (2n/Q) 45) 


K de; (F— OS dulr) 
Q = 2n/T = In| e| H/c(dS/3e), 


where all quantities are taken at vy = 0; n= v/V; 

gy is the angle read along the curve €(P) = € 9, 

Vi 0s els the Gaussian curvature of the Fermi 

surface; S is the area of the cross-section € (Dp) 

=€ 9, Pz =const; and t,(p) is the free-path time, 
which can always be introduced for the anomalous 

skin effect, and 


16 e 
Aah = Di TL 


2 alg (& S\2 0AM? 
pee Aas 


a OH 


Ss 
E=€0, Pz = Pz, ve=0 


ae a (x/2 — DO <doy/L), 
Pe | 20 (aj = Dees ean), 


5. A determination of the periods of the oscilla- 
tions (both classical and quantum-mechanical) of 
the surface impedance with a magnetic field makes 
it possible to find Sex; (from the quantum peri- 
ods) and (8S/0€)ox4 (from the resonant frequen- 
cies of the cyclotron resonance). Knowledge of 
these quantities for different directions of the mag- 
netic field makes it theoretically possible to con- 
struct completely the form of the Fermi surface 
and to find the velocities of the electrons on it. A 
study of Zqg(H) in a monocrystalline film per- 
mits one, first, to determine S,,4 and (9S/9€ )ex¢ 
without a complicated harmonic analysis, and sec- 
ond, to plot the Fermi surface and the velocities 
of the electrons on it directly. 

I am grateful to I. M. Lifshitz and L. D. Landau 
for valuable discussions. 

Note added in proof (April 5, 1958). We add 
two more comments. 

1. A substantial increase in the amplitude of 
the quantum oscillations occurs at very low fre- 
quencies, corresponding to the normal skin effect 
(r > 8) 


Aji" (t) = AodvE,, (t) — a;,0E,/0t; 


808 Vig etre 
8re? dinS 2 
a i = ey = 2( de 
ene = ) 
dAM? 
x or}? ioe v; (4) \ en dty 0; (4) \ Up Ate E=e ? 


0 i) Pz—Pz 

where Act? is the quantum correction to the 
static conductivity, found in Ref. 9, and a is the 
positive solution of Det |oj,.- a6j,|=0. For r 
> 6 the ratio of the second term to the first is 
of the order of (€)/pH)(r/6)?. 

2. In an inclined field, for (r/6) (uH/eq)¥? < 
te *('075)} (uH/€,) 7, cyclotron resonance occurs 
in the amplitude of the quantum oscillations. This 
make is possible to measure, on one sample of a 
metal, the cyclotron frequencies [and consequently 
also (9S/9€)ex¢] for all directions of H. An in- 
vestigation of a monocrystalline film makes it pos- 
sible to determine all the (8S/de)oxt one after 
the other without additional harmonic analysis. 
Thus by determining Zj,(H) one can, in principle, 
construct from experiments with one sample the 
form of the Fermi surface (from the periods of 
the quantum oscillations) and determine the ve- 
locities of the electrons on it (from the cyclotron 
frequencies ). 
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Inelastic scattering of deuterons on Mg’4and C! nuclei is considered on the basis of the gen- 
eralized nuclear model. The Mg*nucleus is considered to be deformed, and the C!2 nucleus 
to be spherical. Assuming that the rotational level is excited in the Mg?4 nucleus upon colli- 
sion with deuterons, and that a single phonon is excited in the C!*nucleus, the angular distri- 
butions of the scattered deuterons have been computed with account of the Coulomb interac- 
tion. The results are compared with experimental data. 


2 Haffner! has carried out an experimental inves- 
tigation of the angular distribution of inelastically 
scattered deuterons on some light nuclei. He com- 
pared the resultant distributions with the theoreti- 
cal values.?3 

Huby and Newns* considered only the nuclear 
interaction between deuterons and the target nu- 
cleus; calculation of the angular distribution was 
carried out in a fashion similar to the calculation 
of the distribution of (dp) reactions in Ref. 4. 

In the work of Mullin and Guth? on obtaining the 
angular distribution, only the electric interaction 
of the deuteron with the nucleus was taken into ac- 
count. Comparison with experimental data, made 
by Haffner, shows that the theoretical computation 
of the angular distribution, taking into account only 
the nuclear interaction, gives a satisfactory agree- 
ment at large scattering angles, while the compu- 
tation taking into account only the electric inter- 
action, leads to satisfactory agreement for small 
scattering angles. 

It is therefore of interest to consider the simul- 
taneous effect of both interactions, with a view to 
obtaining better agreement of theory with experi- 
ment in all regions of angles. In the researches 
mentioned above, the wave function of the nucleus 
is considered unknown. As a consequence, within 
the framework of these researches, it is not pos- 
sible to clarify the relative role of each of these 
two interactions. 

Clearly, consideration of both interactions is 
possible only of the basis of a definite nuclear 
model, which allows us to establish excitation 
mechanism. As Rakavy has shown,” we can con-. 
sider the lighter nuclei, with mass number 18 to 
28, on the basis of a generalized nuclear model, 
in which the coupling of the subshell particles 
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with the surface shell of O'* is strong. This 
means that one must consider these nuclei to be 
strongly deformed. Therefore, they must possess 
rotational levels, among which the levels of the 
even-even nuclei are known to possess the sim- 
plest property. 

In the present research, we consider the ine- 
lastic scattering of deuterons on certain even-even 
nuclei on the basis of the generalized model of the 
nucleus. 

We assume that in the collision of the deuteron 
with the nucleus, only collective degrees of free- 
dom are excited as a consequence. In this situa- 
tion, two cases are possible: (1) rotational and 
vibrational levels are excited, and (2) the excita- 
tion of the nucleus bears a phonon character. Ex- 
istence of the first or second case depends on 
whether the original nucleus is deformed or not. 

2. If we assume that the nucleon in the free 
state interacts with the surface of the nucleus in 
the same way as in the bound state, we can write 
for the interaction energy of the deuteron with the 
nucleus (in the case in which the initial state of 
the nucleus is deformed* ) 


H =+V,R,B (rp — Ro) D) HY 2y (Sos Gp) 


VRS Ca Fn Ro) 3 GY ay (Sn ©n) + y’ + V (r), (1) 


in the case in which the nucleus is initially unde- 
formed, 


*The presence of two signs in Eqs. (1) and (2) takes into 
account the possibility that the interaction of the free nucleon 
with the surface vibrations of the nucleus can have both an 
attractive and a repulsive character. 


810 Vic Te 
H= VRS (to Ra) Dy eu Vac O@p> 0) 


p 


+ VoR¢B (tn — Ro) Dy e.Y ou (Sm On) +V'+V(N), (2) 
p 

where Vp, is the depth of the potential well, Ro 

is the equilibrium nuclear radius, (Trp, %p, Pp) 
and (rn, Yn, Pn) are the coordinates of the com- 
ponents of the deuteron (the proton and the neu- 
tron), while the same coordinates, marked with 
primes in Eq. (1), denote the fact that they refer 

to a system of coordinates connected to the prin- 
cipal axes of the deformed nucleus. The quantities 


= 6.5 = os siny, Qj = 0:c0S:7 (a, 0_ a 0) 
denote the parameters which determine the shape 
of the deformed nucleus possessing rotational and 
vibrational levels. The parameters a, must be 
regarded as the creation operators of the phonons. 
V’ is the operator of electric interaction of the 
proton with the nucleus, which is equal to® 

\" = 0) {OL To 05 
Z 


V' = >) e/|\rp —Ra| 


k=1 


LOLA Th. 


(3) 


where Ry, are the radius vectors of the protons 
of the target nucleus, V(r) is the radially sym- 
metric part of the nuclear potential. 

We expand the potential V’ in multipoles: 


=D Vi (4) 


where 
Z, 
a2 rel Pi [cos (tp, Rx)] 


Z 
e An 
= THE pi LYin(® p» Pp ay RiY im (Shs 2h): 


We make use of the well-known relations be- 
tween the parameters of collective motion in the 


nucleus nnd the variables of the individual particles® 


A 
an 
Lim = 3A > 
k=1 


Ga) Yn toi 


If we assume that the neutrons and protons produce 
identical deformation of the nucleus, then we can 
write: 


, 3Ze* 
Vass ra as) i ES cine (%p, Qp). 


(5) 
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In the nuclear interaction of nucleon (1) with (2), 
consideration is generally limited to surface de- 
formations of second order. Therefore, in the 
electric interaction (5) also, one should limit one- 
self to the parameter Qym = Qy. Taking this 
into account and transforming to the coordinates 
connected with the deformed nucleus, we shall ob- 
tain 


; 3Ze2R? 
ice 53 2D) % Vou (Sp, 9p) 
p ze 
__ 3Ze?Ro 


(6) 


at 2 OY a ( p» @p)s 


where 


a, = 3} a,Diiv (92), 
while Dj is the transformation matrix of the 
spherical harmonics Yj, and #j = (4, v2, 33) 
are the Eulerian angles. 

Since the ground state of even-even nuclei is 
the state 0+, while the interaction operators (1), 
(2), and (6) give transitions only with a change in 
moment by two units, then, after the process, the 
nucleus is in the state 2° which is the first excited 
level of even-even nuclei. 

3. The matrix element of the process under con- 
sideration, corresponding to the interaction oper- 
ators (1) and (6), has the form 


AM 


SOD! (terete) 0.  = 


x exp {i S (tp + rn) ® (| tp —rp|) b; (x) drpdrpdx 


1 
Hy = gare {Vole (— HE tr) 


Ro) a Voy (p, Op) 
a \ exp \— = (fp + rn) 

x D* (/ tp — ral) by (x) 8 (rn — Ro) @Y ay (Say On) 
k 

Z (p+ te)} O(|tp— tal) $e (x) drpdradx| 


XxX exp \i 


3Ze2R2 


5 *\ exp {— 


x B*(| rp —a |) by (x) GY oy (Bp, 9p) 


eK 
i> (tp + tf 


x exp {i 2 ty + tad} ® (tp — tal) Hel) Bdrade — (7) 


ts 


In the case of interaction operators (2) and (6), we 
have for the matrix element of the transition 
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Aig= Bayes Ole 1) 


x {EVORy |fexp{— 1 (ey + 10)} ®* ([rp — ral 
x6 (rp— Ro) You (Bp, Op) 


x exp i + rs rn)} ® (\r,p—ral) drpdtn 


. Hh et * 
+ \exp {= (a+ ta)}o (tp —fn)) 
x 0 (rp— Ro) aon (Pn, Qn) 


ws \ 
exp f x (tp + Tn) c0) (\tp ta) dtp ra| 


3Ze2R? 
ah seave : \exp = 


d eek dr 
x® (| Po—Trl) Yon (Fp, 2p)exP|i > (och ra) —3 4 r| nD) 
Dp 


Ke 
i(tp+r»)| 


where @(r)=Va/2nr e %"/r is the wave function 
of the interior state of the deuteron, k and k’ are 
the wave vectors of the center of mass of the deu- 

teron before and after scattering, yps(x) and 

yj (x) are the wave functions of the deformed nu- 


cleus in the excited and ground states, respectively. 


These functions have the form 


1 
ayn RE ey) 

1 
eB ae 


Yoo(; %) Pn ny (B, y), (9) 


where I is the spin of the nucleus in the excited 
state, M is its projection on a fixed axis, and 9 
is the wave function of the vibrational state of the 
surface of the nucleus. 

The quantity (O|a,,|1) in Eq. (8) represents the 
matrix element of the creation of a single phonon. 
It is equal to® 

(0 | a. | 1) =V/ha/2C, (10) 
where C is a coefficient characterizing the de- 
formability of the nucleus, fiw is the energy of 
the phonon. 

Expanding the plane waves in (8) in the form of 
spherical waves in the fixed system, and in (7) in 
a system connected with the principal axes of de- 
formation of the nucleus, we get for the matrix 
elements (after integration ): 


AV R3V 5x faa |b 2G 
yy =— oe aA ied 
: Vo (rh)! ] Ne [ g tan Pe 
0.3Ze? Jy a) 
K 11 
(qRo) + vaulters (11) 
and 
‘& 4V, Ro 8 Sr Le nv! q 
t= Pear Lg tam ael[ too Ro) 
0,3Ze2 Ji (qr eo 
Ry Te ’] 3 ¥a,D5o (999) bdr, (12) 


where = and J, are the spherical Bessel func- 
tions, q = |k- zi Making use of the known ex- 
penis for Dee we have 


eps \ hja,Deopidt = (ngty |am| n,n) Bo/V5. (13) 


If we consider the case in which only rotational 
levels are excited in the deformed nucleus, then we 
must set ng=ng and ny=ny in Eq. (13). Fur- 
thermore, we must expect that the mean values of 
the parameters ay, will differ slightly from their 
equilibrium values. Therefore, for the sake of 
simplicity in our case, we can in Eq. (13) take B 
=B, and y=0,7, where £; is the equilibrium 
value of B. As aresult, we obtain 


A= +8,3n8m0/V 5, (14) 


since a,=a_,=0 and ay=+8 here. 

4. For the differential cross section of the 
process under study, we get (for the case in which 
the initial nucleus is assumed to be deformed): 


do _ 204? (VoR 2) yi+s Q ae ed Na 
(=) ade PSE elie “ai 


x| te (@R,) + Sore herp, 


qT 9 


(15) 


in the case in which the deformation of the initial 
nucleus is neglected, 


tal ~~ a (aa) (16) 


41 


where p is the reduced mass of the system, and 
Ey is the energy of the incident deuteron. The sign 
+ in front of J, is determined by the sign in the 
expression for the interaction (1) and (2). 

5. We compare these theoretical distributions 
with the experimental data for the Mg’ and Cc” 
nuclei. We first consider the Mg** nucleus. In 
accord with Ref. 5, this nucleus must be regarded 
as deformed. Since its energy of creation is com- 
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paratively small (1.37 Mev), it is natural to as- 
sume that in collisions with deuterons, only rota- 
tional states are excited in them. This allows us 
to apply Eq. (15) to the Mg’4 nucleus. Before car- 
cying out a comparison of the angular distribution 
with experimental data, we shall show in what fash- 
ion it is possible to find the values of the param- 


eters £;, Ro, rp, and Vy which enter into Kq. (15). 


In the expression for the energy of rotation of 
even-even nuclei,® 


Ep 2N I) Ws (17) 


where J = 3Bf} is the effective moment of inertia, 
I=2, while B= (%7)MAR} (M is the mass of 
the nucleon and A the mass number), we replace 
E] = E, by the experimentally observed value of 
the excitation energy 1.37 Mev. At the same time 
we find the connection between the parameters pf, 
and Ry. For a determination of each of these 
parameters separately, we must also have a sec- 
ond relation between them. As a second relation 
we can take the express which defines the quadru- 
pole moment of the nucleus® 


Qo = + (3/V 5x) ZRoB. (18) 


Making use of the experimental value of the 
quadrupole moment of the Mg’ nucleus (Qo = 
0.66 x 107*%4cm?), and taking it into account that 
Eq. (18) usually gives values approximately twice 
as great as the experimental, we can in a rough 
way determine Ry and £, from the two relations 
given above. As a result, we get Ry =4x107%cm 
and £, = 0.77. The value of the parameter ry 
can be estimated in the following way. Inasmuch 
as the choice of the electrical interaction in the 
form (3) denotes that it is essentially small in the 
region occupied by the nucleus, then it is natural 
to set ry ~Ry+6R, where 6R is the maximum 
change in the linear dimensions of the nucleus, 
produced by the deformations. According to Bohr 
and Mottelson,® it is equal to 


oR cs V 5/4z B81 Ro (19) 


in our case (y=0, 7). Asa result, we get rp = 
5.9x107'8cem for the parameter ry for the Mg”4 
nucleus. In so far as the depth V) of the potential 
well is concerned, we can determine it from the 
condition that the value of the principal maximum 
in the angular distribution is determined only by 
the nuclear interaction. If we employ this assump- 
tion and make use of the experimental value of the 
principal maximum, we obtain Vy = 1.84 Mev. It 
is easy to see that in our choice of the parameters, 
the electric interaction plays a role comparable 
with the nucleus interaction. 


MAMASAKHLISOV and T. I. 


KOPALEISHVILI 


Buy 
220 
L209 
<> 180 
5 160 
us 40 
Se, 
q a 
a % = 
aR 


40 
40 
2 

0 


OQ @ 0 BW 


100 deg 
FIG. 1 


The angular distribution obtained on the basis 
of Eq. (15) is shown in Fig. 1, where Curve 2 cor- 
responds to the minus sign in (15) and Curve 1 to 
the plus sign. The rapid fall-off of Curve 2 at 
small angles is caused by the electrical term in 
the interaction, while the principal maximum and 
the further development of the curve is due to the 
nuclear term. The principal maximum on Curve 2 
is displaced by about 10° relative to the position of 
the experimental maximum. 

Curve 2 possesses a minimum at small angles, 
while at this same value of the angle, the experi- 
mental curve also has a minimum; however, in 
contrast to the experimental case, the theoretical 
value of the minimum is zero. 

Better agreement with experiment is obtained 
when we take the plus sign in (15). In this case, 
the position of the principal maximum coincides 
with the one observed experimentally. Moreover, 
in agreement with experiment, the minimum of the 
theoretical curve does not lie on the axis, although 
it is displaced somewhat in the direction of smaller 
angles in comparison with the position of the ex- 
perimental minimum. 

We can apply Eq. (16) to the C!* nucleus which, 
before the reaction, is not deformed. Inasmuch as 
the excitation energy is comparatively small 
(4.43 Mev), we consider that a single phonon ex- 
citation takes place in the collision with the deu- 
teron. For an estimate of the parameter C enter- 
ing into Eq. (16), we make use of the well-known 
formula® 


C = 4R3S — 3Z%e?/102Ro, (20) 


where the surface tension of the nucleus S is de- 
termined from the relation’ 


4nSR5 = 15.4A7Mev. (21) 


It should be noted that this way of determining the 
parameter C is very crude in its application to 
the C™ nucleus, since the formulas employed hold 
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for heavy nuclei. Inasmuch as the C! nucleus is 
not considered to be deformed, we have no relation 
between rp and Ro, in contrast to the Mg” case. 
Therefore we use the rough values Ry = 4 x 1078 
em and ry=6%107%cm. In sucha case, C = 
24.4 Mev. 

If we assume here too that the principal maxi- 
mum is connected with the nuclear interaetion, we 


obtain Vy) = 5.41 Mev. For the values of the param- 


eters that we have chosen, it is seen that the elec- 
trical interaction plays almost no role in the angu- 
lar distribution. The angular distribution obtained 
on the basis of Eq. (16) is shown by the solid curve 
in Fig. 2. As we see, the theoretical curve does 
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not have a minimum and disagrees, in many re- 
spects, with the experimental data. It agrees with 
experiment only in relation to the presence of the 
principal maximum. 

It is possible that this nonconformity is pro- 
duced by our incorrect assumption that, in the 
process considered by us, a single phonon excita- 
tion arises in the C” nucleus. Nor is it excluded 
that, in such light nuclei as C', the generalized 
model is generally non-applicable. 
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The theory of light waves in exciton-absorbing crystals, developed in Ref. 1 on the basis of 
a new relation between specific polarization and the electric field, is applied to cubic crys- 
tals. For each direction of propagation, the existence of three types of light waves is pre- 
dicted in these crystals. One of these types is similar to ordinary waves, whereas the 

other two are essentially anomalous. The frequency dependence of the refractive indices 

of the three types is considered. Fresnel’s formulas are generalized for light passing 
through the boundary between the crystal and a vacuum. New formulas are obtained for the 
coefficient of reflection from the crystal surface and for the transparency of a plane parallel 
plate. Methods are suggested for experimental testing of the theory and for obtaining a di- 
rect proof of the existence of second and third light in cubic crystals. 


Tae present article is an immediate continuation 
of Ref. 1, in which it was shown that in the region 
of exciton absorption of light the specific dipole 


moment of dielectric polarization and the electric 
field are related through a differential equation 
rather than by a simple linear algebraic expres- 
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sion. Therefore Maxwell’s equations are of a 
higher order and possess more than the customary 
number of solutions. Specifically it was shown in 
Ref. 1 that in a crystal there can exist several 
plane monochromatic waves of the same frequency, 
direction of propagation, and polarization but with 
different refractive indices (different velocities 
of propagation). This phenomenon differs from 
ordinary birefringence, where the waves of differ- 
ent refractive indices must be polarized at right 
angles to each other. 

The next step to be taken is the extension of all 
equations of theoretical crystal optics to the exci- 
ton absorption region and the prediction of new ef- 
fects which could be observed experimentally and 
thus provide a test of the theory. It is desirable 
to begin with cubic crystals in order to avoid the 
complication of these new effects by ordinary bire- 
fringence. We shall therefore apply here the the- 
ory of Ref. 1 to cubic crystals and predict several 
effects which are capable of experimental verifi- 
cation. 


1. REFRACTIVE INDICES OF LIGHT 


In Ref. 1 it was shown that when the solution of 
Maxwell’s equations is sought with the electric and 
magnetic fields proportional to exp {iw[n(s°r)/ 
c-t]} for any given w and s, three types of 
solution are possible in a cubic crystal: 


E =E_exp {io |" (sr) —t |}, E18: (2) 
| 


E =E exp {io [% (ser) —-¢ \, E, || s. (3) 


Cc 


The following expressions are obtained for the 
refractive indices: 


ne =Y(utas+V1/,(u—9)? +, (4) 
n= B’, (9) 


with 


= (2Mc*/he) (1 —Go/ha), p'= (1—¢2.), (6) 


where c is the velocity of light in a vacuum, and 
M and M’ are the effective mass of an exciton 
for transverse and longitudinal polarization, re- 
spectively, which can be determined if the expan- 
sion of the energy of the exciton state in powers 
of the wave vector k has the form 
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Elk) = E+ WIM +--+ 6'W=éo+ Fe +; (7) 


The energy of an unexcited crystal is taken as the 
zero level. Using the notation wW ) =6)/h and keep- 
ing in mind that only frequencies w near wy will 
be of importance, we can rewrite (6) as 


_ 2Mc? Oo\ 2. Zico OR Oona 2M’c? w—o'y 'g 
Paes (- eh hoy a he’) @o’ (8) 
Furthermore 

b = 8r&#Mc?a/h?o? = 8xMc?a/h2o, (9) 


where a is a constant whose significance for the 
general case is given in Ref. 1. When we are con- 
cerned with the Frenkel type of exciton,” and when 
it is possible in zero approximation to write the 
wave function of the crystal as the product of the 
wave functions for the individual unit cells, a can 
be related to the oscillator strength f for the op- 
tical transition of a single cell by the equation 


a= (e?h/2m) Nf, (10) 


where N is the number of cells in unit volume of 
the crystal and m is the mass of a free electron. 
From (9) and (10) by introducing the familiar con- 
stants a) = fi/me*=0.529A and I =e*/a) = 271 
ev, we finally obtain 


— 4nMc? (1/6)? 
To Go  (d/ao)* I 


(11) 


where d is the lattice constant. 

In (4) “3” is the contribution to the dielectric 
constant from virtual transitions to all excited 
states except the exciton state under consideration. 
If the other absorption bands are sufficiently dis- 
tant from the band that is of interest here, “3” can 
be regarded as independent of the frequency. 

In solutions such as Eqs. (1) and (2), the mag- 
netic field H can be expressed in terms of the 
electric field E by the equation H,=n [s x Ex] 
of ordinary crystal optics. The electric induction 
is given by D, =niE,. In solutions such as (3) 
we have H, =D, =0. 

The dispersion curves that correspond to (4) 
are represented by solid lines in Figs. 1 and 2, 
which depict the following numerical example: 

©y=2ev, d/ay=10, 9=2, f£=0.1. Fig. 1 cor- 
responds to the case of M=m, for which we ob- 
tain b = 58400. Fig. 2 corresponds to the same 
M and b as in Fig. 1, but negative. 

All previous attempts to construct a theory of 
light dispersion in crystals have tacitly assumed 
the inviolacy of Maxwell’s phenomenological “ma- 
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terial” equations. We believe that this has led to 
incorrect results. Most of these attempts have 
resulted in a dispersion formula of the form (for 
electronic dispersion near an isolated narrow ab- 
sorption band ) 
4rce2N f 


n=3— Ae) 


2 
m (@? — ap) 


For brevity we shall call this the ordinary dis- 
persion formula, which is represented by a dashed 
line in Figs. 1 and 2. It will be shown subsequently 
that this formula is applicable only when light ex- 
citation is strongly associated with a lattice site 
(for large effective exciton mass), in which case 
the crystal can be regarded as a compressed gas. 
As w moves away from wy in either direction, 
we have the inequality 4b/y2 «<1, which in Eq. (4) 


2ne2N f b 
=3—-. 
0, (@ — &) m 


(12) 


enables us to expand the radical in powers of b/p?. 
The following asymptotic expressions result: 


for p>0 nh zwutoju, ni ~o— dip, 


for »<0 ninut oj, ni~o—dju. (13) 
It is thus seen that when the subscript of ne agrees 
with the sign of yp, in approaches yw asymptotically. 
When the subscript of ne is the opposite of the 
sign of p, ne can be expressed asymptotically by 
Eq. (12). This can be seen in Figs. 1 and 2, where 
the solid curve approaches the dashed curve asym- 
ptotically. The difference between the new and the 
ordinary dispersion formula is more pronounced 
on steep portions of the dispersion curve than on 
shallow portions. Unlike ordinary dispersion 
curves the new curves have an inclined rather than 
a vertical straight asymptote. Therefore for all 
Ww, ny, n2, and n’, remain finite, whereas by Eq. 
(12) n? becomes infinite for w = w). In the ordi- 
nary formula a single value of n? corresponds to 
each frequency; in the new formula there are three 
such values of n2. If the atomic separation is con- 
tinuously enlarged, thus increasing the lattice con- 
stant, we make the transition to a gas; this signi- 
fies an unlimited increase of the effective exciton 
mass M. Then, as is seen from Eq. (8), the in- 
clined asymptote (the straight line y) in the fig- 
ures becomes vertical and the new dispersion curve 
goes over into the ordinary curve, as expected. 

In Figs. 1 and 2 only real values of n? are rep- 
resented. When n?> 0 the solution is an ordinary 
unattenuated monochromatic light wave. When n? 
<0, n is purely imaginary. This denotes that the 
electric and magnetic fields are gradually attenu- 
ated from the crystal surface inwards and cannot 
appreciably penetrate the crystal; in this case there 
is zero energy flow into the crystal because of the 
phase difference 1/2 between the electric and 
magnetic fields. Only for M<0, since b<0 
for w near Wp, the quantity under the radical in 
(4) becomes negative and a becomes complex 
(this is not shown in Fig. 2). In this region —b > 
(up — 29)*/4 and 


7) ne 24 1" 
ner (14) 
We shall now show that when the ordinary dis- 
persion formula (12) is applied to crystals there 
is sometimes considerable disagreement with ex- 
periment. According to (12) there is a region of 
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negative values of n? beginning with w, in the 


violet direction. This region extends to the fre- 


quency w, which is determined from 
ee 
@ 3 Moy 8 NGo/SNe (15) 


Assuming f= 0.1 and assuming the same values 
of the other parameters that were used in plotting 
the curves of Figs.1 and 2, we obtain (w,— W)/w 
= 0.058. When, for example, wy) = 16200 em”}, 
the width of the negative n? region is given by 
Wy — Wo = 940 cm! (assuming that there are no 
other strong bands on the violet side of the given 
absorption band). In this entire region the crystal 
would have to exhibit total reflection. This con- 
flicts with experiment, since the widely used trans- 
illumination method of photographing crystal ab- 
sorption spectra at low temperatures indicates that 
for the given oscillator strength the opaque region 
of a crystal plate is sometimes only 10 to 20 em}, 
This difficulty does not arise in the proposed 
new theory of dispersion. Figure 1 shows that n2 
is negative as far as the same frequency w,, but 
that there is a second wave whose refractive index 
n, is everywhere real. This wave passes freely 
through the crystal plate and generates an ordinary 
wave in the vacuum with exactly the same frequency 
as the original light. For a strictly quantitative de- 
termination of transparency under the new theory, 
Fresnel’s equations must be extended to the case 
of the three waves appearing in a crystal. 


2. FRESNEL EQUATIONS FOR THE VACUUM- 
TO-CRYSTAL BOUNDARY 


Let the plane z=0 be the crystal surface; the 
crystal is located in the half-space z>0 while 
the half-space z<0 is avacuum. Let the ampli- 
tudes of the electric fields of the waves, — the in- 
cident wave in the vacuum, the reflected wave in 
the vacuum and the three transmitted waves in the 
crystal, be denoted by A, R, E,, E_, and E,, re- 
spectively. The electric fields of the incident and 
reflected waves are given by 


E = Aexp {io [= (sr) — t|\, 


E = Rexp {io [= Gr)—e], (16) 
and for the three transmitted waves they are given 
by Eqs. (1), (2), and (3). We denote the unit vec- 
tors of the normals to the wave fronts by s, 8, 8,, 
8_, and sj, respectively. We assume that y = 0 
is the plane of incidence. The incident wave forms 
the angle y withthe z axis, while the transmitted 
waves form the angles 74, ~_, and ~y,, as shown 
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FIG. 3 


in Fig. 3. Projections of the field amplitudes on 
the y axis will be denoted by the subscript s. 
The y axis in Fig. 3 is into the plane of the paper. 
Projections of the amplitudes on the plane of inci- 
dence will be denoted by the subscript p, with 
their positive direction indicated by the arrows in 
Fig. 3. The amplitude of the longitudinal wave will 
be considered positive in the direction of propaga- 
tion of this wave. 

As usual, the unit vectors of the normals and 
the amplitudes of all waves except the incident 
wave are determined from the continuity of the 
tangential projections of the electric and magnetic 
fields on the plane z=0. For this purpose it is 
required, first of all, that in the plane z=0 there 
be agreement of the phases (the exponential indi- 
ces) of all five waves for all values of x, y and 
t. This leads to the relations 

Sy = Sy SN Se = NS 27 = Siz, (17) 


Sy = Sy = N,Sty = N_S_y = MS\y=0, 


which express Snell’s law and the requirement 
that all five waves possess the same frequency. 
The continuity of Ex, Hy, and Hy is ex- 
pressed by the following equations for the ampli- 
tudes: 


(Ap — Rp) cos ® 


= Ex,cosp, + E_p,cosp_+ sing, (18) 

Ap + Rp = N,Eip +n En (19) 

As-+ Rs = Eis + E-s, (20) 

(As — Rs) cose =n, E+,cosp, + n_E_, cos b_ (21) 


The continuity of the normal projection of the elec- 
tric induction does not lead to new equations. 

It is also necessary to satisfy the boundary con- 
dition derived in Ref. 1 for the specific dipole mo- 


ment: in the plane z=0 we must have P,=0. In 


| our notation this condition becomes 


<) 
er 2 5 Ei = 0. (22) 


From the set of equations (18) to (21) and (22), the 
seven quantities Rg, Rp» Eys, Ep, E_s, E_p, 
and Ej, are expressed in terms of Ag and Ap 
as follows: 

s-components: 


Exs=usAs, Rs = (uy +u_—1) Ay, (23) 
cos cos v= —1 
He =2[lt nese —g(i tn, S*2\P, (24) 
eo 0 Sen 
u_= — qu,, q= 3 aa +, 
ny —u a— ne 
sin 9 = sin @ 
igh ? —_— —— 
ar AVES Te (25) 


E.p=VzAp, Rp =(0,n, + 0,n_—1) Ap, (26) 


_sin(¥-— 4) buy 
1 cos (b= $,)) 9 (rn —u) 


Ap, (27) 


cos}, _ sin}, sin (Y= — $4) 
Os, == 2 ite a2 Se 3 (rn, — #) cos p cos (b= —))) 
cos (p, —— U))) /cos bz i: 
—qt! = ¥ S 
q mea) lear +n) : (28) 
where 
eng tuepce Saab (29) 


-= ~4 vos Gti 


It can be shown that when M > 0, for example, as 


w changes toward the red from wy, the (+) wave 


acquires all the properties of the ordinary wave, 
while the amplitude of the anomalous (—) wave 
approaches zero (|q| becomes « 1). The formu- 
las given above then become the ordinary Fresnel 
equations with n, as the refractive index. Simi- 
larly, as w changes toward the violet from Wp, 
the (—) wave becomes the ordinary wave while 
the amplitude of the anomalous (+) wave ap- 
proaches zero (|q| becomes > 1). The above 
formulas then become the ordinary Fresnel equa- 
tions with n_ as the refractive index, and the (—) 
wave becomes the transmitted wave. 
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The coefficient of reflection from the crystal 
surface into the vacuum is 


for the s-component r, =| R, P| A, ? =|u,+u_—1/’, 
(30) 
for the p-component r, = | R,|?/| A,/? 
=|v,n,-+0_n_—1|?. 
In the special case of normal incidence 


n,— 1—q(n_—1)|2 


fe te ie) ate = gpeeedy ne (31) 


We shall now consider the passage of light 
through the boundary between the vacuum and the 
crystal with the incident wave striking the crystal 
surface from within. The longitudinal, (+), and 
(—) waves will be considered separately. As 
previously, Snell’s law applies to all cases; the 
product of the refractive index and the sine of the 
angle formed with the z axis is identical for all 
waves. 


a. For an Incident Longitudinal Wave. 


We retain all of the notation of Fig. 3 with the 
following necessary changes. In the half-space 
z<0 there now exists only one wave propagated 
away from the surface with amplitude R(A=0). 
In the half-space z>0 the negative -x quadrant 
contains an additional longitudinal wave whose di- 
rection forms the angle %, withthe z axis. The 
amplitude of the latter wave will be denoted by Aj. 
The boundary conditions for the s components of 
the amplitudes are derived directly from Eqs. 
(20) and (21) by inserting A, =0. We require in 
addition the s projection of the vector equation 
(22). The solution of these equations is obtained 
from (23) by inserting Ag =0. Thus E,g=E_, 
=R, = 0. 

For the p-components of the amplitudes we 
obtain the following equations which express the 
continuity of Ex and Hy: 


(A; + Ej)sindy + Exp cos, 
+ E_,cosp_ = — Rp, cos ¢, (32) 


ny E4p +nE—p = Rp. (33) 


In addition, the condition P;=0 on the crystal 
surface! leads to 


E so IB Un ‘ 
ae Se ete (Ay) Sindy Ol (34) 
Hees. Red 


E, sin Py ua sin p_ 


moe | moe 


++ (E; —Aj) cosh; =0. (35) 
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The solution of Eqs. (32) to (35) is 


Exp =W4A,,£, =O, Ay, Ro = (MO + n_w_) Ay, (36) * 
where 
ee eee co) 3 
ar F( +n) (0% —) + COs @ (37) 
Seay cos \ cos bz b sing, sin(vdy—$,) ” 
+ Dears + i A ne ql + at 
(Sts +-0,.) cos (b, —¥5)—a* (SS tng) cos; — 4.) + ae 
i in(p_— 
(Set my) —wpcos ty, ty) —(SHE +a) ok — woos, +o) — PEL 
__ \cos@ cos @ 2 Ses (38) 
WO, = cos fy ; cos p_ 5 Eran p sing, sin(v_—4,) 
( COs +n.) (my #) Beek : — +) = cos @ +n_) (eae wcos a a cos @ 
As explained in Ref. 1, the longitudinal wave is R, = Ays + E45 + Es, (41) 
the electric field of an exciton wave excited in the 
crystal. Equations (36) to (38) show that the longi- R, cos 9 = ny (Ay; — E45) costpy —n_E_scosp_. (42) 
tudinal (exciton) wave is only partly reflected ; 
from the crystal surface (|w,|? <1); the rest of The condition P;=0 inthe z=0 plane’ leads to 
its energy is expended for the generation of two 
electromagnetic waves directed into the crystal Ee AD 4 E_ 3 poet (43) 
[the (+) and (—) waves] and of an additional ae ne ee 
wave directed into the vacuum. In other words, 
excitons which reach the crystal surface emit The solution of Eqs. (39) to (43) is 
light. for s-components: 
For normal incidence wy =1 and w,=0. 
pines n, cos by + gn_cos b_— (1 — 9) cos © (44) ' 
b. For an Incident (+) Wave. +s ~ “ny cos by — qn_cos p_ + (1—q) cos © t*” 
This case differs from the preceding one only = 2gfs COS P+ ae (45) 


in that the longitudinal wave is replaced by an in- Te COS Wags SOS He al ae 


cident (+) wave of amplitude A,. The directions 
of all waves are shown in Fig. 4. The continuity 


ade 2 (1 — q) ny cos p , 
Rs = ny, cos by — gn_ cos b_ = = 9) cos @ Pe Neat (46) 


2 for p-components: 


sin2y, | (tq = — gn_| 
(S** +n,)cos@, —4)— 


+2n, sin p_cos by, 
bsiny, sin(v_—,) ’ (47) 


2 (n®, — yw) cos @ « 


FIG. 4 


sin()_+,)—U et 
ee Ves a ae 


sin()_—@,) 


conditions for Ey, Hy, Ey, and H, become 


U cos(¥, —,)—sin 20 
— Ry cos ¢ = (E+p— Asp) cosh Bop Ging aa)e a 


+E _,cosd_ + E, si ' 
poe cen @) Rp = {2n, sin b_cos p, — qn_sin 2b, — U [n, cos (p, — $_) 


Rp = 1+ (Exp + App) + n_E_,, (40) —qn_cos (P, — 9,)]} A+p/sin ()_ — 4,). (50) 


. 
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c. For an Incident (-—) Wave. 


This is entirely analogous to case b with the 
Single difference that the (+) and (—) waves 
have exchanged roles. Therefore all equations 


_and solutions for this case are obtainable from 


_ 3. TRANSMISSION OF LIGHT THROUGH A PLANE- 


Eqs. 39 to 50 simply by interchanging the sub- 
scripts + and — and replacing q with 1/q. 


PARALLEL PLATE 


We take the planes z=0 and z=1 as the sur- 
faces of the plate. We limit ourselves to a consid- 
eration of normal incidence, where the incident 
and all secondary waves propagate parallel to the 
z axis. Then Eqs. 27 and 47 show that longitudi- 
nal waves do not arise in the crystal, but that there 
are four transverse waves, whose electric fields 
will be denoted as follows: 


i(k4z—ot) i(k_z—at) 
Evert wbié ; 


’ i(—kiz—wt) 
Even 3 


Bese» (51) 


where 


Re 00 | C 


The electric fields of the incident wave, the 
wave reflected into the region z< 0, and the wave 
transmitted into the region z>J will be denoted 
respectively by 


Aei2—8) Reset Dea) 
? ? 


(kp =/c). (52) 


Continuity of the tangential electric and magnetic 
components on the surface z= 0 furnishes the 
equations 

A+R=E, + E2+E,+E., (53) 
Ae Rees (Ey Bi) nn (E= — ES): (54) 


The analogous condition on the surface z=/ gives 


Ee He ued af Ee! as Reon =: = Dei™, (55) 
ny (E,e* ars Ee" i) 
2 n.. (E_e*- pe Boe 1) = Dei"! (56) 


The condition P,;=0 onthe surfaces z=0 ana 
z=l gives, respectively, 
E_+E_=—q(E,+Es), (57) 


Be epee a g (E,e* =e E eee. (58) 


Equations 53 to 58 can be used to express the 
secondary wave amplitudes E,, E_, E4,, E/, R, 
and D in terms of the incident wave amplitude A. 
From (53), (55), (57), and (58) we obtain 


E tg (A+ R) e~ FR+! __ pgiltol 


eer) (1 —q)sin k,l +4 
Pe AR De 
Sb ame (4 — 1/q) sin k_L é 
mare Eee R) eft! _ peihel 
eae | (1 —q) sin k,l : 
Dg L(A Rye Dee 
ge) (1 —1/q) sin R_1 (59) 
Substitution of (59) into (54) and (56) gives 
2iGe— the! ; 4+ F2—G? 
De (4 + iF)?+G?°>” tS (1 + iF)? + G A, (60) 
where 
n n_ f 
F= ee cotk,/ +. To 19 Cott; 
G=n,/(1—4q)sink,l+n_/(1—1/q)sinkl. (61) 


Thus far it has been assumed that yw and 93 
are real. Then n,, n_, and ng for M<0O are 
either purely real or purely imaginary. This de- 
notes complete absence of light absorption in the 
plate. For M<00, in the frequency region to 
which Eq. 14 is applicable, n,; and n_ are com- 
plex conjugates. It can be shown that in this case 
no light will be absorbed in the plate. It must be 
emphasized that in virtue of the assumption that 
the lifetime of the exciton state is determined only 
by interaction with the electromagnetic field 
(emission), there can be no exciton absorption of 
light for any magnitude of the unit-cell oscillator 
strength f. This becomes obvious from consider - 
ation of the stationary state in which an electro- 
magnetic wave entering the crystal for an infinitely’ 
long period does not raise the average quantum - 
mechanical energy level of the crystal. Therefore 
all of the admitted light energy must be re-emitted 
by the crystal plate. Unlike a gas, however, the 
crystal will emit radiation only parallel to the z 
axis. Radiation in the positive z direction is 
called a transmitted wave, while radiation in the 
negative z direction is called a reflected wave. 
The sum of the transmitted and reflected intensi- 
ties equals the incident intensity. 

Exciton absorption of light in a crystal occurs 
when the system makes transitions from exciton 
states produced by light to any state other than 
the original state. When these transitions are 


820 Saye 


accompanied by emission, Roman scattering of 
the primary light occurs. When these transitions 
are performed thermally, with the excitation of 
thermal vibrations, ordinary light absorption oc- 
curs. It is thus clear that a theoretical study of 
light absorption must take into account the finite 
exciton lifetime which results from all possible 
transitions except a transition to the original state 
of the system. The finite exciton lifetime can be 
taken into account formally by a small imaginary 
correction to the exciton energy 6(k) in Ref. 1. 
A corresponding imaginary correction appears in 
p. All of the equations derived above remain in 
effect and will describe the case of an absorbing 
crystal since n,, n., and n, now have new com- 
plex values. 

A special article will be devoted to exciton ab- 
sorption of light. We shall here confine ourselves 
to negligibly small absorption, which occurs when 
n, and n_ are real or pure imaginary quantities 
(not necessarily both simultaneously ) and also 
when n_=n*. In such cases Eq. 61 shows that F 
and G are real. The transmission coefficient 6 
and the reflection coefficient p are 


oe ae 4G? 
TAP  (+F2— G2 4G?’ 

_ IRP_ G+F—G) _ 

ar | A |? 3 (1 + F2=G2)2-E 4G? * (62) 


Hence we obtain 6 + p=1, which proves the ab- 
sence of light absorption. 

Interference transmission maxima, when 6 =1 
and p=0, occur at frequencies determined by 
the condition 1+ F* - G?=0. Transmission min- 
ima, when 6=0 and p=1, occur at frequencies 
determined by G=0. 

Equations 57 and 58 show that for q— 0 both 
{—) waves disappear in the crystal, and that for 
lq] ~ © both (+) waves disappear. In both in- 
stances Eqs. 53 to 58 are the same as in ordinary 
crystal optics. Therefore when in Eqs. 59 to 62 
we make the formal transition to the limit q — 0 
or |q| +, we obtain the equations of ordinary 
crystal optics. Equations 60 and 62 then remain 
unchanged but Eq. 61 is replaced by 


Fo=neotkl, Go=n/sinkl, k=on/c. 


(63) 


We now turn to the question of crystal transpar- 
encey in the frequency region wy) — w;, where ac- 
cording to the ordinary dispersion equation (12) n 
is pure imaginary. From (63) we now obtain Go = 
|n|/sinh |k| 2. Consequently, G) decreases expo- 
nentially with 1, and when the thickness of the 
plate is considerably greater than the wavelength 


PEKAR 


we have practically Gj) ¥ 0 and 6* 0. This rep- 


resents total reflection in the entire interval from | 
Wy to w ,, which, as noted in Sec. 1, conflicts with | 


experiment. The aforementioned difficulty of or- 


dinary crystal optics does not arise in the proposed 


theory, where G is expressed by (61). Here we 
obtain G*0 only when M < 0 in the frequency 


region where both n, and n_ are pure imaginary 


(Fig. 2). When M>0, owing to the presence of 
second light with a real refractive index n,, the 


first term in the expression for G is large. There- 
fore G0 and 60. Thus the plate can be trans- 


parent in the frequency interval wy — 4. 


4. POSSIBLE EXPERIMENTAL TESTS OF THE 
PROPOSED THEORY 


In selecting crystals and absorption bands for 
testing of the theory it must be borne in mind that 
these must be exciton absorption bands with the 
term “exciton” understood according to the defini- 
tion at the beginning of Ref. 1. Extremely low 
temperatures are preferable because the theory 
has been developed, strictly speaking, for absolute 
zero. Although the theory can be applied to very 
low temperatures above zero, suitable criteria 
have not been established. The absorption bands 
must not be adjacent to other strong bands. It is 
desirable to begin with cubic crystals, in which 
the effects under investigation are not complicated 
by birefringence. 

It is desirable to investigate the case of small 
effective exciton mass, where the straight asym- 
ptotes in Figs. 1 and 2 show greater inclination 
away from the vertical. In such cases second and 
third light possess appreciable amplitudes in a 
broader frequency range. Narrow absorption 
bands must be selected, which are usually associ- 
ated with photo-transitions that do not induce mul- 
tiple phonon production. Narrow bands are also 
more suitable because they permit more complete 
determination of the dispersion curves. 

In using previously published experimental re- 
sults we can trust the estimate of the elementary 
cell oscillator strength f based on the low-fre- 
quency tail of the dispersion curve, since the or- 
dinary dispersion equation (12) used for this pur- 
pose approaches Eq. 4 asymptotically. But the 
oscillator strength f cannot be evaluated from 


the “absorption curve area” by the ordinary theory, 


since the proposed theory includes an entirely dif- 
ferent equation. 

We shall now give a far from complete list of 
the experiments that could be performed to test 
the proposed theory. 
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_ 1. Determination of the cases of crystal trans- 
‘parency in a considerable portion of the frequency 
interval from W, to w, [see Eq. (15)]. 
_ 2. Plotting of dispersion curves such as those 
in Figs. 1 and 2, by means of experimental deter- 
‘mination of the refractive indices of all three 
‘waves. Some possible methods are: 
a. An interferometer is used to divide the orig- 
inal light beam into two beams; one of the beams 
: passes through a plate of the investigated crystal, 
after which it interferes with the other beam. Study 
of this interference enables us to determine the 
, change of amplitude and phase of the light wave as 
a result of passage through the plate, i.e., the com- 
plex quantity D/A (in the notation of Sec. 3). In 
the ordinary theory this determines the single re- 
fractive index but in the proposed theory the frac- 
tion in the first equation of (60) is determined, thus 
giving an equation with the three unknowns n,, n_ 
p. By performing the measurement for three thick- 
nesses of the plate, we obtain three equations to 
determine the three unknown quantities. 

It is also possible to make an interference study 
of the light reflected from the crystal plate, thus 
determining the fraction in the second equation of 
(60) and giving an equation for the determination 
of n,, n_, and yw. Thus two relations can be ob- 
tained with a plate of any given thickness. 

b. The refractive indices can be determined by 
sending light through a prism made of the given 
crystal. In Sec. 2 it was shown that a beam enter- 
ing the prism issplitintothree beams (see Fig. 3). 
The three beams emerge from the crystal prism 
at different angles with the primary beam which 
can be measured in the usual way to give all three 
refractive indices by means of Snell’s law. Detec- 
tion of the three beams emerging from a prism 
would be a direct proof of the existence of second 
and third light in a cubic crystal. 

Since the frequency of the light is in or near the 
absorption region, the prism must be a very thin 
and sharp wedge to insure sufficient transparency. 
It must be remembered that the refractive indices 
of second and third light can be very large, amount- 
ing to some tens or even hundreds. Therefore if 
these beams are to emerge from the prism instead 
of undergoing total internal reflection, their direc- 
tion within the prism must form a very small angle 
with the normal to the plane of emergence. After 
emergence, the beams should be sought at a large 
angle to the normal. 

When the primary beam is normal to the en- 
trance plane, no longitudinal wave arises in the 
prism. When the direction of a longitudinal wave 


( 


propagating in the prism is normal to the exit 
plane of the prism, it undergoes total internal re- 
flection and thus excites no electromagnetic wave 
in the vacuum. If the refractive index of any one 
of the three waves is imaginary, that wave will 
pass through the prism only if the thickness of the 
latter does not exceed the wavelength in order of 
magnitude. It is especially interesting to observe 
the frequency region in which |q| is of the order 
of unity, in which case the amplitude of second 
light is of the same order as that of ordinary light. 

As a control over any method of determining 
the refractive indices, the following relation, which 
is derived from (4), should be verified: 


ny +n —p=a, (64) 


where 9 should not depend on the frequency if 
there are no close-lying absorption bands. 

3. Interference investigation of a beam reflected 
from a semi-infinite crystal makes it possible to 
determine the changes of phase and amplitude upon 
reflection, i.e., the complex quantities Rg/Ag and 
Rp/Rp. By equating these quantities and their 
theoretical values as given by Eqs. (23) and (26), 
we obtain in each instance an equation relating n,, 
n_, and yp. When the measurement is performed 
three times at different angles of incidence, or with 
different polarizations, we obtain three equations 
for n,, n_, and yp, from which the refractive in- 
dices can be determined. When the coefficient b 
is unknown, it is best to confine the investigation 
to s-polarization, since Eqs. (23) and (24) do not 
contain b. 

4. When any one of the aforementioned methods 
is used to determine n,, n_, and yp, the value of 
p can be used in (8) to caiculate the effective ex- 
citon mass M. Then b can be calculated from (4), 
using, for example, the value of n3. Substitution 
of the result into (4) for n2 serves as a check. 

5. By analogy with Brewster’s law in the ordi- 
nary theory, the proposed theory leads to an angle 
of incidence at which the p-component is com- 
pletely unreflected, so that the reflected beam is 
strictly polarized in the s-direction. Equation 
(26) shows that this occurs when vyn,+v_n_—- 1 
= 0. This equation can also be used to verify the 
theory after experimental determination of the re- 
fractive indices and angle of incidence at which 
total polarization of the reflected wave is observed. 

Exciton absorption of light will be considered 
in another article. 
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The relativistic equations of translational and rotational motion for spherically symmetrical 
rotating bodies, developed in a previous paper,} have been integrated. Some novel relativis- 
tic effects, due to the proper rotations of the bodies, appear and are discussed. 


1. INTRODUCTION 


In an article by one of the authors! the equations 

of translational and rotational motion for spheri- 
cally symmetrical rotating bodies were derived 
from Einstein’s gravitational equations. In the 
present paper we shall study the solutions of these 
equations. In view of the well-known difficulties 

in the general problem of celestial mechanics, we 
shall limit ourselves here to a study of the two- 
body problem. In their well-known paper,’ Thirring 
and Lense studied the relativistic effects of rotation 
as applied to the very simple (though important) 
case of a very light, non-rotating body moving in 
the field of a massive rotating body, by making use 
of the properties of geodesics. In our problem, 
however, both bodies are treated on an equal foot- 
ing — they may be of comparable mass, and each 
may rotate about its own axis. 

Let a! and bi, m, and m,, ik and mik 
be the coordinates, masses, and proper rotational 
moments of the two bodies, and let r be the dis- 
tance between them and y the Newtonian gravita- 
tional constant. In Ref. 1 the equations 


ee ym i 
at eS) wa FatDa (1.1) 


were derived for the translational motion, and 


Mi = Lik (1.2) 


for the proper rotation. (Analogous equations hold 
for body b). Here iD is the relativistic correc- 
tion to the Newtonian force when the rotation of the 
body is negleoted; it has been discussed by numer- 
ous authors.*»4»5 Des is the relativistic correction 
due to the rotation derived in Ref. 1 (cf. Eq. (5.6) 
of that paper). rhs is an abbreviation for the 
right-hand side of equation (6.2) of Ref. 1. We 
shall not repeat here the complicated expressions 
for F4, Di, and LiK, 

In the Newtonian approximation, Fi = Di = Lik 
= 0, and we obtain the familiar solution, with r = 


la —bl, 


1 4 
po Sap ll ecos.y), (1.3) 
Mis const, MiP =="COlSts (1.4) 
subject to the conservation laws 
M,=M,=0, M3=r?o = (ymp)': = const, (1.5) 
il m 
E=— oe = =const. (1.6) 


Here e is the eccentricity of the orbit, if we take 
e<1; p isa parameter, a is the major semi- 
axis of the relative orbit, v is the relative veloc- 
ity, and m= mg+ mp. 
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2. THE ROTATION OF A BODY ABOUT ITS OWN 
AXIS 


Let us consider the rotation of a body about its 
axis in the first non-Newtonian approximation. As 
in Ref. 1, we shall use the ys ond ah proper moments 


o, and 0} instead of Mik and Mik in this ap- 
proximation: MuS= M,6j,e%q- Substituting the 


fivst approximation values given in (1.3) to (1.5) 
into the right hand side of (1.2) (cf. Eq. (6.2) in 
Ref. 1), we obtain equations which are easily in- 
tegrable. Considering only the secular terms for 
body a, we have: 


ai ee hag Cae Sy 
og = 0,— hip (2g + my) 0% 
TEU Ions 2 3 
fe p|M] (+ ala — Sqdp + —- + e808) g, 


oy = oo =e one (2mq =e Mp) a0 


WG Le 8 rly Ae hy 
— | %aFa + Fal — —F Fa%) Fs 


3 YM 


x a 
eso + ae (+ anon = oho? + oe 5 9498) &, (257); 


where g is the angle of rotation from (1.3); analo- 
gous equations are also obtained for body b. Here 
and throughout the rest of this paper we use the 
following notation: corresponding quantities in the 
Newtonian and non-Newtonian approximations are 
denoted by the same letters, the higher approxima- 
tion being distinguished by a tilde over the letter. 
Thus, in Eq. (2.1) each o on the right-hand side 
(and also each m) is Newtonian (i.e., constant), 
while the G on the left hand side includes the rel- 
ativistic corrections. 

It is easy to see that the ratio of the terms 
which are bilinear in o to the linear correction 
terms is of the same order of magnitude as the 
ratio of the proper moment to the orbital moment, 
o/M; for all astronomical applications this is an 
extremely small fraction. Therefore we may neg- 
lect the bilinear terms and write (2.1) in the form 

6, = Sq it +, Sle es [n x 


mp 


Salo, (2.2) 
where n= M/|M| is a unit pseudovector normal 
to the plane of the Newtonian orbit; there is an 
analogous equation for Gp. From this it is evident 
that go, changes only when gy is inclined with 
respect to n. 

Forming the scalar product of (2.2) with Ga, 
and the product of the analogous equation for OD 
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with Bp, we obtain, to the corresponding degree 
of approximation, 


~~, 


2 


4 as 
3, =%,=const, 9% =9¢;= const, (2.3) 


i.e., the proper-moment vectors of the bodies re- 
main constant in magnitude. Note that if we take 
into account the linear terms of (2.1), this condition 
is violated: 


sym, 2 
a + 9%) % 


cio. 
a= Sat Zep mr] 208 (2a 


(2.4) 
so that in the general case there will be a certain, 
though slight secular variation in the absolute mag- 
nitude of the proper rotation of the body. 
Returning now to the approximation (2.2), it is 
evident from (2.2) and (2.3) that the moment ¢, 
( together with om) executes a pure precession 
about the axis n. If we denote by 7T the period of 
motion of the two bodies in their relative orbit 
(i.e., the time during which g changes by 27), 
we can obtain from (2.2) the value of the preces- 
sional period 


Te on Gly (2.5) 


Ce mp 


The quadratic terms in (2.1) would introduce a 
weak perturbation of this simple precession. 


3. ORBITAL ANGULAR MOMENTUM 


We now turn to a consideration of the effect of 
proper rotations of the bodies upon the orbital an- 
gular momentum as a constant of motion. Writing 
r= a-—b, we can obtain the orbital velocity mo- 
ment M=rxvf from (1.1): 


M = [r. x (Fa — F,)] + [r x (Dz —D,)]. (3.1) 


To integrate these equations we substitute into the 
right hand side (which is similar in form to Eq. 
(5.6) of Ref. 1) the values of the quantities in the 
first approximation, (1.3) to (1.5), whereupon the 
integration can be carried out directly. If we re- 
tain only the cyclic terms in the equations thus ob- 
tained, we have 


M = M— —— {(2ma — m5) [n x oa] 


ae 


++ (2mi — mia) [n x %]} 9 


a TMT {(n * Sq) [x og] + (n- Sp) [N x op] 


5 
— 2(n-+o,) [nx o,] —2(m> o) [nx og]} 9, (3.2) 
where all the symbols are the same as in (2.1) and 


(2.2). Here we have omitted the terms arising from 
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the non-rotational relativistic corrections to the 
forces Fg and Fp in (1.1) or (3. 1), since they do 
not lead to secular terms in M, in agreement with 
Robertson.® It is not difficult to verify that the 
total moment (Mamp/m)M would differ from the 
right hand side of (3.2) only by a constant factor, 
since the relativistic correction to the masses of 
the bodies contains no secular terms. 

Hence if the bodies have proper rotations, the 
orbital moment undergoes a secular deviation from 
its Newtonian value. 

From (3.2) it is evident that the secular pertur- 
bations of the orbital moment lie in the plane of the 
Newtonian orbit: n- (M — M) =0; and to the pres- 
ent degree of approximation, the absolute value of 
the moment does not change: 


M2 = M? = ymp = const. (3.3) 


Hence the perturbation consists of a secular wob- 

ble of the orbital moment vector, and consequently 
a secular deviation of the plane of the relativistic 

orbit from the Newtonian position. As can be seen 
from (3.2), the angle of inclination is of the order 

of 


ym [ol 
ep [M| * 


Ab ~ (3.4) 


where |g| is understood to represent the larger 
of the quantities |o,| and |o,|. The exact value 
of A@, and also the direction of the wobble, de- 
pend on the orientations of o, and oO} and on the 
mass ratioof m, to mp, as can be see from 
(3.2). The more accurate values of these quanti- 
ties are easy to obtain but extremely complicated. 
Note that, just as in the case of the proper mo- 
ments, the orbital moment undergoes no secular 
perturbations if both the proper moments @, and 
0, are normal to the orbital plane. 

In conclusion, we shall consider the special 
case where Mb K Mg, which has been studied 
previously. From (3.2) and (2. 2) without the bi- 
linear terms, we obtain 


= YM 


M) tee cp 


(n + [9, x ,])@ (3.5) 
If we assume, following Lense and Thirring,? that 
O = 0, we obtain G,-M-=0,-M, which together 
with (2. 3) and (3.3) implies that the angle between 
Cy and M is constant. Lense and Thirring quote 
this result, in their system of coordinates, as 
proof that the angle of inclination is constant. Now, 
however, we can see that the rotation of the second 
body (the lighter one) leads to secular variations 
in the angle of inclination. This effect persists, of 
course, even in the case of bodies with comparable 
masses. 
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4. ROTATION OF THE PERIHELION 


Let us now consider the effect of the proper ro- 
tations of the bodies on their orbital motion. The 
complete solution of the problem turns out to be 
very complicated and clumsy. In this paper we 
shall limit ourselves to the simple case in which 
the proper moments of both bodies, 9, and 0,4, — 
are normal to the plane of the Newtonian orbit and 
where, in consequence, neither 0, nor Op, causes 
any secular perturbation of the orbital plane. 

In this case, a direct integration of Eqs. (3.1), 
using the Newtonian approximations (1. :3) to (1.5) 
on the right-hand side, leads to M,=™M,=0 and 


Ms =M,| 1 = (2m2 + 2m? + 3m,m »)| 


wos 


ois [(2m2 — me + 3m,m,) ee 


mcr 
+ (2m} — m2 + 3m,m,) 33]. (4.1) 


In the same way, for the energy (in the Newto- 
nian sense of E = 39? — ym/T) we obtain 


E= E{ Je | (6m? + 6g + 5m,m,) 
— — °2 (2m? + 2m? + 3mm ») +- <P-mgm, | 
+ a per [(2m— mg — mgm,) 23 + (2m} — ms — m,m,) 2] 
x (A apagre + are — ex tape) + ae es Matte (88 + 22) 


+ a (oto + 5 a 3363 + 79338). (4.2) 
By eliminating the time variable from the left-hand 
sides of these equations, gery oe oed in polar coor- 
dinates (i.e., from }(¥? + 262) — ym/F and FO), 
we obtain an equation for the trajectories. After 
carrying out the calculations according to the well- 
known methods,® and considering only the secular 
correction terms, we arrive at the final result 


= + ecos [(1 —«— a") 9]}. (4.3) 


IM ap 


Here a 3ym/ c2p, as usual, describes the 
rotation of the perihelion of a relativistic orbit 
when the proper rotations of the bodies are neg- 
lected. The quantity 


[(— m+ So mgt 3. Seis ai, ) 


+(— m+ Tmt +E m,m,) 2 3| 


353 
a8) 


+5(- Genta F808 + e (4.4) 
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leads to an additional rotation of the perihelion 
caused by the proper rotations. It is easy to show 
that the order of magnitude of the ratio a*/a is 
the same as that of o/M, the ratio of proper ro- 
tational moments, Og and oy, to the orbital mo- 
ment. Hence the effect a* will be observable 
only in exceptional cases. Nonetheless, it is still 
of great physical interest (see, for instance, Ginz- 
burg’). The magnitude and sign of a* depend on 
the magnitudes and signs of Og and op, and on 
the ratio of the masses mg and mp. Equation 
(4.4) is the generalization of the corresponding 
result of Lense and Thirring? to the case of com- 
parable masses and o, 0, o,,#0 (but ci=c= 
a s a ane a b aoe 

It can be seen that the right hand side of Eq. 
(4.2) contains no secular terms, and it can be 
shown that this remains true in the general case 
where @, and 0} havy any arbitrary orientation. 
We therefore find that the energy, defined in the 
Newtonian sense, is not subject to secular perturba- 
tions. 


5. MOTION OF THE NEWTONIAN CENTER OF 
INERTIA 


It is also of interest to study the motion of the 
center of inertia, defined in the Newtonian sense: 


C= —(m,a + m,b/). (5.1) 
With the aid of equation (1.1) we have 
Cf = (maFs + moF’) + — (1maDi + myD}). (5.2) 
Into the right hand side of this equation we sub- 
stitute the Newtonian approximations (1.3) to (1.5) 


and transform to the mean values for one Newto- 
nian period T: 


(5.3) 


4 am “* 
Ay» 
—\ crdo. 
2na zn ; 


4 T 
“yj a7 


Averaging the groups of terms arising from 
Fi and F},, which do not involve the proper rota- 
tions of the bodies, leads to a null result, in agree- 
ment with the work of Robinson.® Consideration of 
the second term in (5.2) leads to 


— 


y 3m,mpye va [(2m, + m,) o— (2m, + m,) 33] . 


Sal 
7 ¢? map? 


0 (5.4) 
K 3. ym 
chm LE W/  [(2m, +m.) ob (2m, +m) e4- 
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This shows that in the general case the proper ro- 
tations of the bodies result in a finite residual 
mean acceleration of the Newtonian center of in- 
ertia. It is not difficult to prove that the substitu- 
tion of Mg, Mp, and m for Mg, Mp, and m in 
(5.1) does not alter this conclusion from (5.4). This 
acceleration is absent only when the relativistic 
orbit is circular (so that e=0), or when both 
moments 0, and 90) are parallel to the minor 
axis of the Newtonian ellipse. 

The acceleration (5.4) is extremely small, and 
its ratio to the Newtonian acceleration is of the — 
order 

|| |o| 


ie |/|r| ~ ee iM HM Oe 


[M| [| (3) 


[cf. Eq. (4.3)]. The existence of a constant accel- 
eration in (5.4), no matter how small, is rather un- 
expected. However, it must be borne in mind that 
the point determined by the condition (5.1) is not 
really the inertial center of the system.*»? In addi- 
tion, it is quite possible that the constant acceler- 
ation (5.4) is actually an artefact of the method of 
successive approximations which has been used in 
this paper and in Ref. 1. The question as to what 
is the true motion of the Newtonian center of in- 
ertia over long periods of time remains open. 


14. P. Riabushko, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 88, 1387 (1957), Soviet Phys. JETP 6, 
1067 (1958). 

23. Lense and H. Thirring, Phys. Z. 19, 156 
(1918). 

3A. Einstein, L. Infeld, and B. Hoffmann, Ann. 
Math. 89, 65 (1938). 

4N. M. Petrova, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 19, 989 (1949). 

5A. Papapetrou, Proc. Phys. Soc. A64, 57 (1951). 

617, P. Robertson, Ann. Math. 39, 101 (1938). 

Ty. L. Ginzburg, Usp. Fiz. Nauk 59, 11 (1956). 

8. A. Fock, Dokl. Akad. Nauk SSSR 32, 28 
(1941). 

9M. F. Shirokov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 27, 251 (1954). 


Translated by D. C. West 
241 


SOVIET PHYSICS JETP VOLUME 34 


TWO-PHOTON ANNIHILATION OF POSITRONIUM IN THE P-STATE 


A. I. ALEKSEEV 
Moscow Engineering Physics Institute 


Submitted to JETP editor December 4, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 84, 1195-1201 (May, 1958) 


(7), NUMBER 5 NOVEMBER, 1958 


A relativistically invariant expression for the probability amplitude of two-photon annihila- 
tion of positronium has been obtained by summing an infinite number of diagrams of a certain 


particular class. We have calculated the nonrelativistic limit of two-photon positronium an- 


nihilation in the S- and P-states, as well as the 


lw a previous work! the author extended the meth- 
ods of quantum field theory to the problem of anni- 
hilation (or creation) of particles in bound states. 
In the present work, as a specific example of the 
results there obtained, we shall consider the anni- 
hilation of positronium in the P-state, a problem 
which has not been treated by the usual quantum 
field theory.* In the present communication we 
shall not take account of radiative corrections, 

and shall calculate the probability amplitude for 
two-photon annihilation simply by summing dia- 
grams. The same results can be obtained, on the 
other hand, by making use of the Green’s function 
which describes two-photon positronium annihila- 
tion.! In fact it is advantageous to use this Green’s 
function for calculating the radiative corrections, 
since the summation of an infinite number of dia- 
grams becomes extremely complicated when vir- 
tual particle annihilation is taken into account (see, 
for instance, the author’s above-cited work). 


1. PROBABILITY AMPLITUDE FOR TWO-PHOTON 
POSITRONIUM ANNIHILATION 


In the lowest approximation the probability am- 
plitude Ag for two-photon annihilation of the free 
particles is writtenT 


Ae e2Dan (cE) C(23)¥ (633) GL). , 11) 2. a(12). 
(1) 
Here Wr(12) is the wave function of the electron 


and positron in the free state, G(31’) is the 
Green’s function of the electron,® and 


*K. Tumanov’ has calculated the probability of positronium 
annihilation in the P-state using quantum electrodynamics in 
configuration space, as suggested by Iu. Shirokov. 

TWe shall use a system of units in which h =c = 1, and the 
summatioa convention: 


ab = Ole, = Ayby — a,b, — and, — agbs. 
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selection rules for these processes. 


Daw (6") = (20 /V koko) [Ly exp i (—RE—R’*’) 


+ Uyl, exp i (—Re’—R’E)] 
is the symmetrized function of two photons with 
momenta k and k’ and polarization 1 and l’. 
The numbers (see Ref. 4) denote the sets of all 
coordinates and spin indices of the particles, 
whereas the symbol & (or &’, é”,...) denotes 
the set of all coordinates and components of the 
polarization vector of the photon. A repeated sym- 
bol denotes summation (for spin indices and po- 
larization vector components ) and integration 
(for the coordinates). Further, 


¥ (E12) = (¥,) 4,0 ( — ¥1) 8 (41 — *2), 


C(12) = Cys (ae 
where 71,23 = BQ1,2,3 and y)=8, while C isa 
matrix which transforms an electron-positron 
field operator to its charge conjugate. We shall 
set C=Qp. 

Figure 1 shows the diagram* corresponding to 
Eq. (1). Since we wish to obtain the probability 
amplitude for two-photon annihilation of bound 
particles, we add to the reducible diagram of Fig. 
1 all “ladder-type” diagrams (Fig. 2). When this 
is done, the probability amplitude A for two- 
photon annihilation is written 


A = Din (66) C (67’) x (E, 7’7) G (75') 1 (€, 5’5) [V, (56) 
+ e? G (51’) G (62’) 7 (E, 2’2) D (8) y (&, 11) ¥ (12) 
+ e* G (53') G (64’) y (é, 4’4) D (&’) x &, 3’3) G (31’) G (42’) 
x y(&, 2’2) DG) &, 1/1) Ly (12) + ee] (3) 


where D(éé’) is the photon Green’s function.+ 
This kind of an approximation for A means that 


(2) 


*For simplicity, in Figs. 1, 2, and 3 we have omitted similar 
graphs in which the k and k’ photons are interchanged. 

tThis function is defined as D(€é') = 5, ,1D(x—x’'), where 
OD(x—x’) = — 47id(x—x’). 
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some graphs of higher powers in e? are included, 
while others are not. As is known, the physical 
meaning of this method may be explained as fol- 
lows. In the bound state, particles interact for a 
very long (infinite) time. If -e? <1, the proba- 
bility of finding one virtual quantum in the field is 
small and the probability of finding two quanta 
simultaneously is even smaller. Although the 
probability for the exchange of one quantum during 
a small time interval is fairly small, during the 
infinite time of existence of the bound state an in- 
definite number of quanta may be exchanged suc- 
cessively. It is just such processes that the 
“ladder-type” graphs deal with. Omitted diagrams 
of higher powers of e* refer to processes in which 
two or more quanta are in the field simultaneously. 
If e2 <1, such graphs are not important in the 
bound state if we restrict ourselves to the first 
nonzero approximation. 

We note that Fig. 2 omits diagrams (Fig. 3) 
which refer to the electron-positron exchange in- 
teraction involving one-photon virtual annihilation. 
This interaction is also of the type in which at 
every instant of time there is only a single virtual 
photon in the field. According to Furry’s theorem, 
the total contribution of such diagrams to the prob- 
ability amplitude of Eq. (3) must vanish. In general, 
summation of the “ladder-type” diagrams of Fig. 2 
together with those of Fig. 3 will lead to a particle 
bound state whose wave function is a solution of the 
Bethe-Salpeter type, which includes, in addition to 
the usual interaction, the electron-positron ex- 
change interaction which results from their single- 
photon virtual annihilation.'*4 

The infinite sum in square brackets in (3) is a 
solution to the Bethe-Salpeter equation obtained by 
successive approximation. To show this, let us 
write the Bethe-Salpeter equation in the integral 
form 


6 


(12) =¥, (12) 


“Le? G(13’) G (24’) 7 (E, 3’) D () 7 (6, 42) F(1'2’), (A) 
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where W,(12) 
tion 


satisfies the free-particle equa- 


G-1 (11) G- (221) ¥, (1’2’) =0 


and is the zeroth approximation to the exact wave 
function ¥(12). We obtain the first correction to 
the zeroth approximation by replacing W(1’2’) in 
the right side of (4) by its zeroth approximation 
W,_(1’2’). The second approximation is obtained by 
replacing W(1'2’) on the right side of (4) by its 
first approximation, etc. Continuing this iteration 
process ad infinitum, we obtain a representation 
of the solution of (4) in the form of the infinite sum 
of Eq. (3), so that we can now write 
A = &Dpn (8) C (25) ¥(&, 53’) G (3’3) y(@’, 31) F(12), (5) 
where (12) is the positronium wave function 
satisfying the Bethe-Salpeter equation.° 

Equation (5) can also be written in terms of 
Ces (éé’, 21), the Green’s function describing 
two-photon positronium annihilation.’ Indeed, ac- 
cording to the author’s previously-cited work we 
have 


Gep (26, 21) = e? (D (€) D (€'@’) 
+. D (8) D (&’)) C (2’5) 


x v(E, 53’) G (3’3) y (&, 31’) K (1'2’, 12), (6) 
in the first nonvanishing approximation. Here 
K(1'2’, 12), which is the Green’s function of the 
interacting electron and positron,‘ and the photon 
and electron Green’s functions D and G, are 
taken in the lowest approximation in e?. Equation 
(5) follows directly from (6). 


2. NONRELATIVISTIC APPROXIMATION FOR 
THE PROBABILITY AMPLITUDE 


Let us rewrite (5) in terms of the relative mo- 
mentum p. Then in the positronium center-of- 
mass coordinate system we have 
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A Ci'(p+k+m)i Send 
me Np —[(p— ke) m9] pp —[(P +) mI) aya, 


X Yaag (p) dps (K —k— k’), (7) 


Here ~(p) is the positronium wave function in 
relative momentum space, m is the electron 
mass, and K is the total positronium momentum. 
For any vector a we write 4=a,y,, and a= 
a1V1 + AgY2 + Agy3- 

In calculating the amplitude as given by (7), we 
make use of the fact that the relative velocity v 
of the particles in the positronium atom is small 
(v ~ e*), so that we shall henceforth neglect all 
terms of order v? and higher. For convenience, 
we shall rewrite (7) in terms of the two-by-two 
Pauli matrices o rather than the Dirac matrices 
y, and shall consider only those of the small com- 
ponents of #(p) to be nonzero which are of order 
v. We then obtain 


A=—ite ee [(p — k) ¢] (12) 


e p> — [(p —k)? + m| 


52 (Ic) [(p + k) o] (I’c) 
p, — [(p + k)? + m?] 


). ibaa, (p) dp 


om (—saev(le) ea) ta) 
“ m\ (7 = (p= kom") ui ps — [(p +k)? + m?] a 
x vee (p) a7 o(K a k—k’), (8) 


where ph (p) is the large (two-row) component 
of ~(p), and v5 (p) is one of the two small (two- 
row) components of ~(p), which are of order v. 
The small components (of order v) give equal 
contributions to (8), which explains the factor 2 

in the second integral of that equation. 

When integrating over the fourth component py 
of the momentum in Eq. (8), it is convenient to ex- 
pand the coefficient of vL or 7S in powers of ps. 
This corresponds to expanding the integral in pow- 
ers of v*. For our purposes the zeroth order term 
of this series is sufficient, namely 


—1 Li 
(p— kp? m2 \ Y (P, Po) 4Po 


\ oe (Ps Po) 4Po 
po — lip — k)*+-m?] 


ot ic 
= pow paw ZAP (Pp, t = 0). (9) 


A similar expression can be obtained for ys (1D) 
Thus after integrating over py, the probability 
amplitude of Eq. (8) contains the functions Jl and 
wS evaluated at the same time ty =t, for both par- 
ticles. In our approximation y~L(p) evaluated at 
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t = 0 is just the nonrelativistic two-component 
positronium wave function in momentum space. 
We shall evaluate ~S(p) at t=0 in the follow- 
ing way. 

Up to terms of order v inclusive, the wave 
function of a single electron (or positron) in an 
external potential field is of the form = 


ji (x), (10) 


( x 

(ps) x /2m 
where x is a two-component spinor depending 
only on the spin indices, and p= —iV is a differ- 
ential operator acting on the nonrelativistic wave 
function £{(x) which depends on the coordinates 
and describes the motion of the particle in the 
external potential field (the expression in (10) can 
be replaced by a superposition of similar four- 
component functions). Bearing in mind Kq. (10), 
it is easy to find as accurate a positronium wave 
function with t; =t,. This wave function is 


0 of! 
Pnr (Xx). 
Loy) 0 


Here @ is a two-row spin wave function of two 
particles, and p=-—iV is a differential operator 
which acts on the nonrelativistic positronium wave 
function %p;(xX). The numbers 1 and 2 in the spin 
indices gq ;@, 2S well as in the relative coordi- 
nates X =X; —X, denote the electron and positron, 
respectively. The superscript T denotes the 
transposed matrix. 

If the positronium is in an eigenstate of the total 
angular momentum and perhaps of other physical 
quantities, it is described by a superposition of 
functions of the form %,;. Then the four-row 
positronium wave function is a superposition of 
the four-row functions of Eq. (11), and can be 
written in general as 


e@) = — ex) Le) 
{P8) 6 (x) 0 


2m 


(11) 


(12) 


where the nonrelativistic two-row positronium 
wave function (xX) is an eigenfunction of the 
total angular momentum of the system (as well 
as of other physical observables making up a 
complete set). In Eq. (12) the differential opera- 
tor p multiplying o! acts on the function v(x) 
on its left. 

It follows from (9) and (12) that the remaining 
integrals in Eq. (8) are of the form 


\F (P) 9 (9) ap, (13) 
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where g(p) is defined in (12), and F(p) de- 
notes all the other functions of p which enter 
into the integral. If we now make use of the fact 
that the positronium wave function y(p) differs 
Significantly from zero only in the small-momen- 
tum region where p/m=v <1, we may calculate 
(13) up to terms of order v inclusive. We then 
obtain 


\F () ¢(p) @* =4(F (0) +2, 5 ) 9p) atp 


= On) F (p= 0) 9 (x =O) CP FCROWERD (14) 


3. ANNIHILATION OF POSITRONIUM IN THE 
S-STATE 


Using (8), (9), and (14) the probability amplitude 
for two-photon annihilation of positronium in the 
S-state is given by 


(27¢) e? 


A savk Ima (92 [(1¢) (ke) (1’c) 


— (I's) (Ke) (Ie) ]) 4, P ary (X = 0) 8(K—R—R’)., 


= Cake k (1x1) Sp (29 (0)) 8(K —k—k’). (15) 


Since o, is an antisymmetric matrix, this proba- 
bility amplitude differs from zero only for states 
whose wave function is antisymmetric in the spin 
indices. This means that the probability for two- 
photon positronium annihilation differs from zero 
only for states with total spin s=0 (paraposi- 
tronium ), and vanishes if s=1 (orthopositro- 
nium ).’ Finally, it follows from (15) that when 
positronium annihilates in the S -state giving off 
two photons, the polarizations of these photons are 
mutually perpendicular. 

According to (15), the probability W for two 
photon annihilation of positronium in the S-state is 


V= iat Dy (OI)? dO, |Sp (s29 (0)) ? 


1,1 


=F 19) P = aa em Gs) 


If the principal quantum number n takes on its 
minimum value n=1, we have W = (e?)?m/2 = 
0.8 x 10!°sec™!, which agrees with the well known 
results of Pomeranchuk.’ We have introduced the 
factor yy, into the formula for the probability of 
two-photon annihilation in order to take account 
of the two identical states of the system in which 
the photon momenta are interchanged. 


4, ANNIHILATION OF POSITRONIUM IN THE 
P-STATE 


Equation (5) can be used to calculate the proha- 
bility of two-photon annihilation of positronium in 
any excited state. If, in particular, the positroni- 
um is in the P-state and its wave function is such 
that »(p)=-y(-—p), the first term in (14) van- 
ishes and the probability amplitude for two-photon 
annihilation of positronium in the P -state is given 
by the second term of the sum, namely 


__ (2n)8e? (Ao [(I’o) (ka) (Is) + (Ie) (ke) (I’o)]_, (Il) 20, 
¢ ia Le Ge : ke + m ng m iy 
) 
en a(K—k—k’) 
= 


= [m? (Indin + Lal's) 


+ (II’) Rak] a Sp (s20m (0) 8(K —k—k’). (17) 
The matrix o 20, is symmetric, so that (17) fails 
to vanish only for states whose total spin s =1 
(orthopositronium ). If, on the other hand, the total 
spin s=0 (parapositronium ), the probability for 
two-photon annihilation of positronium in the P- 
state vanishes by Landau’s theorem,® which asserts 
that a two-photon system has no states whose total 
angular momentum is one. From the symmetry of 
(17) with respect to interchange of 1 and l’ we 
may conclude that the polarizations of the photons 


are parallel in the two-photon annihilation of posi- 


tronium in the P -state. 

Equation (17) can be used to find the probability 
of two-photon annihilation of orthopositronium in 
the P-states, namely 


W = Fe) DI [or (lalin + blr) + (W) ake] Bam [dQ 


1,1’ 


_ are 


=i [11|Sp B/?+-6 Sp B* (B+ B")], (18) 


where we have written 


O SP (926m (0)) /Oxn = Bam. 


In order to calculate B we must know the total 
angular momentum eigenfunctions yj m (xX) of 
orthopositronium with J=0,1, and 2 and with 
the z-component of the total angular momentum 
M=0, +1,..., +d. Solving the eigenvalue prob- 
lem in the usual way, we obtain 


ALEKSEEV 


Vi+tMe—M) 
M bm 


830 Daa Tee 


i oe a en 4(— 


7 ( o_ bua Mba 
eo VEY 2, i 


V(i—M) (2+ M) bts 


ee + M) (2+ M)/3$m- 


V2Q—M24+M)/3bm I 
V (2—M) (2+ M)/3 om 


VT=M OHMS dss ae) 


tay Aa 


_ 


where %m = Rni(r)Yim(9,g~) is the Schroedinger 
wave function of positronium with principal quan- 
tum number n, orbital quantum number / = 1, and 
magnetic quantum number m. The gradient of 

Yn (X) at x=0 is equal to the gradient of 


a Gs on) ante) (20) 


Here r, 6, and g are spherical coordinates, 
a = 2/me* is the Bohr radius, and the Yim (6, 7) 
are defined in terms of the associated Legendre 
polynomials Pi (cos @) by® 

Yim(8, o) = 


75 Pim(8) efme, (21) 


where 


oS eae VY foe (cos#) for m>0, (22) 


@1, —|mj (8) = (—1)” @1, im (8) for m<0. = (23) 


Finally, in agreement with Tumanov’ we obtain 
the following result for the probability W of two- 
photon annihilation of orthopositronium in the P - 
state. 

(a) For J=0 and M=0 we have 

n? — 1 
ee 8né 

and in particular for n= 2, we obtain W=1.0 x 
104 sec". 

(b) For J=1 and M=0 or +1, we have 


(e*)’ m, 


W=0, 


which follows also from the work of Landau.?® 


(c) For J=2 and M=0, or +1, or +2 we 
have 


V= = * (e8)? m, 


and in particular for n= 2, we obtain W = 0.26 x 
104 sec. 

As is seen from the above results, the lifetime 
of positronium with respect to annihilation in the 
P -state is long enough for its visual spectrum to 
be observed. 

The author is very grateful to V. M. Galitskii 
and A. D. Galanin for discussion of the results. 


1a I. Alekseev, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 32, 852 (1957), Soviet Phys. JETP 5, 
696 (1957). 

2k. A. Tumanov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 25, 385 (1953). 

3R. P. Feynman, Phys. Rev. 76, 749 (1949). 

4k. Karplus and A. Klein, Phys. Rev. 87, 848 
(1952). 

°H. A. Bethe and E. E. Salpeter, Phys. Rev. 84, 
1232 (1951). 

®w.H. Furry, Phys. Rev. 51, 125 (1937). 


"T. Ia. Pomeranchuk, Dokl. Akad. Nauk SSSR 60, 


213 (1948). 

®L. D. Landau, Dokl. Akad. Nauk SSSR 60, 207 
(1948). 

9. D. Landau and FE. M. Lifshitz, Ksanrosaa 
MexaHuka (Quantum Mechanics), GITTL, 1948, 
pp. 109, 149. 


Translated by E. J. Saletan 
242 


SOVIET PHYSICS JETP 


THE Kez; DECAY 


I. G. IVANTER 


VOLUME 34(7), NUMBER 5 


NOVEMBER, 1958 


Institute of Scientific Information, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor December 4, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1202-1206 (May, 1958) 


The possibility is considered of determining the interaction constants and the properties of 
the neutrino from studies of the polarizations and spectra of the particles emitted in Ke3 


decays. 


Ar the present time it is not clear whether or 
not the neutrino is a two-component particle. The 
study of Ke3 decays can provide information about 
the neutrino and the interaction constants. 

All of the experiments on measurements of the 
spectra and polarizations in p* decays must be 
divided into two broad groups: those requiring a 
knowledge of the energies of neutral m7 mesons, 
and those not requiring such knowledge. As re- 
gards K? decays, in this case a study of the spec- 
tra of the particles can be carried out only if the 
direction of the K? particle’s momentum is known, 
since otherwise one cannot transform to the center- 
of-mass system. If, however, a powerful directed 
beam of K® mesons has been produced, the detec- 
tion of the charged particles does not present the 
same difficulties as that of 7’ mesons; therefore 
we may assume that in this case all the momenta 
will be known. 

The calculation of the polarization on the hy- 
pothesis that the neutrino is a longitudinal particle 
has been carried out by Okun’! and Werle.” Werle? 
has carried through the calculation of the polariza- 
tion of the » mesons for the pure S, V, and T 
interactions. Charap‘ has calculated the probabili- 
ties of the different polarizations and the spectra 
of the » mesons from K,3 decays for the cases 
of the two-component neutrino and the twin-com- 
ponent neutrino. But Charap did not consider the 
case of arbitrary constants, and did not discuss 
the possibility of determining the constants from 
experiments. 

In the present paper the form of the interaction 
given in Refs. 5 to 7 is used, but on the assumption 
that the neutrino is not necessarily a two-compo- 
nent particle. The matrix element has the form: 


Cb, {(Bs + iYs8's) + (By + M68) Ye 


+ ha (ep + Age) (tePe Weta) 2 2MMEL. (A) 
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The most convenient way of writing the expres- 
sion for the probability of emission of electrons 
and m mesons has been given in a paper by Okun’ .! 
If one includes all 12 constants corresponding to the 
general form of the interaction with parity noncon- 
servation, and eliminates the momentum of the 7 
meson, Eq. (2) of Ref. 7 takes the following form 


Wi (En, Ee) dEx dE. = {(| gs)? +|g'5|?) (A — 22M] 
+(|ey?+ |e, P)(— (M —22.)* — m3 + 2E,(M — 2E.)) 
+ (|r? + | 87?) [A — 26.M] (M—E, — 2B)? M 
+ 2Re (g7g3 + 785) [A — 2EnM]([M — Ex — 2E,] M7} 
X (32n8M3)1 dE, dE¢. (2) 


Here A= M?+m?, M and m, are the masses of 
the K particle and m meson, Eq and Ee are 
the energies of the m meson and electron in the 
center-of-mass system, and pz, and pe are their 
momenta. 

If in Eq. (2) one introduces the variable ¢€ = 
2Ee/(M-—E;,), the result is the analogue of Eq. 
(3) of the paper of Okun’: 


W, (2) = OS} + OPN, [2 — (1 — 2)? 
+ Of (1 —2)? + OF (1 —8). (3) 


As in Ref. 7 
= p,, | (M — E;), 


This formula differs from Eq. (3) of reference 7 
only by the additional indices on the unknown func- 
tions @ of the m-meson energy. 

If we assume nothing about the nature of the de- 
pendence of ® onthe m-meson energy, then we 
can get from experiments measuring the differen- 
tial spectrum only three equations for the deter- 
mination of four combinations of constants. The 


l—ea<e<1l+e¢q, m= 0; 
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analysis of the expression (3) has been carried out 
in Ref. 7, but in one respect this was not done with 
sufficient completeness: it is stated there that the 
presence of a maximum (or a minimum) at ¢€ =1 
would be evidence of the existence of a V (or T) 
type of interaction. Actually the condition ¢ = 1 
is superfluous, so that the presence of a maximum 
(or minimum) at any value of € would indicate 
the existence of a V (or T) interaction. 

If we assume that the constants do not depend 
on the m-meson energy, then we can determine 
all four combinations of constants. Otherwise we 
can only express three of the combinations in 
terms of the fourth. There is an exception, how- 
ever — if the vector interaction is absent. This 
fact could be ascertained, as noted in Ref. 7, from 
the shape of the -meson spectrum near the max- 
imum m-meson energy Eq max = 4/2M. 

If the neutrino is not assumed to be a two-com- 
ponent particle, the corresponding expression given 
by Okun’’ for the probability of emission of a 7 
meson will have the following appearance: 


W (Ex) dEx = {(| gs? +|e5|*) (A — 2EnM) p, 


+ (|gyP+ ey) 2en/3 (4) 


+ (|8rf? +87?) (A —2MEx) px /3M?} dE, / 32n3M3, 


The study of the polarization of the electrons 
for fixed momenta of the electron and 7 meson 
can give additional information about the interac- 
tion constants, and thus also about the properties 
of the neutrino. 

It is more convenient to examine the probability 
distribution of the longitudinal polarizations by 
using the variables Ee and E,7, as was done for 
the spectrum in Ref. 7. The calculations lead to 
the following expression for the difference of the 
probabilities of the polarizations parallel and anti- 
parallel to the momentum of the electron: 


3W (Es, En) dEx dEe 
= (MEx~ 8/2) {ay +45 ((M— Ex) — 2B.) M™ 


+ ays |(M— Ex)? —4E,(M —E,) + 4E2] M2 


ZED (E,. —M Zee WV de ad 
+40] 1 + ( ) e | Tw E, 


ME,,—A/2 T ME-— B72 327n3 M3 * (5) 


Here 


A, = —2Re (858s); dg = — 2Re (587 + £587); 
dyo = — 2Re (gyBy)i ds = — 2Re (g7g7). 
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If we write (5) in the more compact form, we have: | 


4 


OW, (e) = Fss' + Fsr (1 —8) 


+ Frp (e — 1)? + Fow [(e — 1)? —e9]. 


(6) 


Thus the expression for the longitudinal polari- _ 


zation, Eq. (6), is very similar to the expression 
(3) for the spectrum. 

If FS.T = 0, the distribution is symmetrical 
with respect to the point « =1. The converse 
statement is also true: if the distribution is sym- 
metrical around the point « =1, then Fo = 0. 

If the distribution has an extremum, then either 
Fyy or Fpq is different from zero. We call 
attention to the fact that if we had started with the 
two-component model of the neutrino, the presence 
of a minimum would have meant the emission of a 
neutrino, and a maximum that of an antineutrino. 
Therefore if it should turn out, for example, that 
in the Kes decay there is a maximum in the dis- 
tribution instead of a minimum, this would mean 
either that the lepton charge is not conserved, or 
else that the neutrino is not a two-component par- 
ticle. The same statement could be made if a min- 
imum were observed in the Ke3 decay or the de- 
cay K9 +e + )+7', or if a maximum were ob- 
served in the decay K° + ef + p+. 

We note that if one of the constants of the vec- 
tor interaction, gy or gy, is equal to zero, or 
if these constants are displaced in phase relative 


to each other by 90°, the distribution passes through 


zero when the m-meson energy takes the value 
Ey max: AS was pointed out in Ref. 7, it is im- 
probable that these constants should vanish right 
at just this point; therefore the absence of one of 
the vector interaction constants is a condition that 
can be ascertained experimentally, independently 
of the determination of the functional dependence 
of the constants on the m-meson energy. 


Equation (6) contains three powers of €(0, 1, 2); 


therefore if Fyy- #0, one can only express three 
combinations of constants in terms of the fourth, 


but if Fyy- = 0, one can find all four combinations. 


If the assumption is made that the constants do 
not depend on the energy of the meson, then of 
course all four combinations can be determined. 

Let us consider the problem of the transverse 
polarization in the plane of the decay. By standard 
calculations one gets the following expression for 
the difference of the probabilities of the polariza- 
tions parallel and antiparallel to the direction Jo 
(J2 lies in the plane of the decay and makes a 
right angle with the electron momentum and an 
acute angle with the momentum of the 7 meson): 


. 


passes through zero at ¢« =1, 


THE Ke; 


’Ws = —|p,||sin6| {2Re(g',g° — go" 


x [2E2—(M—~E_) E.) M7 


+ 2Re(g,8) — &58)) £,} dE, dE, / 32° M3. (7) 


Writing this in the more compact form, we get 


8Ws = |sin®|[FYP (e2 —e) + Feel. (8) 


Here @ is the angle between the momenta of the 
meson and the electron 


sin@ = [1 —(E,E. + A/2— ME, — ME,)?/ E2(E2— m®)}". 


It is convenient to investigate not the expression 
(8), but the expression for 6W;/|sin 6|=q. If q 
does not have an extremum, then FY =0. If q 

then FSW = 0. 
If re ae = Feays then q can be drawn as a parab- 
ola with its vertex at €=0. 

Let us pause to consider one more kind of po- 
larization — the polarization in the direction per- 
pendicular to the plane of the decay. A polarization 
in this direction is forbidden by the law of conser- 
vation of the combined parity, if such a law exists. 
Standard calculations give the following expression 
for the difference of the probabilities of polariza- 
tions parallel and antiparallel to the direction J3 = 
[Pr X Pe] /| [Px x Pe] |: 


8W, dE,dE, = E,p,,|sin6|[—2Im(g,g; — gg7) 


x (— 2E, + M—E,) M7 


— 2Im(g,e%, — go6'7)] dEedEx | 32M*x8, (9) 


or in the more compact form: 


BW, (e) = Ee|sin | [Vi (1—2) +r $%]- (10) 


If 6W,(€) #0, the law of conservation of the com- 
bined parity is not valid. If IV An = 0, then 

6W, /Ee|sin 6| =d does not depend on e¢, and con- 
versely. If FM = = -F Vi, then d(€) corre- 
sponds to a straight line passing through the point 
e=0. If FEN = = 0, then the plot of d(e€) passes 
through zero at €=1. 

In order to settle the question as to whether one 
can determine all the interaction constants from 
experiments on Ke3 decays, we write out together 
all the equations that can be obtained from experi- 
ments: 


eee —e) aia Beads — A,, F 


F ss + FSi (b=) 


RVI r (2? ns e) ae D4 e= A,, 


+ Fyvl(e — 1)? =e) + Fre (¢— 1)? = As, 
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Dig + Opry [es — (1 — ¢)?] 
aL O(1 —e)? + OP (1 —s) = Ay. 


Here Ay, Aj, As, and Ay are functions of the en- 
ergies of the m meson and the electron which can 
be obtained from experiments. The total number 
of equations is 10, and the number of unknown func- 
tions is 11. 

If |gyl? + lg4|? = 0, the number of equations is 
6, and the number of unknowns is 7. And only if 
Re(gygiy) = 0 does one have 11 equations for 11 
unknowns, if at the same time these constants are 
not both zero, i.e., if |gyl? + |gyl? = 0. In all other 
cases we are short one equation. 

Thus the constants can be completely determined 
(apart from an unimportant phase factor ) only if 
one of the constants of the vector interaction van- 
ishes while the other does not, or if gy and gy 
are displaced in phase relative to each other by 
90°. With regard to the neutrino it must be noted 
that if one of the transverse polarizations exists, 
the neutrino cannot be a two-component particle. 
One cannot, however, draw the converse conclu- 
sion: if there are no transverse polarizations, this 
still does not mean that the neutrino is a two-com- | 
ponent particle. 

Let us go on to the second group of experiments: 
measurements of the spectrum and the longitudingt 
polarization of the electrons. 

Expressions for the electron spectrum have been 
obtained by Furuichi and others®®»® and partially by 
Matinian,'° and have been discussed in detail. Ex- 
pressions for the longituding’ Porte ae” have 
been obtained by Okun’! and Werle,” who have also 
discussed them in detail. Therefore we shall give 
below a very brief discussion of the problem of 
what changes are made in these expressions by 
the use of a neutrino of arbitrary type. . 

First we note that from thé spectrum and the 
longitudinal polarization one can obtain six equa- 
tions for the determination of the interaction con- 
stants, which are assumed independent of the en- 
ergy of the a meson. In this way one can deter- 
mine the following combinations 


TT ST ss VV. 
Onn, Oyr; Dg — Oy; 


SIT 
Fsy + Fy; Frrs Fr: 


(the bar denotes values averaged over the 7- 


meson energy ). 
If the neutrino is a two-component particle, then 


Opp = Frr, Psi = Fey". (11) 
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If we assume the constants to be independent of the 
m™ -meson energy, the equations (11) are equivalent 
to the following: 


|grP + 187? = 2Re(g;87) ; (12) 


Re (g,g7. + go87) = Re(gs8p+8s87)- (1) 


We note that it follows unambiguously from Eq. (12) 
that gp = gp. Equation (13), however, is a mere 
consequence of Eq. (12), i.e., a second independent 
check on the equality of the two tensor constants. 
For the case in which the equations (11) hold ex- 
cept that the signs of the left members are changed, 
we also have as the unambiguous result that the 
tensor constants are equal in magnitude and oppo- 
site in phase, which corresponds to the case of the 
“two-component antineutrino for the tensor-type 
interaction”. Here we have used an expression for 
the degree of polarization which is the analogue of 
the equation obtained by Okun’,! namely: 


— D3ioJ3 + Dy iyls— Ofip, (A — B)— O$/,, (C —D) 


Pee a ULES 
Foods + Fyyde +P pq: (A —B)+ Fei (C —D) 


The values of J3;, C, A, B, D as functions of the 
electron energy are given in Ref. 1. 

In conclusion we write down the probability for 
the emission of an electron with given energy and 
polarization in a given direction and the emission 
of a m meson with a given energy: 
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W (J, Em Ee) dEp dE, = 5 {cos (JJs) Ws 


+ cos (JJy) 8W e+ cos (IJ,) 3W2 + 24}. 


The values of 6W,, 5W3, 6W2, add Wy, and the 
definitions of the three directions Jj. 3 have been 
given in the text of the present paper. = 

I thank L. B. Okun’ for suggesting this problem 
and for a discussion. 


11, B. Okun’, Nuclear Phys. 5, 355 (1958). 

2 J. Werle, Nuclear Phys. 4, 171 (1957). 

3 J. Werle, Nuclear Phys. (in press). 

43. M. Charap. Preprint, 1957. 

5S. Furuichi et al., Prog. Theor. Phys. 16, 64 
(1957). 

8A. Pais and S. B. Treiman, Phys. Rev. 105, 
1616 (1957). 

™L. B. Okun’, J. Exptl. Theoret. Phys. (U.S.S.R.) 
33, 525 (1957), Soviet Phys. JETP 6, 409 (1958). 

8S. Furuichi et al., Prog. Theor. Phys. 17, 89 
(1957). 

9S. Furuichi et al., Nuovo Cim. 5, 285 (1957). 

We Ge Matinian, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 31, 529 (1956), Soviet Phys. JETP 4, 
434 (1957). 


Translated by W. H. Furry 
243 


NOVEMBER, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1207-1210 (May, 1958) 


The inelastic scattering of deuterons by nuclei is assumed to occur in some cases through 
direct interaction. The incident deuteron is merely scattered and forms the outgoing par- 
ticle. An expression is derived for the angular distribution of the scattered deuterons. 

This expression agrees with the experimental data on the scattering of 14.4 Mev deuterons 


from the 4.61 Mev level of Li’. 


“Ta experiments of Holt and Young! on inelastic 
scattering of deuterons show that the angular dis- 
tribution of the scattered deuterons usually has a 


maximum in the forward direction. This is a char- 
acteristic feature of the stripping and direct-inter- 
action theories. Huby and Newns? have explained 
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such a behavior by assuming that only one of the 
component parts of the deuteron interacts with the 
nucleus in the scattering. The other part remains 
outside the effective radius of the nuclear forces. 
The interacting nucleon excites the nucleus, and 
the deuteron then continues its motion as a whole. 
The resulting formula is similar to those derived 
in the stripping theory, and agreement with experi- 
ment has been obtained in many cases. 

Certain discrepancies were observed recently® 
between this formula and the experimental data. 

Fairbairn’ has derived very recently another 
formula, in which it is also assumed that scatter- 
ing proceeds through an intermediate state, com- 
posed of the bombarding nucleus and one of the 
deuteron nucleons, i.e., the reaction proceeds 
through the single-particle mechanism. 

In this communication we shall represent the 
inelastic scattering of the deuteron as‘a direct 
process, analogous in certain respects to that 
examined by Austern, Butler and McManus and 
more recently by Butler® for (p, p) reactions. 
We assume that the incident deuteron, colliding 
at a certain instant of time with the proton and 
neutron on the surface of the nucleus, merely 
experiences scattering and is itself the outgoing 
particle. 

Let k and .k’ be the wave vectors of the in- 
cident and scattered deuterons 4] 1m, ,lom, (41> T2) 
and 9%] ami es sins (Tj,T,) the wave functions repre- 
senting the states of the proton on the surface of 
the nucleus prior to and after the collision (|r,| * 
|r| = |r}). To simplify the calculations we shall 
not introduce the spin functions explicitly and will 
take spins into account only inasmuch as they de- 
termine the selection rules. We shall also assume 
that the target nucleus has an infinite mass. Then, 
the differential cross section for the direct (d, d’) 
reaction will be given by the expression 


M2 Rh! , 
o(ka kw) = Gaae g D1! 
where 
T= m, Umi, k’\V i Lim, lm, k) 


, , * 
= | dridredry dr, ® Pa ee (fy,083) 
i 2 2 2 


x exp {— ar, —ik’ (ry) + Fr) / 2} 
XV tm,tym, (fr, To) exp{— ar? + ik(r,+13)/2}, (1) 


where the Born approximation is used, and a 
Gaussian expression with @ = 0.23 x 1013 cm 
is used for the internal wave function of the deu- 


teron. V is the potential of the interaction be- 
tween the incident deuteron and the proton-neutron 


system on the surface of the nucleus. For V we 
take the expression 
V = V6 (ry — 4) 8 (tz — 1). (2) 


Inserting (2) into (1) we get 


i Vo | o, m, if rie (ri, To) ener, ef QM. +82) 
x D1.m,, 1,!M2 (ry, T2) dr, dr», (3) 
Q=(k—k’)/2. 


We also use the expression 


® panty, tom, (1, Te) = fr, (11) fi, (Po) Yi (81, 91) vig (82, 2) (4) 


and put |r,| = |r,| = |r|, so that we can write 


exp {— 2ar? aE = exp {— 4ar? + 4ar? cos 95} 


= ea4ar? Vm Pas a 1) Ins, (4ar?) Po (cos O42), (5) 


Bar D 


where I,,1(4ar*) is the modified Bessel function 
of half-integral order.’ Inserting the formula 


Pn (cose) = sap SY Yn" (Os, 1) Ye (la, ga) (6) 
m>=—n 

together with (4) and (5) into (3), inverting the 
spherical harmonics with respect to (6,, g,;) and 
(9, @2) with the aid of the vector-addition coeffi- 
cients,’ and finally integrating over the solid angles 
dQ, and dQ,, we obtain (summation over Ly, Lg, 
n, Ky, Ky, My, My, m) 


pe ( Andree Vt OFT OF O 


XV Qh +) 244+ )Cb+1 2441) 


mim tm KK, 


x D(- 1) 


X (20+ Ln gay, (4aer?) Cy (Ly 000) 


x Cc; 1 (Li Mim’) Cc, i (L 000) 
C, ri (L.M,m.m\) Cith (K,000) 
X Crn(Ki0My— m) Cyn (K2000) Cr jn (K20M2m) 


x JK, (Qr) Ik, (Qr). (7) 
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JK, and JK, are spherical Bessel functions, and 
C ‘are the vector-addition coefficients. As an ap- 
proximation, we take the spherical Bessel functions 
outside the integral sign, using their values on the 
nuclear boundary r=R. We then find that the 
transition amplitude is expressed in the form of a 
sum of terms, in which the angular dependence is 
contained in JK,(QR) JK, (QR), with 


Q? = (k? + Rk’? — 2kk’ cos 8) / 4, (8) 


where @ is the angle between k and k’. 

Squaring (7), summing over the final states, 
averaging over the initial states, and using the 
Racah formalism,® we obtain an expression for the 
inelastic scattering differential cross section of 
the deuterons. 


300 | F (R) e828" [(20, + 1) (24, + 1) (2le + 1) (22 + 1)I 


x MAL + 1) (2L2 + II PC, 7 (£1000) C, » (Lz 000) P 
as 1 2 


a | >) (20 + 1) Ings), (4aR?) 


nk\kK, 


X Cun (Ky 000) Cin (Ko 000) 


XZ (KiLiKeL2, nf) jx, (QR) ix, (QR)? (9) 


Here L, takes on values from |J,-J4| to |l,+ Zl, 
and K, ranges from |L;—n| to |L,;+n]|, with 

L, and Ky behaving analogously. Summation over 
f extends from L,—- Ly to L;,+ Ly. The coeffi- 
cients Z (Ref. 8) are connected with a Racah co- 
efficient by the relation 


Z(KyL,Keol2, nf) = if-kit ke (2K, + 1) 
x (2Ka+ 1) (2L1 + 1) (2L2 + VY 
XW (KL, Kolo, nf) Crx, (f 000). 


The angular distribution of the scattered deuterons, 
given in (9), depends on the spherical Bessel func- 
tions ik, and jx,. In addition, as can be seen 
from (9), " there is no interference between the dif- 
ferent values of Lj, L,, and f. Given Ly and Lp, 
which can be obtained from the values of the angu- 
lar momenta of the levels under examination, it is 
possible to choose for f an allowed value that 
gives the best agreement with experiment. 

For comparison with experiment, we made use 
of the measurements of Levine, Bender, and 
McGruer,? who obtained an angular distribution 
for 14.4-Mev deuterons, pea scattered by 
the 4.61-Mev level of the Li’ nucleus. 


6(6), arbitrary units 


Cl 


The observed distribution (c.m.s.) increases 
in the interval from 17° to ~70°. This distribution 
is not in agreement with the Huby and Newns theory. 
In the ground state of Li’, J=(%%), while for 
the 4.6 Mev level J =(*4)~. According to the se- 
lection rules 


j= dps Gack Lee ogi 


and since the parity does not change in this transi- 
tion, we can take L,; = L,=0, and then f=0. In 
this case, that portion of (9) which determines the 
angular distribution will be of the form 


gco| j2 + 4.614 2 + 7.848 2 + 9.1772 
+ 8.37 j2 + 6.604 j2 + 5.016 j2!. (10) 


The angular distribution that follows from (10) is 
shown in the diagram together with the experimen 
tal values obtained from Ref. 3. A satisfactory 
agreement is seen. The nuclear radius of Li’ was 
taken to be 6.5 x 107'3cm, the value used in Ref. 3 
when discussing the Li'(d, d’) Li’ reactions at the 
0.478 Mev level; @ = 0.23 x 107em~! (Ref. 9). 

The mechanism considered can play a substantial 
role in the case of inelastic scattering of deuterons, 
for example, by N'4and Cc! nuclei. Experiments 
carried out with these two nuclei (and possibly 
also with others) can be reconciled with the for- 
mulas of the stripping and direct-interaction theo- 
ries. The contribution of each of these processes 
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will depend on the structures of the nuclei studied. 


One can hope information on the structures of vari- 


ous nuclei can be obtained in this manner. 
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Results of the calculation of nucleon-nucleon interaction potentials are presented. The cal- 
culations were made within the framework of the semi-phenomenological isobaric theory. 
The computed deuteron parameters and scattering of low-energy nucleons agree satisfac- 
torily with experiment. An unsuccessful attempt is made to employ the computed potentials 
for a description of the scattering of high energy nucleons (~100 Mev). 


1. INTRODUCTION 


Tamar, Gol’fand, and Fainberg’ have proposed a 
semi-phenomenological theory of nucleon-meson 
interaction where, in addition to the ordinary nu- 
cleon state with mechanical and isotopic spins y, 
there is consideration of their excited isobaric 
state with mechanical and isotopic spins %. This 
isobaric state, which is introduced purely phenom- 
enologically, permits us to describe the behavior 
of the cross sections for the scattering! and photo- 
production? of a mesons on nucleons in a fairly 
large meson energy range up to 400 Mev. 

The semi-phenomenological theory of Ref. 1 in- 
volves four free parameters: the nucleon excitation 
energy A, the pseudovector meson-nucleon coup- 
ling constant g/u (where p is the mass of the 7 
meson), the pseudoscalar coupling constant g’ = 
sg (where s is a number) andthe constant g; 


which determines the probability of a nucleonic 
transition from its unexcited state to the isobaric 
state or vice versa. The values of these param- 
eters were chosen to provide the best possible fit 
of experimental data on meson-nucleon scattering 
and meson photoproduction. The success of this 
procedure induced us to apply the semi-phenome- 
nological isobaric theory to the problem of nuclear 
forces and specifically to the deuteron and nucleon- 
nucleon scattering. 

Our calculation showed that inclusion of isobaric 
states greatly changes the results of the ordinary 
theory of nuclear forces, in which isobars are neg- 
lected. For example, when isobars are included 
the potential energy of nucleons in 1S and 3S states 
increases proportionally to 1/ r> for r— 0, 
whereas when isobars are not taken into account 
the potential energy in the 'S state (unlike °S) 
has, as we know, only the simple pole 1/r. 
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It follows that the isobaric theory leads to a 
nuclear force potential with a high-order singular- 
ity, so that, just as in the ordinary theory, the po- 
tential must be cut off at small distances. We shall 
assume that at small distances r =< rg the poten- 
tial represents an infinitely great repulsion; we 
thus are using the potential model with an impene- 
trable solid nucleus. In addition to the four param- 
eters already mentioned, the theory will thus in- 
clude, as a fifth parameter, the cutoff radius rp. 
The parameters A, g, s, and gy are SIE 
from data on meson-nucleon scattering! and photo- 
production,” and are assumed to be fixed. The 
single variable parameter ry can be determined 
provided that we obtain, on the one hand, the cor- 
rect deuteron binding energy (triplet state) and, 
on the other hand, the correct value for the deu- 
teron singlet level. Generally speaking, these two 
conditions can result, and in the ordinary theory 
do result (see Ref. 3, for example) in a different 
cutoff radius r, for the triplet and singlet states. 
A fundamental feature of the isobaric theory is 
that the triplet and singlet cutoff radii are very 
precisely identical, so that the theory actually in- 
cludes only one additional parameter ry. The 
present article presents the results of the appli- 
cation of this semi-phenomenological theory to 
the deuteron and to nucleon-nucleon scattering. 

The general wave equation of a system of two 
nucleons is given in Sec. 2. Our initial equations 
could be written in relativistic form but would 
make the problem too complicated. In the present 
work we have used the so-called adiabatic approxi- 
mation, which is essentially as follows. In first 
approximation the nucleons are regarded as infi- 
nitely heavy and fixed at the points r, and ry ; 
their static interaction potential V(r) is then 
determined, where r=r,;—Y,, and this potential 
is inserted in the Schrodinger equation. This is 
the simplest approximation and is fully suitable 
for the nonrelativistic deuteron problem of interest. 

In Secs. 3 and 4 the nucleon interaction potentials 
are found in adiabatic approximation for states of 
two-nucleon systems with different isotopic and 
mechanical spins. Finally, Sec. 5 gives the re- 
sults of a computation of deuteron parameters and 
nucleon scattering at low energies. Whereas these 
results can be regarded as in satisfactory agree- 
ment with experiment, the theory was unsuccess- 
fully applied to a description of nucleon scattering 
at high energies. This is shown by the 100-Mev 
nucleon scattering phases which are given in Sec. 5. 


2. WAVE EQUATION OF A TWO-NUCLEON 
SYSTEM 


We take the interaction Lagrangian in the form! 


G. F. ZHARKOV 


(h=c=1) 
L=L,+L., 


= Ox Aa AT hs ' 
Ly = — 9ysVpt aren + igspysto, 


mal (1) 


g£ 
u 

= 
,= ot (S50 22 Be B.S ) 
Here gy is the wave function of the meson field, 
~ is the nucleon field and B, is a spin vector 
which describes the excited nucleon field (the iso- 
baric field ).* 

The six-row matrix S in isotopic space is de- 
termined by the requirement of isotopic invariance 
of the Lagrangian and is analogous to the ordinary 
isotopic matrices T. (The explicit form of S is 
given in Ref. 1, Appendix A.4). 

We shall now write the equation of motion for 
the wave function v(Yj;¥2) of two nucleons with 
positive energy. Here yj; denotes the set of quan- 
tum numbers which characterize the state of the 
i-th nucleon (its momentum, total mechanical and 
isotopic spins and their projections on the z axis). 
In addition to the two-nucleon state we shall con- 
sider only states in which an additional single me- 
son is present. The Schrédinger equation is then‘ 
(summing over repeated subscripts ) 


141501 ¥4 ToL? <¥y vet | yy ¥,0> f 


(W a Evy.) 0 (Yas2) aa v (Y; a) 


wWw— Ey a 
<11¥20 | ee 1> Cats 4 | eee 0» ” , 
=f Wes 0, »%): (2) 
1'2 


Here W is the energy of the system, Ey, is 

the energy of two free nucleons, E yal is the 
energy of the state consisting of two free nucleons 
and a single meson, the quantities <y,y20|vjv¥41> 
are the matrix elements of transitions from a 
mesonless state to a state with a meson; 

<V1V¥21 | ¥i7¥20> represents a transition with ab- 
sorption of the meson. The matrix elements are 
easily obtained explicitly by means of the Lagrang- 
ian (1). 

We now pass in Eq. 2 to the approximation 
whereby the nucleon mass M and the isobar mass 
M+A are regarded as very large (M>wyz), and 
we also assume W — 2M = 0 in the denominators 
of the right member of the equation. The latter 
approximation provides considerable simplification 


*Strictly speaking, the wave function of the isobar is a com- 
bination of the spin vector By and the bispinor D,. However, 
the interaction Lagrangian does not contain Dg and in the 
limiting case of infinitely heavy nucleons and isobars which 
is considered below D, =0. 
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i and is fully justified for the nonrelativistic deuter- 
on and nucleon-nucleon scattering at sufficiently 
low energies. 

We shall use the letter q@ to denote the state 
in which both nucleons are unexcited, B to de- 
note the state in which the first nucleon* is unex- 
cited while the second is in the isobaric state, y 
for the state in which the second nucleon is excited 
but not the first and 6 for the state in which both 
nucleons are excited. We also introduce the nota- 
tion 


ef kolp 


Ove oi \ dk Fea el 
W—2M =Vp; r=p/¥s = VRE 
G,= 20 1®,, Ha = 2(®, — o°@,); 
Nn(k, 1) = (kl) Gn + (ke) (Ip) 9? Ans 
ean aN (3) 


Using the explicit form of the matrix elements, 


we rewrite Eq. (2) in the coordinate representation: 


Vo = g? (%%2) No (01, G2) & + 7/2 81 (4182) Nor (G1, C2) B 
+> gg (Sit2) Nox (Cs, 92) -¥ + G2 (SiSe) Na (C1, €2)8, 
(V — A) B = 1/2 B81 (T1S2) Nor (81, 4) & 
+ ¥p g? (S182) Nos (cre%) ¥, 
(V — A) y = "/2 881 (Site) Noi (Cj, %2) & 
+ 1p g? (S1S2) Noo (Ci, C2) 8, 
(V — 2A) 8 = g?(S,S2) N; (c;, c*) &. (4) 


2 


The spin matrices ¢ are 


+ eo 0 H/ar 00K" 
ve (, 1/V3 0 oobi 
_ 4 fi 0 —i/¥3 i 
‘ alae ‘up =a 
mate 0. 2/ Ve 0 At (5)t 
mi vz 0) 2/738 0 


*Our approximation corresponds to the case of fixed parti- 
cles so that we can speak of a “first” and a “second” nucleon. 
tThe following relations are easily verified: 


2 4 4 

* a F al * Ns. es Pa a 
> Crp Cxg = 8y5; >, Chr Mar = 28.95 YS [c,,, Cy] 3 ‘Spy 
A=1 r=1 r=1 


4 : 
Dee CD = LM By, — = Ul Say. 


re) 


In Eq. (4) the following equalities were used:* 
u(k, s) iy ( — p)u(p, 8’) 


= 2Mu (k, s)y,u(p, s’) =(¢, p—k)ssr, 


u(k, s)(k—p)B(p, s’)=(c, k—p)s, 


where u represents the usual Dirac amplitudes 
of a particle with spin he B is the spin-vector 
amplitude of a particle with spin 7, (in our ap- 
proximation (M— ©), u are two-component 
spinors and B,=0), and o are the Pauli 
matrices. The subscripts 1 and 2 of the opera- 
tors 7, 8, o and c denote the nucleon on whose 
variables the operations are performed. In order 
to go over from Eq. (4) to the ordinary non-isobaric 
theory of nuclear forces, it is sufficient to set g 
= 0. For the potential energy of the two-nucleon 
interaction we then obtain the familiar expression 


Va e (772) No (91, Py) 
—oe 3 3 \ 
= eat) F (ae) +(1+2+3)Su}, 6) 


where Sj. is the spin operator 


Si. = 3 (916) (o2¢) @ ? — (9192). (7) 


8. THE CASE I=0 


The total isotopic spin I of a two-nucleon sys- 
tem can be either 0 or 1. We shall consider the 
first of these cases. When I=0 it is impossible 
to have one unexcited and one excited nucleon since 
two vectors with I= '% and % cannot be added to 
give zero. Therefore in this case the wave func- 
tions 8 and y are zero. 

It is easily seen that in isotopic space q@ and 6 
are given by 


& = Ato, 8 = Bo, (8) 


with the isotopic space matrices 


(8”) 


Slee ia 


*The first of these equalities, which demonstrates the so- 
called equivalence of the pseudovector and pseudoscalar in- 
teractions, will cause g in Eq. (4) and subsequent equations 
to be replaced by g(1+s/2M) when M is regarded as finite 
(see footnotet on p. 842). The last equality can easily be ob- 
tained by means of Ref. 5, where B, is given explicitly. 
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where a and d are in general matrices with the 
ordinary spin variable. 
In the present case, (4) becomes 


Va = — 3g? No (%, %2) a — 12g? Ny (Ci, C2) d, 
(V—2A)d = — 6g? N, (cj, ¢3) a. (9) 
Eliminating d, we obtain 
Va = — 3g?N (4, 53) a 


4 72g5 
V—2A 


WN, (eye) NG (Care) a: (10) 


Be 
Using (3) and (7), with the notation 
FP, = 3G; + Hi, (ED) 


we obtain the following expression for the operator 
vl=0 of the potential energy of nucleons in the state 
I=0: 


V = —g{(0,9,) Fy + Sotto} 


16gt 


+ 9 =m) (OF, = 12H; 


+ (992) (Hi — Fj) + SyoH, (Fy — Hy)}. (12) 
The first term on the right-hand side agrees (for 
T1T. = —3) with the usual expression (6) for the 
potential energy of two nucleons, while the second 
term takes into account the influence of isobaric 
states on V. Multiplying (12) by (V — 2A), we 
obtain a quadratic equation in the interaction op- 
erator V. The solution of this equation for triplet 
states, with respect to the mechanical spin (S=1), 
of the two-nucleon system (including the stable 3S 


deuteron state) is given by 
Vere S=1 ad Uo ai oe Si (13) 


with the following notation: 


U°T= A 


R.=V 2A + p— 44? +7 —2s, 


p= OF g= 2H, r= ~ gi (GF? + 13H), 


128 
Vine eagle (ated) 


When S=0 the eigenvalue of S;. is zero and 
the eigenvalue of (0,0,) is —3. Substituting these 
values into (12), we obtain the following equation 
for the two-nucleon interaction potential: 


16¢4 9 2 
V = 3g*Fo ty oq (Fit Ma) 


one of whose solutions is 
v= hE + oF o— [(A + */2g?F)” 


+ 16g (F2 + H?) — 6g°F AY. (14) 
As r —o the solution for V with the positive 
radical approaches 2A, while the solution with 
the negative radical approaches zero. The last 
solution evidently represents the potential energy 
of two nucleons in the state 1=0, S=0. 


I=1 


We now consider a system of two nucleons with 
total isotopic spin I=1. By charge invariance the 
value of I,, which is the projection of I onthe z 
axis, is not significant, but for definiteness we 
shall assume I, =1. For I, =1 only the follow- 
ing components of the wave functions are nonvan- 
ishing: 


4. THE CASE 


ara Baggage Boaisaig? Tos iat Yop tte? Pete, te? Sify 2p? Saye ay? 
where the subscripts denote the projections of the | 
isotopic spin of the i-th nucleon on the z axis. 

Using the fact that the wave function of the sys- 
tem v(¥1,¥2) must satisfy the equation 


70 =I (1 +1), 


where I is the operator of the total isotopic mo- 
ment, we can represent a, B, Y, 6 by 
a 34a; bbe ee 


(15) 


Here we have introduced the following matrices in 
isotopic space: 


Oe 8 
Pema cee it 
TV 60s OW te 

0 


0 0 —Y3/2 0 
Ok J On) 
— V 3/2 0 0 0 
0 0 0 0 


‘= (16) 


“a a 


a, b, c, d are independent of the isotopic coordi- 
nates but are matrices in ordinary spin space. 
Substituting (15) into the general system (4), we 
obtain 
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Va= 2°N, (61 99) a+ 49, {Noa(o, C2) 6 
+ Noa (C1, &2) C} + 10 g2My (Cy, €2) d, 
(V — A) 6 = geyNor (01, 03) @— g?Nos (C1, €2) 6, 
(VV — A) = ggiNu1 (Ch, &2) @— g2N qo (C7, C2) 8, 


(V— 2A) d= 4 g?N, (c*, c’) a. (17) 


The last of these equations is used to eliminate d 
from the first equation of (17). We proceed as fol- 
lows to eliminate b and c. 

We consider singlet states with respect to the 
mechanical spin (S=0). Then the four compo- 
nents of 4 (a= ay, Where A and pw are spin 
indices ) can be represented by 


x 0a 
Ses bores (18) 
where a depends on spatial coordinates alone. 
We shall obtain the solutions of the second and 
third equations of (17) in the form 
6 = EN (0, 3) 4, C=ENo1 (Cy, 92) G, (19) 


where é is the sought factor. Substituting (19) 
into (17) for S=0, we obtain a relation for &: 


§ = gg, [VV — A) — 8? (Goo + ?/3Ho2)] + (20) 


Substituting (19) and (20) into (17) and eliminating 
d from the first equation of (17) by means of the 
fourth equation, we obtain an equation for a, from 
which there is derived the following cubic equation 
for determination of the potential energy vi=1, S=0 
in the system with I=1, S=0: 


16g°gh (Hy + Mi)? 
3(V — A)—gi (Fo + F2 + Ho + A) 


Via — 2 Fk 


80g$ (Fi + Hi) 
aie Ncw : (21) 
It Gan be shown that for all distances between the 
nucleons this equation has one negative and two 
positive roots for V, which for p — © approach 
0, A and 2A, respectively. The negative root of 
(21) must obviously be interpreted as the potential 
energy of nucleons in the state I1=1, S=0. 

We shall finally consider a system of two nu- 
cleons in the state with both total isotopic and or- 
dinary spins equal to unity. Above, in (17), equa- 
tions were given describing the behavior of a two- 
nucleon system in state 1=1 with arbitrary 
mechanical spin. (17) isa set of four equations 
with respect to the functions a, b, c, d, with d 
easily eliminated by means of the last equation, 
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whereas the elimination of 6 and c is more com- 
plicated. 

We shall obtain the solution of (17) for the trip- 
let state S=1 inthe form 


= & (oac*) + & (9p) @(c’p) p® + E50 (9p) (cp) 
= b, (22) 
where éj are coefficients, with the sign ~ denot- 
ing transposition. Substituting (22) into the second 
equation of (17), we obtain a relation for a linear 
combination of the matrices in (22). By equating 
coefficients of the different matrices we obtain 
the following set of equations for the determination 
of fF: 


(V—A)E = ge ,Gq + 1/5 %ig2Gor + 1/s Sog2Gor + Y/atsg?Gon, 


(V—A)& = ggiHn —*/s E29°G oo 
— €8?Gos + 1/3 &: 97H 92 — 7/3638? H 00, 


(V— A)& = — "/s6og?G 02am 69° ls bogetT oz (23) 
Obtaining &; from (23) and substituting (22) into 
the first equation of (17), we obtain an equation for 
a, which describes a system of two unexcited nu- 
cleons. 


The equations for a can be written as 


[V —- E, (V)] a = E, (V) (op) a (op) 0°? (24) 
where 
E,(V) + Bo (V) = g® (Gy + Ho) + y- B8rGou (46s + ba + &) 


+7} gga + & +%) 


sot 2 2 
ee ae Cee + 4G,H, + 2H;), 


BV) —ExV) = 28(G, — Hy 
4 Si: 
a5 (> £21G 1 a > ee1H 1) (26, + iS —_ &3) 


gt 
Bilge - ie soe 0G: + 2G, Hy + 2H), 


with £1, &, &; obtained from (23). The operator 
(04 )(099)p~” in (24) has in the triplet state (S= 
1) the three eigenvalues 1, 1, —1. We denote by 
V; the root of the equation 


oe [Ey (V) ap E, (V)) = 0, 


which corresponds to the eigenvalue 1 of the oper- 
ator, and by V_; the root of the equation 


(25) 


V = (By V) 22(V)) 9, (26) 


Gi EF, ZHAREOW 


TABLE I. Values of the nuclear potentials 


We ne! ee ee ee ee 


Ue 

®, Alpe u91, Mev te Mev v0, Mev | vi,0| Mev u141, Mev Uz, Mev 
0.46 —846.14 19D —456 .00 —1254.8 —1044,9 Wl oa 
0:5 —600.57 184.07 —294,77 — 935.00 |— 768.14 11.62 
0.6 250878 == (NYA) — 89.87 — 462.36 || — 365.29 12.74 TABLE II 
On7 iO SH — 99.34 — 18,87 222563 | — Stes Hs alss £ 
0, GN SP = 778. ae 5.357 |— 128.5 hero - oa : 

m0) — 11.39 — 38.40 rest tf — 39,18 — é A - : . 
re — 5.247 — 21.20 10.46 et 0) OOO 6.154 Ts Rive | ry filpe | Q, (hive) DP, % 
iF) — BY | = SOE 6.624 |— 4,302 |— Mea Shoes 
2.0 A050) ip — oo 46 3.077 |— 41,5250 0.22 : 
2.0 — 0.5022 — 4.339 1.499 — 0.5330 Omi 0.4448 DPD 1.37 OR 8 
3.0 — 0.2522 | — 0.5884 0.7564 |— = 0,2583 0.0800 0.1968 (4.92) (4.22) (0.14) |See Ref. 6 


which corresponds to the eigenvalue —1 of the 
same operator. (25) and (26) are fifth-degree 
equations in V, and the roots of these equations 
which approach 0 in the limit r — © obviously 
represent to the potential energy of two unexcited 
nucleons. 

When the potential energy of two nucleons in 
the state I=1, S=1 is represented as 


yirh S=1 a8 Ut ane Oro (27) 


where Sj. is the spin operator (7), then for the 
functions U'! and oe depending on the separa- 
tion we have 


Ce Us (2V1 + V1), Uy = ag (Va Vt) (2) 


5. NUMERICAL RESULTS 


Numerical values for the potentials of interest 
were obtained from Eqs. (12), (14), (21), and (27) 
of the present article. The constants in the expres- 
sions for the potentials were obtained by making 
the theoretical formulas of Refs. 1 and 2 agree as 
well as possible with experiments on meson photo- 
production and scattering by nucleons. The opti- 
mum values of the constants were* 


Ns Pj fo == O05 g? = 0.063%" s=1.8, (29) 


with the nucleonic mass taken as M = 6.75. 
Table I contains the values of the potentials, 

calculated from the set of constants in (29)7 
As already stated in the introduction, these 


*In comparing these numerical values of the constants with 
those given in Ref. 1, it must be remembered that in the present 
article we have used an isotopically invariant formalism, 
whereas the formalism employed in Ref. 1 is based on a classi- 
fication by charge states. It is easily seen that as a result our 
values of g’ and gi must be one half as large as the corre- 
sponding values in Ref. 1. 

tActually, in calculating the potentials from Eqs. (13), (14), 
(21) and (27) we did not use the constant g? equal to 0.085 
but instead g*(1+s/2 M)* =0.11 (see footnote* on p. 839), 
but the results were very little affected. 


potentials possess a singularity of high order at 
the origin, thus leading to the difficulty associated 
with the absence of a stable deuteron state and 
zero separation of the nucleons. We have there- 
fore replaced our potentials at distances r=ro 

by an infinitely high repulsive barrier. The cutoff 
radius ry was determined separately for the sin- 
glet and triplet states of the deuterons; the identi- 
cal value ry = 0.46 f/pc was obtained in both in- 
stances. In this respect the isobaric theory differs 
from the ordinary theory of nuclear forces,°® since, 
as we know, the singlet and triplet radii do not co- 
incide in the latter. 


The potentials were used to calculate the param- 


eters which describe the deuteron and nucleon scat- 
tering at low energies; these are the effective 
ranges of nuclear forces in the singlet (rg) and 
triplet (r;,) spin states, the quadrupole moment 
(Q) and the admixture of the D wave in the trip- 
let state (p, %). These quantities and the corre- 
sponding experimental values (in parentheses ) 
are seen in Table II. Although the theoretical val- 
ues generally somewhat exceed the experimental 
values, on the whole the agreement of theory and 
experiment at low energies can be regarded as 
satisfactory. 

As has already been indicated, our treatment 
is essentially nonrelativistic and applicable only 
to sufficiently low energies. To determine more 
completely the limits of applicability of the theory 
developed here it was of interest to use the de- 
rived nuclear potentials in a description of nucleon- 
nucleon scattering at energies as much higher as 
possible. For this purpose we calculated the phase 
shifts of nucleon-nucleon scattering at 100 Mev in 


the laboratory system. The results, which are 
given in Table III, show that our adiabatic approxi- 
mation cannot be used to describe nucleon scatter- 
ing at this energy. This would also be evident 
simply from the fact that the total cross sections 
Tpp and Sn were 75 and 124 mb, respectively, 
compared with the experimental values ~34 and 
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TABLE II. Phase shifts of nucleon-nucleon scattering 


at 100 Mev | 
a ee ee eK a Se acy 
State *So Pi | 1D, | Fs | oP, | SP, | 8D, | 3Fs 
| 
Phase 50 5° | 32 | 5 58 58 8% 

. 0 1 0 3 I=0 f=1 [=2 ipa) 
shifts a —0.2938] 0.1034 |—0.0518] 0.969 |—0.1238! 0.609 |—0.0368 
State | 8S; + 8D, | 8P, + 8F, | 8D, + °G5 

Phase 
shifts and % o 
parameters O Fat oa Ny=4 87-2 8} 2 ny 2 3723 SF 23 nj 3 

Sr ihe 0.622 —0.344 0.053 10.3328 —0.001 —0.2544/0.142 —0.0879 0.7499 

mixture* 


*We have followed the notation used in Ref. 7. 


~70 mb. The angular distributions were also en- 
tirely unsatisfactory. A more exact non-adiabatic 
approximation might to some extent correct this 
discrepancy, but we are inclined to believe that the 
semi-phenomenological isobaric theory of nuclear 
forces which has been developed here is limited to 
_ low energies not above a few Mev. 

Academician I. E. Tamm suggested this prob- 
lem and participated in the early part of the work. 
Iam extremely grateful to Academician Tamm 
for his suggestion and guidance. I also wish to 
thank L. V. Pariiskaia, A. T. Matachun and L. Ia. 
Trendeleva for many calculations. 
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m-p and p-p scattering at energies above 1 Bev in the laboratory system has been analyzed 
on the basis of a model in which the nucleon is regarded as an optically homogeneous sphere 
with sharp boundaries and a complex refractive index. It is shown that the available experi- 


mental data can be fitted by choosing a sphere of radius R = (1.08 + 0.07) x 10 


a em, which 


is independent of the type of the interacting particles and of their energy. The optical param- 
eters of the sphere are computed. The contributions to the elastic scattering cross section 
from the real and imaginary parts of the scattering amplitude are estimated. One can assume 
that the contribution from the real part of the scattering amplitude is small for m-meson en- 
ergies of 1.37 Bev and for proton energies above ~5 Bev, and thus at higher energies the 
scattering can be analyzed using the general scattering theory without spin, or else on the 
basis of the model of a purely absorbing sphere. The possible behavior of the cross sections 
for m-p and p-p interaction with increasing energy of the colliding particles is discussed. 


1. INTRODUCTION 


ls 1949, Fernbach, Serber, and Taylor! made use 
of an optical analogy for the analysis of neutron 
scattering from nuclei at high energies. Nuclear 
matter was regarded as a refractive and absorp- 
tive medium. During the passage of the neutron 
through the medium its wave vector, which is equal 
to kp outside the nucleus, takes on the complex 
value 


k=k+k,+ik/2, (1) 


where K denotes the absorption coefficient of the 
medium, and k, is the change in the real part of 
the wave vector of the neutron. Then, in analogy 
with optics, one can characterize the nuclear mat- 
ter by a complex refraction index n=k/kp. This 
optical model received wide attention in the analy- 
sis of the experimental data on the scattering of 
fast particles from nuclei, and led to many valu- 
able results. 

The formalism of the optical model of the nu- 
cleus was subsequently used in the analysis of the 
scattering of 7 mesons and protons from protons 
at energies of order 1 Bev and higher.2~! This 
approach may be called the optical model of the 
nucleon. It was shown that the experimental data 
on m-p scattering at 1.37 Mev (Ref. 3) could be 
fitted by a model in which the nucleon is repre- 
sented as a homogeneous sphere of radius R= 
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(1.18 + 0.1) x 107%cm, characterized by a co- 
efficient of absorption K = 0.67 x 10°%cem™ and 
k, = 0. 

Thus the sphere can be considered purely ab- 
sorbing. 

In an analogous manner the data on p-p scat- 
tering for the energies 0.8, 1.5, and 2.75 Bev 
(Ref. 2) were analyzed. The proton was regarded 
as a homogeneous, purely absorbing sphere (k, 
0) of radius R, which is independent of the en- 
ergy. The incoherent scattering was considered 
insignificant. With these assumptions the experi- 
mental data could be fitted by taking for the proton 
model a sphere of radius R = 0.93 x 107%cm with 
absorption coefficients K = 4.3, 3.7, and 2.7 x 
10cm! for proton energies 0.8, 1.5, and 2.75 
Bev, respectively. A comparison of the results of 
the analysis shows that the proton is more “trans- 
parent” for the a meson than for a proton, and 
that the range of the m-p interaction is greater 
than that of the p-p interaction. Recently pub- 
lished data on the elastic scattering of protons by 
protons at 2.24, 4.40, and 6.15 Bev (Ref. 4) were 
analyzed from the point of view of the extremely 


simple optical model. In all variants of this model, 


the nucleon is represented by a disc with different 
optical parameters. With a certain choice of the 
parameters of this disc, it was possible to achieve 


| 
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TABLE I 

—————————— 

Ey, Bev 40**x, cm St, mb Ge, mb 6;, mb 
1.5 2.39 47.2+0.9]1° 20+2[? 27+2[? 
2.24 1.92 44 1413] ree 362218 
2.75 1.73 41 420) 15422] 26+2[?] 
4.40 1.37 34 E21) 9.744 54] 24, 2762/8] 

. . . . 4 
Et Bev Sel ae) (| 7.5+1.5[4] 23,.8+2[%] 
1.37 aa? 30.6-+2.8[9] 6 .6-L41[9] 24.044 ..5[9] 


agreement with experiment. 

We made an attempt to analyze all available ex- 
perimental data on p-p and a-p scattering, in 
the energy region of several Bev, on the basis of 
the optical model of the nucleon. The analysis was 
carried through under the assumption that the 
range of interaction is determined by an optically 
homogeneous sphere with sharp boundary, and that 
the incoherent elastic scattering can be neglected. 
In light of this analysis, we examined several as- 
pects concerning the use of the general scattering 
formalism in the problem under consideration, in 
analogy to the work done earlier.>~® 


2. EXPERIMENTAL DATA AND FORMULAE 
USED IN THE ANALYSIS 


Table I summarizes the experimental data on 
the scattering cross sections at high energies, in- 
cluding the values of the total cross section (0;), 
the elastic cross section (dg), and the inelastic 
cross section (o;) for p-p and 7-p interac- 
tions. The second column of the table gives the 


‘value of the wavelength x of the impinging parti- 


cle in the center-of-mass system for the corre- 
sponding energy E of the impinging particle in 
the laboratory system. The oj for Ep, = 2.24, 
4.40, and 6.15 Bev have not been experimentally 
measured. They have been obtained using the 
ideas reported in Ref. 8, and appear to be perfectly 
reasonable, since there are grounds to assume that 
oj changes slowly in this energy region. One can 
judge this from the results of the estimate for the 
average value of the cross section for the inelastic 
interactions in the nucleon-nucleon collisions at 
energies of the order of 50 Bev, (Ref. 11) giving 
for o; the value (21 +4) mb. Moreover, as will 
be seen from the following, the results of the anal- 
ysis change very little for variations of oj over 
a wide interval of values. The choice of the value 
of the cross section for the inelastic interaction 
thus does not appear to be critical. 

Apart from the data in Table I, we have avail- 
able experimental differential cross sections for 
the elastic scattering of « mesons and protons 


from protons at the indicated energies. These 
data have also been used in the analysis. 

We make a few remarks about the formulae 
with which the experimental results quoted above 
can be analyzed. 

It is known that, neglecting the incoherent scat- 
tering and regarding the nucleon as an optically 
homogeneous sphere, the scattering cross sections 
can be expressed in terms of the parameters of 
this sphere.! In this case the inelastic scattering 
cross section is 


o, = TR? {1 — [1—(1 + 2KR) exp (— 2KR)]/2K?R?} (2) 


and the differential cross section for the elastic 
scattering (here dg =0q), 


doq/do =| f (9) ?, (3) 
where the scattering amplitude is 


R 
f(s) = iko\ [1 — exp {(— K + 2ik;) s}] J (Ryo sin 9) pdp. 
; (4) 


In these formulae ¥# is the scattering angle; s = 
VR2 — p2. 

The integration of (3) leads to a rather compli- 
cated expression for the total cross section of the 
elastic diffractional scattering (see, e.g., formula 
(6) in Ref. 1). It is known, however, that for an 
opacity o;/mR?< 0.9, which corresponds to KR 
< 2.3 and k,/K<1, the expression for the total 
cross section of the diffractional scattering can be 
brought into the simpler form'” 


Greet (ee il + 4(@) [1— gg (KRP ++ |} f 


(5) 
where 
oa(K, ky = 0) =" {B® 14—2 (1 + B)e~® 
+ 8(2-+ B)e~82}, B= 2KR, (6) 


which gives a result differing by not more than 1% 
from that obtained with the exact expression for 
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Og. We use expression (5), since the experimental 
data satisfy the corresponding requirements. The 
quoted expressions are justified for energies for 
which the condition *<«<R is true in the c.m.s. 


3. PARAMETERS OF THE OPTICAL MODEL OF 
THE NUCLEON FOR THE DESCRIPTION OF 
THE SCATTERING AT HIGH ENERGIES 


The parameters of the optical model of the nu- 
cleon to be determined from the experimental data 
are the radius of the homogeneous sphere R and 
its optical parameters K and k;. The radius R 
of the interaction sphere was taken as the starting 
quantity in the determination of the parameters. 
For every given radius R, the values of K and 
k, were calculated at different energies of the in- 
teracting particles, using formulae (2) and (5) and 
the data in Table I. These values were determined 
for the average values of the cross section as well 
as for their limiting values corresponding to the 
quoted experimental errors. 

It is seen from the curves of Bethe and Wilson! 
that for the available values of og and oj; the 
case ky=0 gives maximum values for og/7R? 
Oj /nR®, i.e., minimum values for R. Therefore, 
for each energy, the interval for the values of the 
radius considered was bounded from below by the 
radius of the purely absorbing “gray” sphere. The 
minimum values for the radii for the energies Ep 
are listed in Table II. For E=1.37 Bev, Rin = 
01x10"? cm. 


2 


TABLE II 
E» Bev 1.5 2,24 2.75 4.4 6.15 
10'8.R.,, em 0.90 0.89 0.90 0.92 0.95 


For each set of values R, K, and k, the differ- 
ential cross sections for elastic scattering were 
calculated using formulae (3) and (4). Expression 
(3) was integrated numerically using Simpson’s 
rule, with an accuracy not worse than 1% for small 
scattering angles and several percent for large 
ones. In the course of the calculation, it appeared 
that upon a 20% change in 0;, with constant R 
and og, the change in the value of dog/dw is 
still within the limits of error of the numerical 
integration. Thus the choice of the value of oj 
does not appear to be critical for this analysis. 

The angular distributions for the elastic scat- 
tering were calculated for the limiting values of 
0g with fixed values of R. In the same way, the 
range of possible angular distributions was deter- 
mined in accordance with the experimental accu- 
racy of the total cross sections. Comparison of 
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FIG. 1. The solid curves describe the region of possible 
angular distributions for the elastic p—p scattering in the 
center of mass system for the radii: (a) Ep = 15 Bev, R=1.3 
x 10°’ cm, and (b) Ep = 2.75 Bev, R= 1.2 x 10° cm. The 
dotted curves describe the angular distributions calculated 
with the model of a purely absorbing sphere with radius R=0.93 
x 10° cm for both energies. The histograms represent the ex- 
petimental angular distributions of Ref. 2. 


these ranges with the experimental data on the 
differential cross sections allowed us to choose 
the values of R (together with the corresponding 
values of k,; and K) satisfying the experimental 
data with respect to the total as well as with re- 
spect to the differential scattering cross sections. 
We list below the results of the calculations and 
their comparison with the experimental data. 

(a) p-p scattering at 1.5, 2.24, and 2.75 Bey. 

The experimental data at 1.5 and 2.75 Bev have 
been obtained with a diffusion chamber? and have 
poor statistical accuracy. Therefore the experi- 
mental distributions are reconciled to an equal 
degree with an optical model of the nucleon having 
parameters that fluctuate over a very wide range. 
(see Fig. 1). The available counter data of Cork 
et al.4 at E, = 2.24 Bev, however, allow one to 
narrow down the range of the fluctuations of the 
radius of the sphere for this energy region. It 
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a6 mb 
du” 


sterad 


FIG. 2. The solid curves describe the region of possible 
angular distributions for the elastic p—p scattering in the 
center of mass system for R = 1.10 x 10° cm. The dotted 
curves describe the region of angular distributions for R=1.20 
x 10° cm. The experimental points are taken from Ref 4. 
a—Ep= 2.24 Bev, b— Ep= 4.40 Bev, c— Ep= 6.15 Bev. 


turns out that the homogeneous sphere may have 

a maximum radius R=1.15 x107'%cem, since 
definite disagreement with the experimental data 
occurs even for R=1.20 x 107'%cm (see Fig. 2a). 
For these values of the radius of the sphere, the 
contribution to the cross section of the elastic in- 
teraction from the real part of the scattering am- 
plitude, due to values of k, different from zero, 
can reach 35%. It should be noted that for R= 
1.15 x 107%cm agreement with experiment exists 
only at angles & not-above 30°. The minimum 
radius for E, = 2.24 Bev is in accordance with 
the value 0.93 x 107'%cm, which was given in 
Ref. 2 for the energies 1.5 and 2.75 Bev. Further- 
more, the purely absorbing sphere (kj =0) may 
only have a radius below 1.0 x 1078 cm. 


dC mb 
d sterad 


ae mb __ 
do’ sterad 
ome 


It should be noted that the considerations of 
Rarita!® in connection with the applicability of the 
optical model of the nucleon to the p-p scattering 
at Ep ¥ 1.0 Bev are equally justified for the en- 
ergies considered above. 

(b) p-p scattering at 4.40 and 6.15 Bev. 

The experimental data at Ep = 4.40 Bev‘ for 
3 < 30° are satisfactorily fitted with a homogene- 
ous sphere with a radius from 0.95 x 10°%cm to 
1.15 x 107% cm. The values R=0.92 and 1.20 x 
107-3cem lead to definite disagreement with the 
experimental results (see Figs. 2b and 3a). The 
purely absorbing sphere may have a radius of not 
more than 1.10 x 1078cm. The measured angular 
distribution of the elastic scattering at Ep = 6.15 
Bev is satisfactorily fitted with a homogeneous 
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FIG. 3. The solid curves describe the region of possible 
angular distributions for the elastic p—p scattering in the 
center-of-mass system, calculated using the model of a purely 
absorbing sphere,based on the following data: (a) Ep= 4.40 
Bev, 0; = 24.2 mb, 0, = (9.7 + 1.5) mb, R =(0.97—1.05) x 10 
cm; (b) Ep = 6.15 Bev, a; = 23.8 mb, 0, =(7.5 + 1.5) mb, 

R = (1.0-—1.15) x 10° cm. The dotted curves give the angular 
distributions for the case of a purely absorbing sphere with 
minimum radius: (a) R = 0.92 x 10™* cm, (b) R= 0.95 x 10°" 
cm. The experimental points are taken from Ref. 4. 


sphere with a radius from 1.0 x 1078em to 1.15 
x107%cem. The disagreement with experiment for 
R=0.95 x1078cem and R=1.20x1078em is 
seen in Figs. 3b and 2c. 

In addition, for Ep = 6.15 Bev and all values 
of the radius inside the indicated interval, the 
sphere may be purely absorbing. 


GRISHIN, SAITOV, and CHUVILO 


(c) m-p scattering at E, = 1.37 Bev. 

The available experimental data on the scatter- 
ing of m mesons by protons? were obtained with a 
diffusion chamber and have therefore bad statisti- 
cal accuracy. It was found that these data could 
be fitted with a model of a homogeneous sphere 
whose radius takes on arbitrary values within a 


wide interval. Therefore the restriction of the ae 


range of values R was achieved with the use of 
the dispersion relations, which show that the con- 
tribution from the real part of the scattering am- 
plitude to the elastic scattering cross section at 
the angle 0° and at E, = 1.37 Bev amounts to 
about 7%.? For the application of the optical 
model, this means that the radius of the homoge- 
neous sphere may range from 1.01 x 109° em to 
125x107) em 


4, ON THE APPLICABILITY OF THE OPTICAL 
MODEL OF THE NUCLEON WITH K,; = 0 


Let us consider the optical model of the nu- 
cleon with k,=0, in which the form of interaction 
range is not specified, in other words, we assume: 
(1) the elastic interaction has diffraction character 
and there is no potential scattering; (2) the scat- 
tering cross sections are independent of the spins 
of the interacting particles. These assumptions 
are equivalent to those made in Refs. 5 to 8. In 
connection with a discussion of p-p and 7-p in- 
teractions from the point of view of the general 
scattering theory, which permits a more consist- 
ent description of the scattering at high energies. 
It is therefore of interest to investigate the limits 
of applicability of these notions. 

We start from the known formula for the scat- 
tering amplitude of spinless particles (see, e.g., 
Ref. 14): 


>) (21 + 1) (1 — 82) Pi (cos 9), 


— 


1=0 


f (8) =} 


Br = exp (2in,). (7) 


Here fil denotes the orbital angular momentum, 
Pj](cos #) are the Legendre polynomials, and " 
is the scattering phase. The optical model param- 
eters are combined with the scattering phase in 
the following way:! 


N, = (Ry + 1/2iK) s,. (8) 


Here 2s] is the path length of the incident parti- 
cle with orbital angular momentum fil in nuclear 
matter. 


For the case k,=0 the quantity Bj = exp (— Ks?) 
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must be real and positive, and the scattering ampli- 


tude pure imaginary. 

We have calculated {) for all the interaction 
energies mentioned with the help of the analytic 
expression for do/dw from Ref. 8. It was as- 
sumed that the angular distribution is known with 
an accuracy of +15% for all angles. 

The calculation makes use of the formula (see, 
e.g., Refs. 7 and 8) 


+1 
(—pox= ViFOIPwd, [Feor=Z. (9) 


al 


The results of the calculation are listed in Table II. 


Thus the analysis of the p-p scattering under 
the assumptions enumerated above leads to nega- 
tive values of By) for energies of 1.5 to 4.4 Bev. 
This implies that the original conditions of this 
investigation are not valid for this range of proton 
energies. Consequently, an investigation of the 
type of Refs. 5 to 8 and the optical model with k, 
= 0 are applicable to the description of the p-p 
scattering only for energies above ~5 Bev. 

An analogous consideration of the m-p scatter- 
ing at E, = 1.37 Bev gives 8), =0.15 + 0.08. This 
implies that the assumptions made above do not 
contradict the experimental data for these m-me- 
son energies. 


TABLE II 
E,, Bev 4.5 2.24 2.75 4A 6.15 
8,(S wave) —0.4640.13 —0.5240.13 —0.39+0,12 —0.1140.10 +0,06-+0.08 


5. CONCLUSIONS 


All available experimental data on m-p and 
p-p scattering in the energy region of several Bev 
can be fitted satisfactorily with the optical model 
of the nucleon, where the range of interaction is 
represented in the form of a homogeneous sphere 
with sharp boundary and complex refractive index. 
In the framework of this investigation, there are 
reasons to assume that the radius for the interac- 
tion is independent of the types of the colliding 
particles and of their energies. This radius ranges 
from 1.01 x 107%em to 1.15 x 107%em. Table IV 
gives the values of the absorption coefficient K as 
well as the contributions of the real parts of the 
scattering amplitude for three values of the radius 
of interaction. It is seen from the data in Table IV 
that the contribution to the elastic cross section 
from the real part of the scattering amplitude de- 
creases with increasing energy. This means that 
k, decreases, going to zero in the limit, i.e., the 
homogeneous sphere becomes purely absorbing. 
In this limiting case the optical model drops the 
concept of a range of interaction, and is equivalent 
to an investigation of the scattering at high ener- 
gies on the basis of the general scattering theory 
under the assumptions made in the papers of Refs. 
5 to 8. On the basis of these considerations we 
have investigated, in Sec. 4, the limits of applica- 
bility of these concepts for the analysis of the scat- 
tering at high energies. It was found that the anal- 
ysis of the experimental data under the assump- 
tions mentioned is valid for the p-p interactions 
only for energies above ~5 Bev. The results of 


the m-p scattering at 1.37 Bev can be similarly 
fitted. The question of the applicability of this 
method for the analysis of the m-p scattering is 
still open, since we do not have as yet the neces- 
sary experimental data for smaller energies. 

If, as seems entirely possible, the “form fac- 
tor” of the nucleon is independent of the energy, 
we can draw the following conclusions about the 
behavior of the cross sections for the m-p and 
p-p interactions with increasing energy of the 
colliding particles. It is known that, for high en- 
ergies, the cross sections for the interactions of 
m mesons and protons with nucleons tend towards 
a constant limiting value. This appears to be a 
consequence of the finite dimensions of the nucleon. 
(We neglect the Coulomb interaction.) If this lim- 
iting value for + mesons is ~*~ 30 mb, then the 
total cross section at the m-meson energy 1.37 
Bev, as considered above, is already equal to its 
limit calculated with the help of the dispersion re- 
lations. There are grounds to expect that the 
values of the elastic and inelastic cross sections 
for the z-p interaction will not change with in- 
creasing energy, since the elastic cross section 
can at these energies be regarded as a conse- 
quence of the inelastic cross section. An increase 
or a decrease of the inelastic interaction entails a 
corresponding increase or decrease of the elastic 
interaction, leading to a change in o;. If these con- 
siderations are right then, for E,; > ~, o;, ~ 30 
mb, oj ¥ 24 mb, and og © 6 mb. 

Similarly, it is known for the nucleon-nucleon 
interaction that oj = 21+4mb at Ey = 50 Bev. 
This implies that the inelastic cross section 
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changes slowly with energy. As our considera- 
tions above showed, one can interpret the elastic 
p-p interaction at E, = 6.15 Bev as a conse- 
quence of the inelastic interaction. Then one may 
expect that, for Ep +o, oj = 24mb and dg 7 
mg, with o; = 30 to 31 mb. We thus arrive at the 
conclusion that for high energies of the colliding 
particles the total cross sections of the elastic 
and inelastic interactions of m mesons and nucle- 
ons with nucleons have the same values. 

We thank L. Z. Isaeva and L. A. Shustrova for 
numerical calculations done for this work. 
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It is shown that, in the rest system, the relativistic formulas for the angular distribution and 
the polarization vectors and tensors for a reaction of the type a+b—c+d are essentially 
the same as the nonrelativistic formulas, if the spin of a particle is defined as its internal 
angular momentum around its center of mass. The square of this internal angular momen- 
tum is Lorentz invariant. The spins of the particles are arbitrary, and their rest masses 


are nonvanishing. 


The main difference from the nonrelativistic case is that the description of the spin state 
is not the same in different Lorentz reference systems. Therefore for cascades of reactions 
(for example, for experiments on double scattering) corrections must be applied to the non- 
relativistic formal theory. The relativistic changes in the angular correlations are indicated 
for successive reactions of the type 7+ p—~>Y+kK, Y~>N+id. 


INTRODUCTION 


For reactions of the type a+b—~c+d, formal 
theories are known which express the angular dis- 
tribution and the state of polarization of the prod- 
ucts of a reaction in terms of the states of polari- 
zation of the incident beam and the target and un- 
known parameters which are the elements of the 

S matrix for the process a+b—~c+d. The sim- 
plest example is the well-known formula for the 


function f(@) which appears in the expression 


P(r) =e™ + f (0) e*/r 


for the wave function of a stationary scattering 
process of particles of spin zero. In this case 
the unknown parameters are called the scattering 
phase shifts. 

These theories are based on the use of the con- 
servation laws (in particular the law of the con- 
servation of the total angular momentum). Coester 
and Jauch! were the first to obtain formulas for the 
angular distribution and polarization in the case of 
particles a, b, c, d of arbitrary spins; their 
starting point was the explicit formulation of the 
conservation laws in terms of the diagonal prop- 
erty of the S matrix with respect to the conserved 
quantities. These same formulas have been ob- 
tained by Simon and Welton, but by a different 
method (cf., e.g., Ref. 2). 

These formulas are nonrelativistic, but only be- 
cause the spin state of the particles is described in 
the Pauli approximation (so that it has the same 
appearance in all Lorentz reference systems). The 
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theory of the scattering of spinless particles is es- 
sentially relativistic. In order to obtain the angu- 
lar distribution in any Lorentz system, one has 
only to transform o(@)=|f£(@)|? from the center- 
of-mass system into the desired system by using 
known formulas. What is therefore required 

for the relativistic generalization is the defi- 
nition of the relativistic spin operator. The 

spin operator which we introduce satisfies all the 
requirements which can be demanded in terms of 
the concept of the spin as the intrinsic angular 
momentum of a particle.* 

To obtain the relativistic formulas we use the 
method of Coester and Jauch in a form presented 
in a paper by one of us.? We emphasize that in 
this method one needs only the ability to describe 
the state of a free particle possessing spin; we do 
not need relativistic equations (for free particles ) 
like the Dirac equation (which plays an essential 
part in Stapp’s relativistic theory of the scatter- 
ing of particles with spin ven 


1. THE CONSERVED PHYSICAL QUANTITIES IN 
A RELATIVISTIC THEORY 


The conservation laws are simply an expression 
of the fact that the physical processes in an isolated 
system must not depend on the means used to de- 


*Iu. M. Shirokov has informed us that he has employed this 
same description of the spin state (which was obtained by him 
from the theory of the irreducible representations of the inhomo- 
geneous Lorentz group) to the formulation of a similar relativis- 
tic theory of polarization and correlation effects. 
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scribe it, in particular on the choice of the refer- 
ence system. Here it is of course assumed that 
space-time is homogeneous and isotropic (we can 
suppose, however, that this assumption is contained 
in the concept of an isolated system). In quantum 
mechanics this fact is expressed by the requirement 
that the S matrix of a physical process must com- 
mute with ten operators, the infinitesimal displace- 
ments of the origin of the space and time coordi- 
nates providing operators Py, and infinitesimal 
space-time rotations giving operators Myp. The 
fact that an operator commutes with the S matrix 
means that the S matrix is diagonal with respect 
to the eigenvalues of this operator,* and conse- 
quently that the corresponding physical quantity is 
conserved, i.e., remains unchanged in all internal 
processes. 

Four conservation laws have the clear physical 
meaning of the conservation of the total momentum 
and energy Py{Px, Py, Pz, iPo}. Of the six 
other operators Mypy> three operators M,, (k= 
1, 2,3) do not have an immediate physical mean- 
ing, and instead of M,, we shall introduce six 
other operators, which have the physical meaning 
of the coordinates of the center of mass of the 
physical system and its total angular momentum 
around its center of mass. 

The properties of the center of mass follow 
directly from its conceptual meaning: the motion 
of the system as a whole can be characterized 
primarily (in the very first approximation) as 
the motion of a material point with mass equal to 
the rest mass (or energy) of the system and with 
momentum equal to the total momentum P of the 
system. The center of mass of an isolated system 
must therefore move uniformly in a straight line. 
Furthermore, in quantum mechanics we must re- 
quire that the center of mass R actually be the 
coordinate operator of a certain particle, i.e., in 
particular, that the well known commutation re- 
lations hold between Rx, Ry, Rz, Px, Py, P-. 

We can obtain such an operator R in the fol- 
lowing way. It is well known that the following are 
the commutation relations which must be satisfied 
by the operators Pj and Myy (cf. Ref. 6 and Sec. 
3 of Ref. 5): 


[P;, Pj] =90; [P:, EF] =90; [M;, Pj] =iezpP,; (1-1) 


*Let us write out AS—SA = 0 as a matrix product. In doing 
so, we choose a representation in which the operator A is 
diagonal (i.e., we label matrix elements with its eigenvalues). 


Then 
Aj Sp1 Ay SimAmi =A A) Si =0, 


i.e., Sjz must be equal to zero if i 1. 
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; (1.2) 
(M;, E] =0; (Mi, Mj) = tecjrMn; 


[N;, Pj] = iE; (Ni, E] = iPi; (Mi, Nj) = teen ns (1.3) | 


(Ni; NjJ == ie:jrnMnr. 


Notations: [A, B] = AB — BA; i, j, k take the 
values 1, 2, 3; and 


{M,, Mz, M3} == {Mos, Ms, Mp}; iN; — M ja; _ 
E = (P?+ m)*;h=c=1; 


€jjk is a tensor antisymmetric in all its indices, 
with €4);=1. It is understood that we confine our- 
selves to those state vectors % which describe 
states with a definite rest mass mg, i.e., for 
which P,,Py%) = — mip, or (Py — E)%=0 (the 
time displacement operator Py is equivalent to 
the factor E). We note that since [Nj, E] = iPj 
the average value of Nj is a linear function of the 
time. Therefore Nj; is “conserved” in the sense 
that internal processes have no effect on this time 
dependence. 

We introduce three new operators Rx, Ry, R,, 
for which 


(Ry, Rj) = 0; [Ra Pl, 


(from which if follows that [Rj, E] =iPj/E). We 
represent M in the form ; 


Mn = dyentjRiP; + In, 
t, fj 


and find from Eq. (1.1) that [Jj, Pj]=0. If we re- 
quire that Rx, Ry, Rz be the components of a 
spatial vector (as must indeed be the case), i.e., 
that [Mj, Rj] =iejjkRk, then [Jj, Rj] =0, and 
Jx, Jy, Jz also form a three-dimensional vector. 


(1.4) _ 


} 
| 


| 


| 
| 
| 
| 
| 
| 


It then follows from Eq. (1.2) that [Jj, Jj] = i€ijkdk. 


In like fashion, representing N in the form 
N; =7/,(RiE + ER:) + Ki=RiE — iP; /2E 4+ Ki, 


we find that [Kj, Pj]=0. Therefore also [Kj, E] 
= 0, and the average value of Kj is constant in 
time. 

We now pose the problem of expressing M and 
N in terms of the operators R and J which we 
have introduced. For M this has already been 
done. It remains only to express the spatial polar 
vector K interms of P and J. It can be shown 
that if Rx, Ry, R, are the first three components 
of any four-vector [i.e., for example, [N, R ]= 
0 if i#j), then K cannot be expressed in terms 
of J and P only so as to satisfy all the commu- 
tation relations for N. This means that if K is 
constructed from P and J alone, then [R, P Ik 
and Jk are not the spatial components of a four- 
dimensional tensor of the second rank. 


| 


| 


| 
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The simplest K (namely one linear in Jx, dy, 
J,,) satisfying Eqs. (1.3) and (1.4) has the form 

K = [PJ] (E+ my 
(cf. Refs. 7 and 6).* 

Since the problem has a solution, it follows that: 
(1) R is “conserved” (in the same sence as N), 
Since it can be expressed in terms of the conserved 
operators Myp (see Appendix). R can be called 
the center-of-mass operator. It is the same as 
definition (e) of the center-of-mass in the papers 
of Pryce.’ (2) J is also conserved and, what is 
particularly important for our purpose, J* = Je + 
Jy, + J? is Lorentz invariant, since [N, J2] = 0. 
We emphasize that this is true for arbitrary K = 
K(P, J). 


2. USE OF THE CONSERVATION LAWS. 
RELATIVISTIC DEFINITION OF THE SPIN 
OF A PARTICLE 


The four conservation laws for the total momen- 
tum and energy and the three conservation laws for 
the center of mass can be expressed very simply. 
The argument is usually carried through in the 
Lorentz system of reference Kg in which the 
(conserved) total momentum is zero (the so- 
called center-of-mass system). The origin of the 
coordinate system can be taken at the center of 
mass (more precisely, at the point given by the 
average value of the operator R} for the particles 
a and b (or c and d). Then J is the total an- 
gular momentum. Since the commutation relations 
between Jx, Jy; Jz are the same as for the total 
angular momentum or for the Pauli spin matrices, 
the eigenvalues of J* and J, are respectively 
equal to h?J(J +1) and M=J, J-1,..., —d. 

The conservation law for J is expressed by 
the fact that the S matrix is diagonal with respect 
to the eigenvalues of J? and J,: 


CMS fe Tyra ee Sl) BY 8, j8ap a0 | (2) 


*We have not been able to show that no other K’s exist. 
Beginning with different considerations, L. G. Zastavenko has 
evidently proved the uniqueness of K. We are grateful to him 
for a discussion of this question. 

+The conservation law for R means something more than the 
conservation of the average value. The requirement [R, S] = 0 
means that if the system is in a state with a definite value of 
R (we note that in the interaction representation the wave func- 
tion for the external behavior of the system does not change 
with the time), internal processes in the system will not take it 
out of this state. This property does not get used explicitly, 
but an operator R of this kind is required for the definition of 
the conserved angular momentum J of the system (and of the 
spin of a particle, see below). 
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and also the fact that (...|SIM|...) is independ- 
ent of the value of M, which follows from [Jx, S] 
= 0. , 

To find, for example, the angular distribution of 
particles c and d, we need to know the explicit 
expression of the elements of the S matrix in the 
representation of the particle momenta. In order 
to express these elements in terms of the elements 
(2), we must first of all enumerate the remaining 
variables of a complete set (denoted in Eq. (2) by 
dots), which commute with each other and with J? 
and Jz. 

The initial and final states of the process a+b 
~c+t+d are states of systems consisting of two 
free noninteracting particles. From the meaning 
of the S matrix, its elements are the transition 
amplitudes between such states. Therefore to 
label the elements of the S matrix we must take 
as our variables a complete set of quantum me- 
chanical quantities describing the free particles 
a and b or c and d. The total angular momen- 
tum J (inthe system Kg) is represented in the 
form J =j,+ Jj, where j is the total angular mo- 
mentum of a single particle in Kg. 

The procedure stated in Sec. 1 for obtaining 
the conserved angular momentum relative to the 
center of mass can be applied to a system of ar- 
bitrary physical nature (for example, to a system 
of fields). One needs only to know a concrete rep- 
resentation of the operators P and M. Therefore 
it is natural to apply this procedure to an “elemen- 
tary” particle, whose physical nature is in general 
unknown (by the definition of “elementary” ). Be- 
sides the coordinates r of the center of mass and 
the momentum p we then get just one conserved 
external characteristic of the particle, its angular 
momentum s relative to its center of mass r. 

In defining the spin s of a particle, we are only 
fixing precisely the concept of the spin as the in- 
trinsic angular momentum of the particle. 

Accordingly, j=[r <p] +8, and in the system 
Kg, in which p; = —Pp,=p, we get 


J = [r, X py] + $1 + [Pex po] + 82 


(3) 
=[(r, -r,) x p] +s, +5, =1 +5, + 8, 

In the system Kg we can now proceed in complete 
formal analogy with the nonrelativistic treatment 
to introduce the total spin operator 8 = 8; + 8» 
(the square of which, however, is not a Lorentz- 
invariant quantity). The eigenfunctions of the 
square of this quantity, s?, and its component s, 
can be expressed in terms of the products %i,;m, 
xX giom, of the eigenfunctions of the squares and 
components of the operators 8, and s, (the eigen- 
values of s} are denoted by h’i;(i,+1)). Since 
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the commutation relations for 8, 8;, 82, have the 
usual form, [Sx, Sy] =isz and so on, the coeffi- 
cients in these expressions will be the well known 
Clebsch-Gordan coefficients (ijigm mz | ijigsm), 
which are also the transformation functions for the 
transformation from the representation in the vari- 
ables i;, ig, my, my into the iy, iz, Ss, m-repre- 
sentation (and inversely). A similar meaning 
attaches to the coefficient (/sum|/sJM). 

We can now take as the variables denoted by 
dots in Eq. (2) s, 1, and the absolute values of 
the momenta in Kg (or the total energy of the 
system, which in Kg is equal to an invariant, the 
rest mass of the system). 


3. FORMULAS FOR THE CROSS-SECTION AND 
THE POLARIZATION VECTOR AND TENSORS. 
RELATIVISTIC ROTATION OF THE SPIN 


We can now express the elements of the S 
matrix in the representation of the momenta of the 
particles and their spin components in terms of 


the elements (pc, 8s’, l’, J’, M’|S|aag, s, 2, J, M). 


The transformation function from the representa- 
tion in the variables p, s, l, J, M into the repre- 
sentation of the momenta and the spin components 
is the product of three transformation functions. 
We can write out the transformation as follows 

(cf. Ref. 9): 


(Pe3 Mc, Ma | S| Ppa, Ma, Mp) = (MeGcPe | L’p' pe) (4) 


X (icigmema | icias'm’)(U's'p'm’ | I's'JM) (s'l’ | S7* 2), st) 
x (IsJM | lsum) (éatpsm | Laisa) (Lupa | SaPaPa)- 


We have used Eq. (2) and the law of the conserva- 
tion of the total energy. Pe and pg are the mo- 
menta of particles c and d and a and b re- 
spectively in K; ve, gc, Pc, Ya, Pa, Pa are their 
spherical angles and absolute values. It is recalled 
that pe is a function of pg: 


Vie ee = nee ee 


Summation over the labels /’, uv’, s’, m’, J, M, 
l, », s, m is understood. 


ap j-! 
(890 | taps) = 200 YW *R*" y,, (9, 0) (0 | po), 


where YJ (9, gy) is a spherical harmonic. For 
the other notations see Ref. 3 (in particular, Ap- 
pendix II). 

From the formula p’ = SpS* we can now get 
the density matrix p’ of the products of the reac- 
tion in the representation of their momenta and 
spin components (p is the density matrix for beam 
and target in the same representation). The prob- 
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lems of normalization and of deducing the cross- 
section in the system Kg are solved in just the 
same way as in the nonrelativistic case (cf. Ref. 3). 
One can also introduce in just the same way the 
statistical polarization tensors instead of the den- 
sity matrices. All the formulas will have the same} 
form as those of the nonrelativistic case.? The | 
difference lies in the fact that the quantities Mae | 
Mp, Me, Mg (or T, VY), and also the total spin | 
| 
| 


and other variables are relative to the system Kg. 
The same spin state has a different form ina dif- | 
ferent Lorentz system K (for example, in the 
laboratory system ). 

In order to learn how a spin state specified in 
Kg is described in K, we must find the transfor- 
mation function from the representation in the ei- 
genvalues of s* and sz inthe system Kg to the 
representation in the eigenvalues of a" "and "87. 
which are the square and component of the same 
operator, but in the system K. In view of the fact 
that s* is Lorentz invariant, the spin operator 5 
is a vector rotated as compared with s. Conse- 
quently, the transformation function is the same 
as is obtained in the solution of the problem of de- 
scribing a given spin state in a rotated system of 
spatial axes: 


(m | m) = Dx, (5, 8, ®,) = ieee ei (cos 6) ee 

. (9) 
The matrices Pram (COs 8) are defined in Ref. 10 
[ Eq. (22) on page 77; we note that the matrix Pi, 
written out explicitly on page 78 does not agree 
with Eq. (22) and is incorrect]. If the rotation is 
interpreted as a turning of a vector in a stationary 
coordinate system, then it consists of (a) a rota- 
tion of the vector around the z axis by the angle 
;, (b) a rotation around the y axis by the angle 
6, and (c) a rotation around the z axis by the 
angle ,. All these rotations are counterclock- 
wise. In the Appendix we show how to find the axis 
of rotation and the rotation angle Q of the spin 
vector for the transformation from Kg to K. For 
the transformation of the spin state of the reaction 
products from Kg to the laboratory system we 
get as the Eulerian angles of the rotation 


{®,, 6, ®,3 = {+ 9, Q, — 9}, 


Sysin 9(1 + 7+ ¥g+ 7’) 
(+7) (+ ¥,) dy) WY 


(6) 


sinQ = 


where 
v= |p| /o= Vo?— e/a; 1 == 03/90. 
Ye = (1 BY; yf = hs 


w’ is the energy of a reaction product in the labo- 
ratory system, and J and ¢ are the spherical 


THEORY OF REACTIONS INVOLVING POLARIZED PARTICLES 


angles of its momentum p in Kg, measured in 
an axis system with the z axis parallel to B (the 
x and y axes are chosen arbitrarily ). 

In Stapp’s* Eq. (48) for sin Q there is a mis- 
take (or a missprint): it does not have the factors 
YYg [y(a)(b) in his notation]. If one repeats Stapp’s 
calculations (in accordance with his arguments), 
the result is just the present Eq. (6). The rotation 
by the angle @ must be applied counterclockwise 
around the vector B[p], B being the velocity of 
the laboratory system relative to the center -of- 
mass system of the reaction (see Appendix ). 

This relativistic effect of rotation of the spin 
state of course does not show up at all in the trans- 
formation of the angular distribution into the labo- 
ratory system (since the angular distribution is a 
polarization tensor of rank zero). One needs only 
to carry out the ordinary (kinematic) relativistic 
transformation of the angles from Kg to the labo- 
ratory system. The nonrelativistic theory of the 
angular distribution in reactions with unpolarized 
beams and targets remains valid also in the rela- 
tivistic domain (except for changes or increased 
precision in the meanings of the quantities involved 
in the formulas). 

As for the polarization vector and the polariza- 
tion tensors, they are not directly measured in the 
experiments. In order to measure the polarization 
vector for the product c of the reaction a+b— 
c+d, we must scatter c froma target e and 
measure the asymmetry in the angular distribution 
of the scattered particles c. Then we obtain in- 
formation about the polarization vector P’ in the 
center-of-mass system Kg of the reaction ct+e 
—ct+e. The desired polarization vector is ob- 
tained from P’ by a rotation. The angle of this 
rotation is found from Eq. (6). In fact, in the suc- 
cessive Lorentz transformations from Kg to the 
laboratory system (by means of the known veloc- 
ity 8) and then to the system K’ (velocity §’) 

a rotation occurs only in the first transformation, 
since the momentum pj of particle c in the labo- 
ratory system is parallel to f’, so that sin Q) ~ 
sin (B's) = (0. This question is analyzed in more 
detail in Ref. 4, and the treatment carried through 
there is valid for arbitrary spin. 

Quite generally, the relativistic rotation of the 
spin is seen to be of importance only for the treat- 
ment of cascades of reactions. In the following 
section we shall deal with the problem of the rela- 
tivistic changes of the angular correlations in suc- 
cessions of reactions of type at+b—~c+t+d, c— 
e+ f. 

In conclusion we point out that in the change 
from Kg to the system Ky in which a particle is 
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at rest the description of the spin state does not 
undergo any changes, since here 8 lp and Q2=0. 
Therefore we can regard the quantities mg, mp, 
and so on as describing the spin states of the par- 
ticles in their rest systems Ky. This interpreta- 
tion is preferable to the preceding one: the spin 
states of particles are described by quantities 
whose definition does not depend on the system 
Kg, i.e., on what target the particle is interacting 
with, on what its energy is, or on the energy bal- 
ance of a particular reaction.* 


4. THE RELATIVISTIC ANGULAR CORRELA- 
TIONS IN CASCADES OF THE TYPE 
at+b—~>ct+d, cmet+f 


We shall consider first the cascade 7 +p— 
Y+kK, Y—N+q7, which is well known in the lit- 
erature. If the first reaction occurs near thresh- 
old, the correlation in the angle y between the 
directions of the incident a mesons and the de- 
cay nucleons provides a way of determining the 
spin j of the hyperon Y. This correlation can be 
found if one substitutes into the expression 

2j—1 gq 
F (8,9) ==) Cr+ Qi, 9) > 


q7=0,2..- 


Yq (9, 9) 9 (9 ») 
(7) 


yl 


for the angular distribution of the decay products 
of the hyperon in its rest system Ky the concrete 
expression for the statistical polarization tensors 
p(q,v) of the hyperon (cf. Refs. 12 and 13). In 
the center-of-mass system Kg of the reaction 

™ +p—~- Y+K we have near threshold (the z 
axis is directed along the m meson beam) 


Os (GV) ~ Q (J, J) 8y,0- (8) 


The nonrelativistic correlation in the angle y is 


*In connection with this interpretation, however, the follow- 


ing misunderstanding can arise. Since there is only one system 
K, in which a particle is at rest, in any reaction the m values 
mean always the same thing: the spin components in the rest 
systems. Consequently it might seem that no transformations of 
the spin state are actually necessary. The point is that if we 
are given the velocity v,, of asystem K, relative to K, and 
the velocity y%, of K, relative to K,, then the velocity v,, 
(which is of course a function of v,, and v,,) turns out not to 
be parallel to v,, if [v,,v,,]#0 (cf. Ref. 11, Sec. 22). The 
transformation from K, to K, must have the form of a Lorentz 
transformation with a spatial rotation [see Eq. (58) of Ref. 11]. 
If the particle was at rest in K,, then in K, it has the veloc- 
ity v,;, and by using this velocity we can go over to a system 
K, in which the particle is again at rest. Calculations show 
that the product of the transformations from K, to K, and then 
on to K, has the form of a pure spatial rotation: sq) = D“sq), 
if Dv,, =— V3, (the space axes of the Lorentz systems K,, K,, 
K,, K, are of course assumed parallel). 
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obtained by simply substituting Eq. (8) into Eq. (7): 


2j-—1 


Fre (9,9) ~ S) (2g + IYO? i, 1) Yao. (99) (9) 


q= 


o 


~ YQ (i,q) Pa (cos): 


q=0 


In actual fact one must substitute into Eq. (7) not 
the pg(q, v), but the statistical tensors of the hy- 
peron referred to the system Ky: 


0(9,¥) = Dy Dow (ee, 2 (Be)s — Ge) Ps (2 V’) 


= V¥IAGAN Y5n (2,92) Qi 4) ay 
Here gc and ve are the spherical angles of the 
emission of the hyperon in the system Kg. The 
angle Q is determined by Eq. (6), since in the 
transformation from Kg to the laboratory system 
and then on into Ky a rotation occurs only in the 
passage from Kg to the laboratory system. (We 
note that in the experiment F(¥,@g) is obtained 
by translating the measured distribution from the 
laboratory system into Ky, and not by going from 
Kg to the rest system of the hyperon). 
Substituting Eq. (10) into Eq. (7), we get 
2j-1 +9 
F,(9,9)~ Si (29 + 1)72Q@(i,.9) Si Yar (9) ¥%, (Q ¢e) 


ve—g 


s 
Oo 


= (I/4z) 3 Q*(j, 9g) Po (cos Ys) 


q=0 


(11) 


where Yr is now the angle between the direction 
of emergence of the decay products and the direc- 
tion {2(¥%), ge}. Thus the expression for the 
correlation has its old form, if we change the defi- 
nition of the angle y. 

In the experiment we are discussing Q does 
not exceed 1.5°. If we construct the distribution 
in y, choosing only cases with fixed J ~ 90° 
and fixed @ , then the difference between the 
nonrelativistic and the relativistic correlations 
can amount to 3% for j=* and5% for j= %. 

In the actual experimental procedure, of course, 
all cases of the cascade are used in the construc- 
tion of the correlation F(y). If Eq. (11) is just 
integrated over Qo, the difference between the 
resulting correlation Fy(y, 2(%¢)) and the non- 
relativistic result (9) does not exceed 0.1% over 
the entire range of angles y and 8 (for j=). 

In the case of the cascade K” +p —~ Y +17, 
Y—N+q, the angular correlation again does not 
contain any unknown parameters and depends only 
on the spin j of the hyperon, if the energies of 
the K particles do not exceed 20 or 30 Mev but 
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are large enough (> 0.1 Mev) so that mesic atoms 
are not formed (for more details see Ref. 9). In 
the center-of-mass system of the reaction K™ +p 
—Y+7, withthe z axis parallel to the direction 
of [n, Xny], where n, is the direction of the 
incident beam of K particles, 


ps (4st) ~ Q (i, 9) Bx,0- a 


Relative to this same set of axes, but in the rest 
system Ky of the hyperon 


0 (9,7) = Dy D4 (0, Q, 0) ps (G2) 


mV trig UY oc, 00, ce 
The difference between the relativistic correlation 
Fy (%, @) and the nonrelativistic function is basic- 
ally the same: substituting Eq. (12) into Eq. (7), we 
get the correlation F;,(@) of the angle 6 between 
the direction n of the emission of the decay prod- 
ucts and the vector obtained by rotating ny by the 
angle Q around the vector [n, Xny] (i.e., in the 
plane of the reaction). The nonrelativistic corre- 
lation had the same form, but @ was the angle be- 
tween. n and ny. 

The correlation proposed by Adair’® (cf. also 
Ref. 9) admits of energies larger than those near 
threshold, but does not change when treated rela- 
tivistically: for this correlation one uses cases in - 
which the hyperons are emitted at small angles 
with the direction of the incident beam, and then 
Qs 0. 

Since the most general case of the cascade 
a+b—-c+d, c~e+f, in which all the spins 
are arbitrary and the correlation depends on un- 
known parameters, is of no practical interest, we 
simply note without proof that the nonrelativistic 
form of the angular correlation can be retained. 

To do this one finds for each case of the cascade, 
using the measured angles of emission of the par- 
ticle c, a particular system of coordinates be- 
longing to this case. The angles of emission of 
the products from the decay of c are calculated 
relative to this system. The distribution in these 
recalculated angles has the old, nonrelativistic, 
form (but one has, of course, changed the rule 
for constructing the angular correlation from the 
experimental data). 


APPENDIX 


1. Let us express s in terms of Myp and Pu: 
Let xk be the rest mass of the particle and w = 
(p? + Kt? and 

M= [rxp] oF SS 


N = rw — ip/2 + [px sl/(@ + x). (A.1) 
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The four-dimensional vector 
C= = (1/22) Ep voaMuvPa 
(€yvor is the completely antisymmetric tensor of 
the fourth rank with €4.;33 = 1) then has the form: 
P = sx + (ps) p/(o +»), Py =i (sp). (A.2) 
Noting that (Ip) =w(sp), we find from Eq. (A.2): 
s = [/x — (fp) p/xw (@ + x). 


All these operator equations are to be understood 
as being in the momentum representation. 

From the second of the relations (A.1) we now 
get 


(A.3) 


ro = N + ip/2 — [pxI]/x(o + x). (A.4) 


2. The vector 8 in the new system K, which 
moves relative to Kg with the velocity B (in 
units of the speed of light) can now be found in the 
following way. Substituting into the right and left 
members of the equations [cf. Ref. 11, Sec. 18, 
Eq. (25)] 


PF =P +8 {(P8) (y, —1)B?—y,Pan}, 


Paz = Yq (Vaye — (89)} ae 
the expressions (A.2) for IT and T in terms of 
8, Py and 8, Dy, respectively, and replacing the 
By by their expressions in terms of p, (which 
have the same form (A.5)), we get the expressions 
for 8 interms of s. First of all we establish 
the fact that 8 is a linear combination of the vec- 
tors s, 8, and p. This means that the vector s 
is obtained from s by a rotation around an axis 
perpendicular to B and p. There remains only 
the determination of the magnitude and sign of the 
angle of rotation around this axis. For this purpose 
we choose a convenient set of three space axes (it 
is obvious that the angle of rotation cannot depend 
on the choice of the axes): zB, y || [BXp]. A 


rotation of the vector around the y axis in the 
counterclockwise direction through the angle Q 
must have the form 


Se = —sinQs, + cos Qs,. 

(A.6) 
Representing the expression for 8 in terms of s 
(in the chosen set of axes) in the form (A.6), and 
finding the coefficient of sz in the expression for 
Sx (as that having the simplest form), after cum- 
bersome calculations we get the formula (6) of 
Sec. 3 for sin Q. 


Se — Coss. - sin Ose 
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Taking quantum effects into account, we have obtained equations describing the behavior of 
superfluid helium near the A -point in the stationary case. We have considered the proper- 
ties of thin films of helium and the vortex line in helium near the A -point. 


1. THE FUNDAMENTAL EQUATION 


hens present paper is devoted to the properties of 
helium near the A-point. It is well known that the 
usual quasi-microscopic approach to a superfluid 
liquid, where the normal part is considered as an 
assembly of weakly interacting elementary excita- 
tions,! cannot be used in the immediate neighbor- 
hood of the transition point. In that temperature 
region there is a natural, different approach which 
is applied in the phenomenological theory of phase 
transitions of the second order.” In this theory 
one expands the thermodynamic potential of the 
system in a series of powers of some “order pa- 
rameter” (and its derivatives ) which in equilib- 
rium is equal to zero on one side of the transition 
point. The equilibrium value of this parameter on 
the other side of the phase transition point is de- 
termined by requiring the thermodynamic potential 
to be a minimum with respect to this parameter. 
It is clear that in our case the expansion param- 
eter must be connected with the density pg of 
the superfluid part of the liquid which is different 
from zero in He II and equal to zero in He I. 
Bearing in mind the quantum nature of the phe- 
nomena in liquid helium, it is natural to take for 
this parameter a complex function (x, y, z) = 
nel? , which plays the role of “the effective wave 
function” of the superfluid part of the liquid, so 
that the density pg and the velocity vg of the 
superfluid part can be expressed as follows in 
terms of jy, 


h 
- Ve (1) 


ep, = mo), Nig = = : 
V mm* 


where m is the mass of a helium atom and m* 
some effective mass. There are grounds for as- 
suming that the »~-function introduced by us is 
closely connected with the true wave function of 


liquid helium; it can, for instance, be expressed 
in terms of the single particle density matrix. 

In the present paper we restrict ourselves to 
those stationary problems where we can assume 
the normal part to be at rest, that is, where we 
can put vy = 0. In that case we can write the 
thermodynamic potential F per unit volume of 
the liquid in the following form (if we take only 
the first term of the expansion in the gradient 
of p), 

i? x 
F = oi VOP+ Fo(p,T, |). (2) 
The total thermodynamic potential can be written 
as Fdv. If we take the variation with respect 
to ~* and yw (with the boundary condition ~=0, 
vide infra) we get the equation 


2 
Sv) +theo 
and also its complex conjugate for y*. 

We note that Eq. (3) is completely analogous to 
the one used in fhe phenomenological theory of 
superconductivity.’ In the stationary case with 
Vn = 0 one can also use the equation of continuity 
in the form 


div (p,vs) = 0. (4) 


One can, however, easily satisfy oneself that (4) 
follows from (3) and its complex conjugate only if 
m* does not depend on the coordinates and hence 
neither on the temperature or pressure, since the 
latter may depend on the coordinates. This shows 
that m* must coincide with the true mass m of 
the helium atom [any “effective mass” would de- 
pend on temperature and pressure; see also the 
footnote to equation (18)]. We replace therefore 
m* by m in (8). We finally have 


(5) 
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We could, of course, also use the free energy 
F’(p, T) instead of the potential F(p, T). 

For applications, the boundary conditions for 
Eq. (5) are also important. Bearing in mind the 
assumed connection between the function y~ and 
the true wave function of helium which tends to 
zero at the boundary, we must assume that »~ = 0 
on the boundary. The following argument leads to 
this condition. We consider the flow of a super- 
fluid liquid along a solid wall. If pg #0 at the 
wall, the current of the superfluid part must ex- 
perience a jump at the wall: liquid helium wets a 
solid body, that is, sticks to it, and vg can not 
gradually decrease coming to the wall since curl 
Vg = 0. The occurrence of a break in the current 
when a body moves relative to the liquid must lead 
to an effect of the “dry friction” kind, since the 
jump will be connected with a surface energy.‘ 
However, specially arranged experiments showed 
that no such effect is present,° leading to the con- 
clusion that at the wall pg = 0. 

The boundary conditions at a free surface of 
helium are not so obvious. We shall, however, 
also in that case assume that ~=0 at the surface. 

We expand the thermodynamic potential Fy, as 
in the usual theory of phase transitions, in powers 
of |¥|’, 


Fy =Fi(p, T)—# |b P+ S' 9}! (6) 


(expansion (6) was already applied to helium in 
Ref. 6; Fy is the potential of helium 1). At the 
A -point a(p, ty) =0 and expanding in powers of 
T —T, we get 


om ah, (ants) =e rT). 


As far as expansion (6) is concerned, we must 
note that it is not completely well founded, since 
the true character of the singularity at the transi- 
tion point of a second-order transition is not known 
at the present time. Apart from that, the large 
value of the anomalous heat capacity in helium 
near the A-point and the strong dependence of the 
jump on the pressure possibly indicate the prox- 
imity of a critical Curie point where B=0. In 
that case we must also take into account in the ex- 
pansion the term of the form y|7#|®. However, 
bearing in mind the insufficiency of the experimen- 
tal data, we shall for the sake of simplicity restrict 
ourselves to the expansion (6). The transition to 
another form of the function Fy (|#|*) does not 
introduce any fundamental difficulties. 

If the state is uniform in space, and in equilib- 
rium, we have 

Oe 2 Ps o a, (Ty — T) 
Wins er ek 


AC = Coll — Cp) = 70 (a, )?/B>.. 


Hence 


; de i de 
a = Acpm/T >| ar B,= am / | rial “ 
If we put 


Ac, = 1.0-107 erg-degree~!cm™3, 


Oe, 
OT 


= 0.7 g-degree-!cm73, 
Ar 


we get 
a, = 4.5-10? erg/degree and 8, = 4-10 erg-cm$. 


We note the tentative nature of these estimates. 
We turn now to Eq. (5) and introduce new vari- 
ables (the xj are Cartesian coordinates ) 


Yo = 0/| le = O/Va/B: Ee = xn/l, 1 = a) V Ime. 


The expression for the thermodynamic potential 
then becomes 


F= Fit $y{—2| Gol? + [Gol +21 Vebol}, (7) 


and instead of (5) we have 


Ashy = (| bo |? — 1) do. (8) 


Using the calculated value of @ we get 


[~4-108/VT, —T. 
In order that this macroscopic theory be applicable, 
it is necessary that 1 be much larger than the in- 
teratomic distances, i.e., that the condition 1 >a 
~ 3x10 -8cm be satisfied. If 1~a, there are no 
special reasons to restrict ourselves in (2) to only 
the squares of the first derivatives. In that sense 
(2) gives us the first terms in an expansion in 
(a/l)*. It is thus clear that the theory under.con- 
sideration can only be applied in the immediate 
neighborhood of the A -point. 


2. SOLUTIONS OF SOME PROBLEMS 


We consider first of all helium near a solid wall 
which we shall take as the xy plane. We shall as- 
sume that the helium is not moving; the presence 
of some velocity vg leads only to a change in the 
coefficient of % in Eq. (8), completely insignifi- 
cant for all real velocities. If vg =0, the function 
~ can be considered to be real and to depend on 
the z coordinate only. Equation (8) is then of the 
form 


d*po/de? Se ($5 — 1) Po (9) 
with the boundary conditions 


PSOne Obs com sees (10) 
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Equation (9) has a first integral 


Z vi 
(Sry + $5 — #9 — © const. 


The solution of equation (9) with the boundary con- 
ditions (10) is of the form 


(6) = tanh (¢/V 2). 
Here 
Ps = fs, tanh? (z/V 2/). 


The presence of a boundary leads to the appearance 
of an additional surface energy 


=F Pande $14 (46 ogi + 2(Se) + 1) ae 


= 3 (Ge)! 


T)3/2 while 


(11) 


We note that o ~ (Ty —- 


1 — Fige => a?/28 ~ (T> —— eye: 

We consider now a helium film, that is, a layer 
of helium of thickness a@. The boundary conditions 
of Eq. (9) are now of the form* 

gO, bp = 0.6 = d)2; “dbo /de = 
The corresponding solution of Eq. (9) is as follows 


Yola 


Bi dbo er V2 \ du 
V v42— 2 +C 2— te b , V (14 — w)(1 — Bu?) 
— ee F(9,k), 9 =arcsin(}/a), k= a/b 
Pe i) VOC) bres (hi) besec) ee 
where C follows from the equation 
d V2 ff oe oN a AFD a 
Sige be ore pee K(+F)+ ~ 


A plot of the function %)(&) has the form of a 
dome, which is symmetric with respect to the mid- 
dle of the film and the height of which decreases 
with decreasing film thickness d. Also, starting 
from some thickness d, there is no solution with 
~) = 0, that is, the film ceases to be superfluid. 

To find dy it is sufficient to note that the com- 
plete elliptic integral K(a/b) reaches its mini- 
mum value Ya for a/b=0, that is, when b = 


¥2—a2 = ¥2. We get thus 


*The boundary conditions which we have written down are, 
under the assumptions we have made, strictly valid for the 
case of a film enclosed between solid walls. In the case of a 
free surface the problem of the boundary conditions is insuffi- 
ciently clear. 
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dy = al =nh/ V 2ma. (14) 


This result means that the temperature of the A - 
point in the film is lower than in the case of large 
volumes of helium. The corresponding change 
AT, can be found from Eq. (14) which we can con- 
sider to be the equation determining T, for a 
given thickness d. We get finally 


_ 


AT, = rh? / 2may d? = 2-1074/d?. (15) 


The fact that T, was lower in films was ob- 
served experimentally." Unfortunately, the film 
thickness in those experiments was only known as 
to order of magnitude. At the same time the theory 
can only be applied to films of thickness d >a ~ 
3 x 1078cm since in the opposite case it is impos- 
sible, in particular, to take for a data referring 
to He II in bulk, and one must consider im detail 
the nature of the interaction with the solid wall. 
We shall thus give only one estimate. In Ref. 7, 
AT, = 0.146° for a film of thickness of about 18 
atomic layers. At the same time we get from Eq. 
(15), for d=18x3.6x10°=6.5 x10 ‘cm, a 
change AT), ¥5 10%. The discrepancy by a 
factor of 3, which we have found, can completely 
be caused by the inaccuracy of the values of AT), 
d, and JZ we have used, even apart from the pos- 
sible inapplicability of the expansion (6). 

The thermodynamic potential of the film per 
unit volume is equal to 


d|l 
; Z 
F = Fit 35 


eS aci 248 + oh) ae 


0 
4a2l (/ C d 
= iar 33d {C5 b°) 21 


T/2 

\ V1—(@/6)sin® odo 

0 

is the complete elliptical integral of the second 
kind, and where the quantities a, b, and C are 
determined in terms of the film thickness [see 
Eqs. (12) and (13)]. 

The quantity Fy — F decreases with decreasing 
film thickness and for d=d, we have, of course, 
io Fy, that is, the transition to He I takes place. 
The heat capacity of the film decreases also when 
it gets thinner, which is in agreement with Fred- 
erikse’s results.? Unfortunately the available data 
are insufficient for a quantitative comparison of 
the theory with experiment. 

We shall now consider, on the basis of Eq. (8), 
a vortex filament in He II. The function y in that 
case can be written in the form 


v(r, oe) = na=1,2. 


(16) 


--+ V20E(4)t, 


where 


E(a/6)= 


® (r) e/"#, (17) 
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where r, g, and z are cylindrical coordinates; 
the z axis is taken along the axis of the filament. 
We shall see below that vortices with n>1 are 
energetically unfavorable. 

The velocity vg has only a component Vso» 
and (see also Ref. 10)* 


2rnh 
Pveds =k Oe ~ : (18) 


Furthermore, Eq. (8) will be of the form (é =r/1, 
Yy = & va/B) 


a? . di je P 
ee th em yoyo. 


(19) 


As &— 0, the function % is of the form 
o,r*in . The solution with yp ~cyr7'™ (%) + © as 
€ > 0) has no physical meaning and must be dis- 
carded. As & — the density pg =my? must 
equal the unperturbed density pge, i.e., R= 1. 
One sees easily that in the region of large & Eq. 
(19) has the approximate solution 


poner ey eee (20) 


Equation (19) cannot be solved by quadrature over 
the whole range, and has been solved numerically. 
The result for n=1 is given in the figure. 


The thermodynamic potential per unit length of 
filament is equal to (the problem is here to find 
the difference of the potential when a solenoidal 
velocity is present or not) 


f = (#? / 28) 4n0?N = (nh? /m*)p,.N, N=N,+N2, (21) 


it ; 
Ny = my 


0 
In this equation R is some maximum radius of 


integration (for instance, the diameter of the con- 
tainer, or the distance between vortex filaments ) 


*If we had in Eq. (5) instead of the helium atom mass m 
some effective mass m*, the right hand side of Eq. (18) would 
be 2nnh/\/mm*, This circulation can, however, not change 
with temperature. If T=0, Eq, (18) is valid as follows from 
the arguments given in Ref. 10. It follows thus that m* =m, 
as followed also from the considerations at the beginning of 
the present paper. 


V[os—aig+ 2 (2h) + teat wm ot ae 
0 


which must be introduced in connection with our 
consideration of an infinitely long filament. If we 
put Pp = Pge = const., as should be the case, and 
if we do not take the gradient term into considera 
tion, we find N= Ng =n? In(R/a), where a is 
some distance of atomic dimensions. From a 
numerical calculation it follows that for n= 1, 
N=1n(1.46 R/l), for n=2, N=4 In(0.59 R/Z), 
and for n= 3, N=1n(0.38 R/l). If R is suf- 
ficiently large, the difference between N and Ne 
is of small importance; this is also natural since 
the main contribution to f comes from the dis- 
tant, classical region. For the same reason we 
find that for large values of R the energy is 
roughly proportional to n? and states with n> 1 
need not be taken into account (it is more favor- 
able to form two vortex lines with n=1 than one 
with n>1). We note that solutions related to the 
one considered for the vortex line were earlier 
investigated by Abrikosov"! on the basis of a 
theory of superconductivity.? 

In conclusion the authors use this opportunity 
to thank Academician L. D. Landau for discussing 
the problems considered in the present paper. 
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Spin correlations are determined for A particles produced in = +p—-A+A reactions 
An experimental study of such correlations would make it possible to establish 


(slow = ). 
the parity of A particles. 
lis the interaction of a slow = hyperon with pro- 
tons, the following reactions are possible: 
elastic scattering, (1) 
(2) 


(3) 


Se pian ap; 
Bo +p—>8o-- n, 
Se ak 


charge exchange, 
absorption. 


Other processes (of the type = +p — D°+ A° 
and others ) have a threshold and can be neglected 
at low energies. (We proceed on the assumption 
that the = strangeness is equal to 2). If it turns 
out that the lifetime of the =  hyperon is suffi- 
ciently long (see the Report of the Seventh Roch- 
ester Conference), and that it is possible to ex- 
periment with slow =  hyperons, then it would be 
of particular interest to study the reaction (3), ob- 
serving the subsequent decays of the = hyperons. 
In particular, study of this reaction would make it 
possible to establish the parity of the = hyperon 
relative to the nucleon. 

The following analysis is based on the assump- 
tion that the decay of the A hyperon proceeds with 
nonconservation of parity. If parity is not con- 
served in the decay A? +p+7, then the ampli- 
tude of this decay can be written in the form 


(4) 


Here a and b are, in general, complex numbers 
and n is a unit vector in the direction of emission 
of the m meson. 

The angular distribution of 7 mesons in the 
decay of polarized A hyperons has the form 


a, =a-+ bon. 


1 + xsn, (5) 


where s is a unit vector in the direction of spin 
of the A hyperon and the asymmetry parameter 
K is equal to 


x= (@b-+ ba) /(\a)? + ]0)%). (6) 


Thus, the 7 meson should be emitted mainly paral- 
lel (or antiparallel) to the direction of polariza- 
tion of the A hyperon. 
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On the other hand, the spins of two A hyperons 
produced in the reaction (3) are correlated because 
of the Pauli principle. In the table are given the 


States of the States of the system A+ A 
system 
E"+p E parity + 1 E parity — 1 
*So *So BPs 
TS Reaction (3) Pp, 
forbidden 


spin and orbital states of two A hyperons for the 
case in which the = hyperon is captured from an 
S-state by the proton. (We assume that the spin 
of the =  hyperon, as well as the spin of the A 
hyperon, is equal to 4%.) 

Consequently, for a positive parity of the =~ 
particle, only the amplitude for the one transition 
(1S) + 1S)) has to be taken into account. Calcu- 
lating the angular distribution of m mesons aris- 
ing in the decay of two A hyperons with the aid of 
Eq. (4), we obtain 


W (m, ny) = | —x? (myn). 


(7) 


Here nj(i=1, 2) is a unit vector in the direction 
of motion of the m meson in the rest system of 
that hyperon in the decay of which the m meson 
arises. 

It is essential that Eq. (7) is valid for both po- 
larized and unpolarized = particles, and the re- 
sulting distribution does not depend on the direction 
of flight of the A particle. 

For a negative parity of the = hyperon, one 
must consider two amplitudes A and yp for the 
two possible transitions °S, — 3p, and ‘So a5 "Pas 
respectively, possible in the process (3). In this 
case, calculation gives for the angular distribution 
of m mesons produced in the decay of the A par- 
ticle 

| a |? 


1 2 3—2[ a)? 
7 (a ele ae as 


x? (kn,)(kn,) 
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+ epee (Gk) (k-(a, +m) 


+ VEEP (hex lex 1) (+m) 


a—d 


ei V $25 clexc]+n) n,) (kn,) 


+({kx ¢] +n) (kn,)}. 


(8) 
Here a=p/A, k is a unit vector in the direc- 
tion of flight of the A° hyperons, and ¢ is the 
polarization vector of the =~ hyperons, i.e., the 
mean value of the spin of the = particles. 
Averaging Eq. (8) over direction k gives 


1 
W (ny, mg) =1 + ze (nyn2) 


fea 2G (ae) 


eas rai 


S 
x§ (my + ne). (9) 

Comparison of experimental data with (7) or (8) 
and (9) could facilitate the determination of the 
parity of the = hyperon. We note in this connec- 
tion that if the = is not polarized (€=0), then, 
if the parity of the = is negative, m mesons 
produced in the decay should be emitted mainly in 
the same direction. If the parity of the = is 
positive, then the a mesons should be mainly 
emitted in opposite directions. Further, if Eq. (9) 
is averaged over Ny, one obtains 


PV Ola eo ) 


W (n) a l =F 3 ate | a \2 ue (Gn,). (10) 


Averaging Eq. (7) over n leads to an isotropic 
distribution for n,: 


W (nm) = (11) 

Equations (7) to (11) for process (3) are valid 
for the capture of slow = particles out of the- 
continuous spectrum, as well as the capture from 
bound states of the =~ 
however, what contribution will come from capture 
out of bound P-states. If this contribution is suf- 
ficiently large, then the angular distributions of 
the m mesons produced will differ essentially 
from those obtained here. Thus, the experimental 
data can be analyzed using Eqs. (8) to (10) or (7) 
and (11) and choosing the cases which correspond 
to capture out of the continuous spectrum, i.e., 
for capture out of a beam of slow = particles. 
The criterion for this choice, in principle, can be 
that the sum of momenta of the four particles pro- 
duced (2p+ 2m), although small, is not equal to 
zero. 

If the parity of the = is equal to +1, and if 
the interaction between = and p is such that 


+p system. It is not clear, 
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there is a level* in the aS) state, then, as can be 
seen from the table, the = +p system will be 
metastable, since the decay into two A?° hyperons 
is forbidden. 

Such a system would have a greater probability 
of decay by emission of a hard y-quantum 


Bt po A+ AM +y, 


which could be detected either directly, or by the 
lack of energy-momentum balance. 

If the = + nucleon system has a bound state 
and if the splitting of the (=~ +p) and (=°+n) 
levels, which comes basically from the difference 
in masses of the =~ and =° hyperons, is small 
compared with the splitting of the levels with T = 
1, (= p+=n/v2, and T=0, (=p —="n)/v2, 
then the = + nucleon system will be in a state of 
well-defined isotopic spin T. Here the 3S, -state 
with T=0 will be analogous to the deuteron 
(J=1, T=0, P=+1). 

It should be noted that if isotopic spin is a good 
quantum number for the = + nucleon system, then 
all bound states of this system with T=1 will be 
metastable, since the reaction (3) is forbidden for 
them. 

The reaction (12) can be observed if there is no 
nuclear bound state of the = + nucleon system, but 


(12) 


ms “A a Voou< m,+ Mao 


In this case the Coulomb level 3S, will be meta- 
stable because the charge exchange reaction (2) 
will be energetically forbidden. 

It is of interest to represent also the interaction 
of a slow = hyperon with the deuteron 


B+ d—> AO+ AO+n. (13) 


Study of the angular distribution of hyperons in 
this case can give information about the mutual 
interaction of two A hyperons. For example, 
presence of a level near zero in the system of 

two A hyperons would lead to the fact that small 
angles between them are preferred. For this, the 
still unknown amplitude for interaction between 

the A and neutron, knowledge of which is neces- ~ 
sary for the interpretation of reaction (13), can be 
obtained directly from the reaction of the type 


K-+d>A+p4+r, 


considered in Ref. (2). 


*These requirements do not contradict the models of strange 


particles proposed recently be Gell-Mann;* according to which 
the parity of all hyperons is equal to + 1, and their interaction 
with 7 mesons is just as strong as the interaction of 7 mesons 
with nucleons. 
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Capture of the = in He! can lead to a series 
of inelastic processes; included in the possible re- 
actions is the production of hypernuclei containing 
two A hyperons 

p+ (AAnn), 
~ + Het— 


n-+(AAnp),...- 


iba] 


The existence of such hypernuclei should lead to 
a characteristic cascade decay. 

We note that the ratio of cross sections for in- 
elastic and elastic interactions on He* will depend 
on the relative parity of the = and nucleon (in the 
case of negative parity of the =, inelastic scatter- 
ing will be suppressed since one of the particles 
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produced in the inelastic scattering must be emit- 


ted ina P-state, and the energy given up in this 
case is small (30 Mev minus the binding energy 
of He! plus the binding energy of the fragments 


produced )). 
The authors are grateful to V. V. Sudakov for 
useful discussion. ye 


1M. Gell-Mann, Phys. Rev. 106, 1296 (1957). 

21,. B. Okun’ and I. M. Shmushkevich, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 30, 979 (1956), Soviet 
Phys. JETP 3, 792 (1956). 
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Expressions have been obtained for the energy spectrum, the angular distribution, and the 
polarization of the electrons emitted in the decay of polarized mesons. The calculations 
have been carried out for a decay interaction Hamiltonian of the most general form, charac- 
terized by ten complex constants, It is shown that the experiments carried out up to the 
present time are insufficient to test the validity of the predictions made in Refs. 4 and 5; 

in addition to these experiments, it is necessary to measure the sign of the polarization of 


the decaying f mesons. 


‘lees experimental data from studies of the spec- 
trum, angular asymmetry, and polarization of the 
electrons from the decay of polarized mesons 
are in evident agreement with the predictions of 
the theory of the two-component neutrino, proposed 
by Salam,! Landau,” and Lee and Yang.’ Within the 
framework of this theory, if we take into account 
the experimentally observed spectrum of the elec- 
trons, out of the ten complex constants C and C’ 
which describe the decay of the » meson in the 
general case [cf. Eq. (I) of the Appendix] only four 
are different from zero: 


Cy = C's = ee (Oy. Cys 0; 


(1) 
(2) 


Cea s'= Git, Ch Opes Cp Os 


It can be hoped that more precise experimental 
data will be found to be in agreement with the more 


restrictive hypothesis of Feynman and Gell-Mann? 
and Marshak and Sudarshan? about the two-compo- 
nent nature of the electronic interaction, according 
to which 


Cys Cy (Cam cea, (3) 


In this latter case the distribution of the electrons 


from the decay of stationary mesons must be 
proportional to 


ae — Qe — 23)\ "de 

(1 + $n) (3 — 2: + 4n (1 )\e°de, (4) 
Here ¢€ is the energy of the electron divided by its 
maximum possible energy, n is the unit vector in 
the direction of motion of the electron, £ is the 
unit vector in the direction of the spin of the elec- 
tron in the rest system of the electron, and 7 is 
the unit vector in the direction of the spin of the 


( 


i 
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meson in the rest system of the meson. 

The formula (4) is obtained from Eq. (II) of the 
Appendix if the conditions (1), (2), and (3) are ful- 
filled and if we neglect the mass me of the elec- 
tron in comparison with its energy. 

The first factor in Eq. (4) indicates that the 
electrons must be completely longitudinally polar- 
ized. It has been established experimentally®! 
that the positrons from the decay of y* mesons 
are polarized in the direction of motion. There- 
fore the lower signs in Eq. (4) must be assigned 
to the decay of the y* meson, and the upper signs 
to the decay of the »” meson. Furthermore, 
Since the positrons with large energies emerge 
predominantly backward relative to the momentum 
of the y* meson,® and according to Eq. (4) they 
emerge along the spin of the y* meson, if Eq. (4) 
is valid we can conclude that the spin of a p* 
meson produced in the decay of a ™ meson is 
directed oppositely to its momentum. An experi- 
mental test of this prediction is very important. 

It is of interest to ascertain to what extent the 
experimental verification of Eq. (4) would carry 
with it the two-component nature of the neutrino. 
In other words, suppose the electron enters the 


interaction through only two components (Cj =+C4. 


In this case, are the conditions (1) and (2) not only 
sufficient for the formula (4) to be valid, but also 
necessary ? 

As for the condition (1), it is obvious that if we 
dispense with it, postulating, for example, that 
Ca =Car =0, Cy=+CV #0, then Eq. (4) will 
hold as before. Thus the condition (1) is nota 
necessary one for the validity of Eq. (4), and the 
experimental confirmation of this formula does 
not mean that the neutrino is a two-component 
particle. 

As for the condition (2), from the results of a 
number of researches?!” it follows that one can 
get just the same spectrum and angular asymmetry 
of the electrons as in the formula (4) if one as- 
sumes that Cy = Ci = Ca = Ca =0 and chooses 
the constants Cg, Cs, Cp, Cp, Cy, Cy ina 
suitable way. It is obvious that if one is not in- 
terested in the angular asymmetry of the electrons 
it is not hard to get also the required (experimen- 
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tally observed) sign for their polarization. The 
question arises: cannot a happily chosen combina- 
tion of the S, P, and T interaction types give a 
formula in complete agreement with Eq. (4)? 

An analysis of Eq. (II) gives a negative answer 
to this question. Actually, by combining the S, P, 
and T types, one can get the formula 


(1 + Gn) (8 — 22 + qn (1 — 2)) e2de, (5) 


which differs from Eq. (4) by the sign of the angu- 
lar asymmetry of the electrons if the sign of their 
polarization is prescribed. Consequently, if it is 
shown that the polarization of the yt mesons from 
the decay of 7* mesons agrees with the conse- 
quence of the two-component theory of the neutrino 
as stated above, this will mean that the formula 
(5) is incorrect. Thus the condition (2) is a neces- 
sary one for the validity of the formula (4). 

We have carried through the investigation of 
the necessity of the conditions (1) and (2) on the 
assumption that the condition of the two-component 
nature of the electronic interaction is valid. If it 
turns out that this latter condition is not borne out 
by experiment, then a consideration like that set 
forth above can be easily carried through by means 
of Eq. (II) for this more general case. 


APPENDIX 


We present here the result of the calculation of 
the angular asymmetry and polarization of the elec- 
trons emitted in the decay of polarized mesons. 
The calculation is carried out for the case in which 
the Hamiltonian has the following form: 


= DS (be (Cr+ Cys) O14.) Or), 


D=Sy Ve li Ay 
; t 
Os ca I Oy = LN 0, = 9 V2 tar Cae)» 
O = ‘7 O = == iv . (1) 
je es p Y5> Ys (0Y1Y2Y3- 


It is convenient to carry through the calculation 
by using the method of Lenard*® and the spin pro- 
jection operators of Michel and Wightman. The 
probability that in the decay of a meson with its 
spin directed along 7 an electron is emitted in the 
direction n with energy ¢€ and with spin directed 
along { is given by the following formula: 


PW | dedQ = (pot / 96n*) Ve? — uv? {3S + 2V + 27}, 
S = (CsC§ + CeCp) (1 — 2) (e + 4) {1 + [nS — (nj (Gn)] + (gn) (En)} 
+ (CsC§ + CLC;) (1 — ©) (e — 4) {1 — [nS — (gn) Gn)] + (nn) Gn)} 
4. (CsC§ + CsC§ + CeCb + CLCp) (1 —2) Ve? — uw? {qn + bn} 
+ i(CsCs— CsC5 + CpCp — CoCr) (12) Ve — 6 (nxn), 
V = (CyCy + CC) (e — uv) {(8 — 2e + uw) + (1 + w) [0 — (nn) (En) 
— (1 — 2e — u)(qn)(Gn)} + (CyCv + CaCa) (e + u) ((3 — 2e — 4) 
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— (1 —w) [46 — (qn) (Ga)] — (1 — 2e + 4) (mn) (Gn)} 
+ (CyCH CyCy 4 CxC4 CAC) V Pa een) 
— (3—2e — v) tn} +i (CyCy — CvCy +CaCa —CaCa) VF (1 — 0) Saxo, | 
T = (CrCr + CrCr) {e (3 — 2) — 2u? —u (1 —¢) [4 — (an) (5n)] (II) 
— [2(1 + 2) — 2u?] (mn) (Gn)} + (CrCp + CrCr) Ver 
x {(3 --¢ — 2v) n§ — (1 + « — 20) nq}; = 
e=E,/w, u=m,/w, v=m/mw, w=(m ++ m?) / 2m, . 


The expression proportional to [nxn] deter- 
mines the transverse polarization of the electrons, 
perpendicular to the plane mm. For conservation 
of the parity with respect to time reversal, when 
all the constants C and C’ are real, it can be 
seen from Eq. (II) that this type of polarization is 
absent. The expression proportional to [ngé — 
(m)(¢n)] determines the transverse polarization 
of the electrons in the plane 1m. 

If we stipulate that the formula (II) describes the 
decay of the p* meson, then in order to get the 
formula for the meson we must make the re- 
placements 


Cs, Ca, Cp, Cy, Ci Cs, Ca Cp, Cy, Cr 
Cs, Ca, Cp, Cy, Cr > —Cs, —Ca, —Cp, —Cy, —Cr. 


Various special cases of the formula (II) have 
been obtained previously in a number of papers. 
Thus, if we average Eq. (II) with respect to the 
spin states of the 4 meson and the electron (7 
=0, €=0), then we have the expression for the 
electron spectrum first obtained by Tiomno, 
Wheeler, and Rau! and by Michel.!® If we average 
Eq. (II) only over the polarizations of the electron 
(€=0), we get the expression obtained by Rudik 
and one of the present writers? (on the assumption 
Me = 0), by Bouchiat and Michel’? (Me ~ 0), by 
Kinoshita and Sirlin!! (Me = 0), and by Larsen, 
Lubkin, and Tausner” (me =0). If we assume 
that the conditions (1) and (2) hold, then from Eq. 
(II) we get a formula analogous to those contained 
in the papers of Kinoshita and Sirlin!” (Me = 0), 
Uberall,'® and Candlin (mg #0). A formula analo- 
gous to Eq. (II) for the case when only the tensor 
interaction is absent has been obtained by Sharp 
and Bach?” (me = 0). 

If we set all the primed constants C’ equal to 
zero and take me=0, Eq. (II) goes over into the 
formula obtained by one of the present writers”! 
for the Hamiltonian conserving parity. 

The writers express their gratitude to V. N. 
Gumen for aid in carrying out the calculations. 
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This work investigates the stability of the lattice is investigated with account of the interac- 
tion of the electrons with the phonon field. A criterion for stability is established without 


the aid of perturbation theory. 


ie his well known work, Wentzel! investigated the 
limits of applicability of perturbation theory to the 
interaction of electrons with the phonon field. By 
calculating the second-order correction to the pho- 
non self-energy in perturbation theory, he found 
that the velocity of sound of the phonons is renor- 
malized by writing 


S=So(1—p), p = (g?/2n*) ke /e’ (he), 


where sq is the velocity of sound before renor- 
malization, s is its renormalized value, kp is 
the wave vector at the Fermi boundary, ¢’(kr) 

is the derivative of the electron self-energy with 
respect to the wave vector, and g is the coupling 
constant. Wentzel concludes that a necessary con- 
dition for the applicability of perturbation theory 
is that 


(1) 


o< i. (2) 


As to what will occur if (2) is not satisfied, Wentzel 
asserts, on the basis of an analysis of the one-di- 
mensional problem, that if in this case the coupling 
constant is sufficiently great, the phonon self-energy 
will become imaginary rather than negative. This, 
in turn, leads to breakdown of the lattice. We shall 
show below how an exact criterion for the stability 
of a crystal lattice can be established without the 
aid of perturbation theory. 

We start with the Hamiltonian describing the 
interaction of electrons with lattice vibrations in 
the form proposed by Frohlich. This is 


H=H, + Fist, 


where 


Hy - = 2h (k) a; Rooke = pa he (9) byb q’ (3) 


2S) Vito &—2) (aivoGnobn—n + GioAwodir—n)s 


Hi; 
int a oe 


in which al and ay,g are electron creation and 
annihilation operators, by and b, are phonon 
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creation and annihilation operators, and V is the 
volume of the region of periodicity. 

In what follows we shall be interested in phonons 
whose energies are so low that 


hwo << As, 


where Ae is the mean energy difference in elec- 
tron transitions. A rather good idea of the situa- 
tion which arises can be obtained with the aid of 
the so-called adiabatic approximation in the form 
given by Bogoliubov and Tiablikov.?»? In agreement 
with the basic concept of this approximation, we 
shall formally introduce in (3) a small parameter 
into the phonon frequency hw and project our 
Hamiltonian with the necessary accuracy onto the 
subspace of states each of which is an electron 
Fermi vacuum.* We obtain 


(E—E,)®= pa (heo (q) bj bg — g?he (q) A (q) 


X (Dgbg + bi bg + byt + 6; b+,)) ®, (4) 
where @ is the wave function in the above-men- 
tioned subspace, 


Ey=2 >) e(k) 


ikl<hy 


is the energy of the Fermi vacuum, and 


4 1 4 
AG = 2 wegen 


|R|<kp 
ih-+gl>hp 


(5) 


Equation (4) is easily solved, since the Hamil- 
tonian entering into it is a quadratic form in the 
Bose operators. We set up the secular equations 
(for more details see Bogoliubov and Tiablikov® 
and the monograph mentioned in the last footnote ) 


*A detailed description of the technique of projection can 


be found in N. N. Bogoliubov’s monograph Jlexnii 3 KBaHToBoi 
cratuctakn (Lectures on Quantum Statistics) (in Ukranian). 
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(hes (q) — 2g2hw (gq) A (9) —E) Cy — 2g?hw (q) A (q) Ct, = 0, 


(heo (g) — 2g?ho» (q) A (q) + E) Ch, — 2g?heo(q) Aq) Ca = a 


where C, and Ct are treated as c-numbers, 
and E is the energy of an elementary excitation 
(the energy difference between an excited state 
and the ground state). The condition that (6) be 
a soluble set of equations is that its determinant 
vanish. 

Solving (6), we obtain 


E (q) = ho (q) V1 — 4g?A (q) (7) 


(it follows from the general theory that the nega- 
tive root of (6) may be ignored). Equation (7) 
shows immediately that if g? is sufficiently large, 
E(q) becomes imaginary so that the state under 
consideration becomes unstable due to the break- 
down of the crystal lattice. Thus the criterion for 
stability is 


4g°7A(q) <1, (8) 


for all q. Noting that €(q) = i?g?/2m, we can 
calculate the integral in (5). Calculation gives 


4g°A (q) = of (x), (9) 


where 


4— x? x2]. 


f(x) =1+——In PTD? (10) 


rot. 
The function f(x) takes on its maximum value 
f=2 at x=0. If this maximum value is used in 
the stability condition (8), we obtain finally 
P<Y/>. (Tt) 

Since it is the phonons with low momenta, and 
therefore also with low energies, which are re- 
sponsible for the breakdown of the crystal lattice, 
we have an a posteriori verification of the con- 
sistency of the approximation being used. 

It is interesting to note that if, in the spirit of 
perturbation theory, we had expanded the root of 
(7) in powers of p, we would have obtained just 
Wentzel’s Eq. (1). We note also that the stability 
criterion of (1) remains valid if we project the 
original Hamiltonian on a subspace of states close 
to the Fermi vacuum such as, in particular, the 
superconducting state. 

We have treated the case in which the Hamil- 
tonian does not involve the Coulomb interaction 
of electrons. When the Cculomb interaction is 
included, the stability criterion (8) will differ be- 
cause of the different variation of A(q) for small 
q. One may suppose, however, that the lattice will 
remain unstable for sufficiently high coupling con- 
stants. 
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We have established the stability criterion in 
the adiabatic approximation. We will now show 
that the same expression is easily obtained by 
using the principle of compensation of “dangerous” 
diagrams. 

Let us perform the canonical transformation 


by + bg =f oe a (B, + Bt,); 


Q (9) + 
bg — by = ee (Bg rat Bq), (12) 


on the Bose operators bx, where &(q) is the 
renormalized phonon energy, which will be found 
below. Equation (3) then becomes 


H=E,+H+A, 
Eo = + Dy (42 (gq) — foo (q)):; 
q 


Hy = >) (bk) aieane + D\ 42 (q) BY By: 
q 


k,o 


HH; = Vere oy V 2Q (q) 5a (Gita, ofho 5. se Ooneetlee By) 
k,o,q 
2 (gq) — 2? (9) 
+ $22 (9) OG 
q 


13 
x (B_;B; BT Bt 4B By ley Ue a 
We shall treat the term Hy, as a perturbation. It 
should be noted that the second term in Hy, is in 
fact of order g?. 
Let us now determine Q from the requirement 


that in the second approximation in g all diagrams 


with two phonon lines at the output must compen- 
sate.4 This leads to an equation for the heretofore 
unknown function Q(q). As a result we obtain 


2 ) 4g? 4 
Q? OE {Oe » : L 
V fiers BRS ea BORED, 
\kR—g|>Rp (14) 
and we may make the approximation 
Q (9) =0(9){1— 
(15) 


Ag? 1 Co 
e(k—q)—e(q)+ho(q)} ~ 


IkR|<Rp, |R—q|>kp 


It is clear that the lattice will be stable if the ex- 
pression in curly brackets in (14) or (15) is posi- 
tive. It is easily seen that this condition 


4g? 4 
V » cG=)—'@) tog) 


|k|<Rp, |R —i>kp 


becomes identical with (8) if the term hw (q) is 
neglected in the denominator. 


It should be noted that obtaining Q from the re- 


quirement that the “dangerous” diagrams compen- 
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sate in the second order in g is equivalent to ob- 
taining it by minimizing the ground state energy to 
the same approximation in g. One may suppose 
that this equivalence will be true also in higher 
orders in g. 

The authors take this opportunity to express 
their gratitude to N. N. Bogoliubov for discussing 
the work. 
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A general method for taking into account polarization of the medium in the calculation of 
radiative corrections in phenomenological quantum mechanics is developed. The effect of 

a nonconducting medium on radiative corrections to Compton scattering is taken into account 
for an arbitrary dependence of the dielectric constant of the medium on frequency. It is 
shown that in some cases, account of the medium substantially changes the cross section 


in the region of small scattering angles. 
1. INTRODUCTION 


Tue influence of the medium in the calculation of 
higher approximations in perturbation theory must, 
in general, be taken into account, because the in- 
tegrations over the 4-momenta of virtual photons 
include a region of long-wave photons for which it 
is impossible to ignore the presence of neighbor - 
ing atoms of the medium. This situation was first 
indicated by Landau and Pomeranchuk,' who noted 


that multiple scattering by the atoms of the medium 


should lead to a change in radiative corrections in 
those cases in which infrared catastrophes occur, 
i.e., where the region of soft quanta is essential. 
Ter-Mikaelian? noted that the difference of the 
dielectric constant of the medium from unity for 
soft quanta should strongly influence the radiative 
corrections. 


A method of taking into account the multiple 
scattering by atoms of the medium was developed 
by Migdal.? In the following, we consider the in- 
fluence of the medium on radiative corrections, 
connected with the difference of the dielectric con- 
stant and magnetic permeability of the medium, ¢€ 
and yp, from unity in the region of soft quanta; we 
shall not take account of multiple scattering. 

In order to develop a general method for taking 
into account the polarization of the medium in 
higher orders of perturbation theory, it is con- 
venient to use a generalization by the author‘ of 
the Feynman-Dyson covariant perturbation theory 
to the case of phenomenological quantum electro- 
dynamics in media. The general method obtained 
in this way will be applied to the Compton scatter- 
ing, in order to obtain the cross section of sixth 
power in e, with account of the polarization of the 
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surrounding medium. The notation of Feynman? 


will be used. 


2. COVARIANT PERTURBATION THEORY 


In the formulation of the Heisenberg represen- 
tation’ of phenomenological quantum electrodynam- 
ics in media, it is easy to see that the only differ- 
ence of the theory from electrodynamics in vacuo 
is the equation for the potential of the electromag- 
netic field and the commutation relations for the 
operators of the noninteracting electromagnetic 
field. The supplementary relation can be put in 
the same form as in electrodynamics in vacuo by 
using a covariant method of separation of the lon- 
gitudinal and scalar components of the potential, 
analogous to that employed in Ref. 6. Therefore, 
in the formulation of the perturbation theory, the 
usual Green’s function for the photon will be re- 
placed everywhere by the Green’s function 


Gav (x, 2°) = (ny *| den (he + % (Utes) 
(1) 
iy exp ik (x — x’), 
where k=eyu —1, u, is the 4-velocity of the me- 
dium, and ej, are the unit 4-vector directions of 
polarization of the photon, such that 


y 
Cin€iy. = Ory; C7 j = 03; (2) 


2 = ig (Cre — Uta [1 — (1 x) 4). (3) 


In the following we shall take the imaginary parts 
of € and yw to be small, limiting the considera- 
tion to dispersion in the region of transparency. 

It should be noted that the usual choice of sign of 
the imaginary parts of e€ and yw does not lead to 
a causal Green’s function, but to a retarded one, 
as can be seen from the fact that in going over to 
the vacuum, the way of going around the pole is 
not the same as that of Feynman. (This is con- 
nected with the fact that only retarded potentials 
were employed in the derivation of the expressions 
for ¢€ and yw.) Therefore, the prescription for 
going around the pole in Eq. (1) should be obtained 
from the requirement that (1) be the causal Green’s 
function.’ The prescription obtained from this can 
be, for example, given for positive frequencies in 
the form of the condition that there be an infinites- 
imal absorption, and for negative frequencies in 
the form of the requirement of symmetry of the 
theory with respect to past and future. 

As is well known, in a dispersive medium, ¢€ 
and p are functions of that invariant variable, 
which, in the system of the medium, becomes the 
frequency. The only variable of this type is the 
scalar uk, and ¢€, uw, and « are functions of it. 

Thus, x and p are, in general, some compli- 
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cated operators, and this leads to additional diffi- 
culties in formulating the theory. In order to get « 
rid of these difficulties, it is possible from the 

very beginning to consider the theory in the mo- 
mentum representation; however, one can obtain 

the same results by employing the usual simple 
method, introducing the dependence of k and p— 
on uk only after going to the momentum repre- 
sentation. 

Just as in the case of the vacuum, all diverg- 
ences in the region of large momenta can be elim- 
inated by renormalization of mass and charge. 
Consideration of possible types of diagrams shows 
that all conclusions about number and behavior of 
primitive divergences obtained for electrodynam- 
ics in vacuo® remain valid for electrodynamics in 
media. This follows from the fact that in the re- 
gion of large momenta, € and yp tend to unity 
and the matrix element for an arbitrary process 
in media in the region of large momenta coincides 
with the expression for the matrix element of the 
same process in vacuo. 

The general rule for eliminating divergences 
from the scattering matrix element, analogous to 
that obtained by Dyson® for electrodynamics in 
vacuo, consists in subtracting several terms in 
an expansion of the divergent matrix element in 
k or (p—m), where one must set « =p=1 
in the subtracted matrix elements, i.e., these 
terms must be defined from the corresponding 
matrix element for the process in vacuo. The 
latter condition comes from the fact that the sub- 
tracted terms correspond to unobservable effects. 
The number of subtracted terms should be the 
minimum number for convergence of the remain- 
der, which is that value matrix-element having 
physical significance. 

Thus, the finite part of the self energy of an 
electron in media will differ from that in vacuo, 
leading to a difference in the mass of a free elec- 
tron in media from that of a free electron in vacuo. 
From this it follows that after renormalization of 
the Green’s function for an electron in media is 
carried out, it coincides with the Green’s function 
for an electron in vacuo only in the zero order 
approximation of perturbation theory. 

Taking account of the subsequent terms in per- 
turbation theory leads to the appearance of addi- 
tions to the mass if the electron moves in media, 
but not if it is in vacuo. 

This leads to an essential difference in the 
Green’s functions for a free electron in media and 
in vacuo, in spite of the fact that the equation for 
the operators of the electron-positron field in 
media has the same form as that in vacuo. The 
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finite additions to the electron mass in the Green’s 
function are essential in the infrared region and 
lead to the fact that the so called infrared catas- 
trophe never arises in media. This effect, in es- 
sence, is a result of the fact that, strictly speak- 
ing, the electron moving in the potential field of 
the atoms of the medium cannot be considered as 
free, and therefore p* = m’, 

From this it follows that in order to eliminate 
the infrared catastrophe for electrodynamics in 
media, it is sufficient to take into account the cor- 
rections to the electron Green’s function from the 
emission and absorption of a single virtual quan- 
tum, i.e., the change in mass connected with cal- 
culation of the self-energy diagram of second 
order. From the result in the same order, it is 
possible to obtain the expression for the Green’s 
function of the electron in media in the form 


(4) 


where A is the difference in the change in mass 
for a free electron in media and in vacuo. We note 
that A depends on the invariants m and up, ie.e., 
on the energy of the electron relative to the medi- 
um. 

In the future, we consider only the experimen- 
tally observed cross section of Compton scattering, 
in which the possibility of production of additional 
soft quanta, not registered by the apparatus, is 
taken into account. Then the cross section in the 
region of soft quanta drops out of consideration, 
the infrared catastrophe does not arise, and it is 
not necessary to take account of A in Eq. (4). 


i (2n)~? \ d*p (p —m— A)~expik(x — x’, 


3. COMPTON SCATTERING 


In considering the influence of the medium on 
Compton scattering, it is of greatest interest to 
represent the scattering of photons sufficiently 
hard in the system of the medium so that € and 
p. can be considered equal to unity for the frequen- 
cies of both the incident and scattered photons. 

The influence of the medium in this case will show 
up only in the virtual quanta and, consequently, the 
matrix element of second order in e for Compton 
scattering will not depend on polarization of the 
medium. (The corresponding diagrams do not in- 
clude virtual photons. ) 

The matrix element of fourth order in e in- 
cludes virtual photons and, consequently, will de- 
pend on the presence of the medium. We shall cal- 
culate the radiative corrections by the method of 
Feynman.° 

Since the radiative corrections for Compton 
scattering were calculated in the work of Feynman 
and Brown,” it is then necessary for us to find the 
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difference between radiative corrections in media 
and in vacuo. In view of the fact that we restrict 
the calculation to only terms of sixth order in e 
in the cross section, the matrix element of fourth 
order enters into the cross section linearly, so 
that we only need to calculate the difference of 
the matrix elements of fourth order for Compton 
scattering in media and in vacuo. This signifi- 
cantly simplifies the necessary calculations, since 
in the region of large momenta the difference of 
matrix elements which interests us goes to zero. 

Denoting the 4-momenta of the incident and 
scattered photons by k, and k», respectively, 
and describing the initial and final states of the 
electron by the 4-momenta p, and p, and the 
spinors v, and vy, it is easy to obtain the well 
known expression for the matrix element of sec- 
ond order 


WSe = es (Py + ky — m)*e; + & (p: —kz—m) "es, (5) 


in which the 4-vector polarizations of the incident 
and emitted photons are denoted by eg and e. 

The diagrams of fourth order for Compton scat- 
tering are given in Refs. 10, 5, and 9. The differ- 
ence of fourth-order matrix elements which inter- 
ests us does not contain divergences in the ultra 
violet region; therefore, for simplicity, we shall 
not explicitly introduce the Feynman cut off factor. 

We write the matrix element of fourth order for 
Compton scattering in vacuo in the form 


W9 0.) =laqig—errn@, (6) 


where F;(q) is a matrix function of momenta and 
polarization of the electron and the photons, A is 
a fictitious mass of the photon, which is introduced 
in electrodynamics in vacuo in order to eliminate 
the infrared catastrophe. 

The explicit form of F,(q) was obtained by 
Brown and Feynman.’ As noted above, in media 
the infrared catastrophe does not arise; however, 
in the following it is also convenient to introduce 
dX into the matrix element of fourth order for 
Compton scattering in media, denoting it by 
Wht (kK, A): 


v.dtg 


(a) a 
We 0) = las gare 


[Fizzy Fe @t, | 
where F,(q) differs from F,(q) only by the re- 
placement of the 4-vector polarizations of the vir- 
tual photon by the 4-velocity of the medium, uy. 


Calculating the integral in Eq. (7) 


| d4q (q? — a? — 0°) F, (9), 


in which a? is determined from the asymptotic 
form of «x for large uq: 


872. 7 iad 


x (ug) = —(a/uq); a? =4nZNe*/m, (8) 


it is easy to transform Eq. (7) to the form 


WY (x, )= WY(0, V @ +) 


any {ee en") : 
Seley ay OR ee 2 eet F, (9) 


d*q UX 
7 P+ (ugex—? +x 


F(q). (9) 


The second term in Eq. (9) differs from the in- 
tegral in Eq. (6) only by the presence in the inte- 
grand of the additional factor 


fs BGpeaa ha (ee) 
\ fae—m) gq? + (ug/x— j 


2 2 


which is small for q? > a’, we or (uq)? Ase w. 
This means that the region of q essential for the 
integration is bounded, in the system of coordinates 
connected with the medium, so that the values of 
all components of the 4-momentum of the virtual 
photon q, are small compared with the momen- 
tum transfer & >a. 

If terms of order a/é and uj /& (where wj 
is the proper frequency ) are neglected henceforth, 
then the calculation of the integral considered is 
limited to the first nonvanishing term in the expan- 
sion of F;(q) in powers of q. 

Analogous considerations can be made also for 
the third term in Eq. (9), since F,(q) has the 
same structure as F,(q). 

Employing an expansion in powers of g/m, it 
is easy to find that the principal contribution in 
the expression of interest comes from the dia- 
grams denoted in Ref. 9 as J, M’, and M”. In 
the approximation indicated, it is possible to ob- 
tain the expression 


WY, 4) = WY (0, Vet?) 


4e* ¢ d*q [(u — 1) gq? — pa? — x (uq)?] om €, Py 
Sines \ (g? — a? — 22) (g? + (uq)®x — 22) st \(p. + 9)? —(m-Ay 
€1 Pe \2__ 4e d‘q eX yo 
(Pp2 + 9)? —(m-+A)?} in \ Gp Lepper —=oe~ Wass 1S 
upy up 2 


x | (10) 


= | 
(Pi 9)*—(m + A) (po + gy? —(m+A)f ’ 


in which Wet and A are defined in Eqs. (5) and 
(4). The first term in Eq. (10) can be obtained 
from the result of Brown and Feynman by replac- 
ing r by a2+A2. Itis easy to see that Eq. (10) 
remains finite for }=0, if the A in the denomi- 
nator is not neglected, and the infrared catastrophe 
does not arise. Therefore, there is no necessity 
of adding the cross section for double Compton 
scattering, integrated over the momentum of an 
additional small quantum, to that obtained from 
Eq. (10), as is done in the case of electrodynamics 
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in vacuo to eliminate the infrared divergence. How- 
ever, such an addition is desirable to carry out in « 
order to take into account experimental conditions © 


in which it is impossible to discriminate between 
single Compton scattering and double Compton 
scattering with emission of an additional quantum 
sufficiently small so that it is not registered by— 
the experimental apparatus. It is natural for the 
experimentally-observed cross section to depend 
on the threshold of the apparatus, i.e., on the. 
maximum energy of the photon wy, for which the 
photon will not be measured. 

Since in the following we will be interested only 
in the experimentally-observed cross section for 
Compton scattering, it is possible to neglect the 
quantity A in Eq. (10), disregarding » for con- 
venience of calculation. 


4, EXPERIMENTALLY-OBSERVED CROSS 
SECTION 


Denoting the cross section for Compton scatter- 
ing with account of terms of sixth order in e in 


vacuo and in media by dox(0,A) and dox(k, A), 


respectively, we easily obtain from Eq. (10) 


ete el 4e? 
dx (x, d) = dox (0, Va? +?) — = doo 


v ( d3q [(u — 1) q? — wa* — x (uq)?] { e7P1 €;P2 \ 
2 (g? — a — d*) (G? + (ug)yPu—2) |g? + 2pig G + 2paq 
a 4e* he \ dq Ux | upy ups 2 
ni 9S (g?+ (ug)? x—) Tx \q? + 2pi9 FF ipa} ‘ 


in which the usual cross section for the Compton 
effect without radiative corrections is denoted by 
doy, where 


2 \i2 a2 / 
ds, = ( a 3) s ‘es 
me) \de2 } os 


It is important to note that the integral over q 
in Eq. (11) was obtained for arbitrary e€ and yp; 


+ = — sin? 9) aor (12) 


it was derived only by assuming absence of absorp- 


tion and by assuming the asymptotic behavior of kK 
for large uq, Eq. (8). Therefore, it is desirable 
to calculate the integrals without introducing addi- 
tional assumptions about the specific form of ¢€ 
and yw. This is easy to do if, instead of integrating 
over components dy, One integrates over compo- 
nents Q,, andover s, connected with qu by the 
relations 


S= 4g; Qu= du — Untledos Gu = Qu + Uas. (13) 


The indicated change of variables makes it pos- 
sible to resolve the difficulty which arises in con- 
sideration of those forms of the dependence of ¢ 
on (uq), which do not lead to a single-valued in- 


(11), 


/ 
| 
| 
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, verse function uq(e), i.e., to the situation where, 
_ in the system of the media, several frequencies of 

| the particle correspond to one and the same mo- 
mentum of the real photon. This difficulty arises 

_ in case one tries to carry out the integration in 

Eq. (11) just as in electrodynamics in vacuo, i.e., 
first over the fourth component of the 4-momentum 
of the virtual photon. The change of variables, 

Kq. (13), makes it possible to first carry out the 
integration over Q, and then over s =uq, so that 
the fact that uq(e€) is not single valued does not 
show up in the integration. In this way, the trans- 
formation, Eq. (13), makes it possible to general- 
ize the usual methods of quantum electrodynamics 
to such types of dependency of € on uq which 
occur in practice. 

The integration over Qy can be conveniently 
carried out as in Ref. 7. For example, for an in- 
tegral analogous to those in Eq. (11), one easily 
obtains 

d*k (1; k,) F (uk) 
( (—2pk—A(uk) in? (14) 
d4Q85 (uQ) (1; Q, + 4,5 
~ j dsF (s) \ SE ee eee 
we ( SF) pe Ay (S= 4p) 
161 J [s? — 2sup — A (s) + (up)? — p? + in}? 


—co 


To obtain the experimentally observed cross 
section, it is necessary to put (11) together with 
the cross section for double Compton scattering, 
integrated over small values of the additional 
quantum. 

It is convenient to write this cross section as 
a 4-dimensional integral over the 4-momentum 
of the additional small quantum, employing a 
method analogous to that proposed by Abrikosov! 
for quantum electrodynamics in vacuo 


1 


e 4d*q 
dsp (06; r) = do, Fr \ : g@+x(uge— ae a (ug)? Bare 
(4g) <O m 


&1P1 § 1P2 
x ( 1 1 


dee vats 
(i + 92 —(m + AP name) | ) 


where the integration is carried out over a region 
bounded by the condition that the frequency of the 
additional quantum in the system of the medium, 
ug, does not exceed the threshold of the experi- 
mental apparatus. 

Denoting by dop(0,) the cross section for 
the double Compton effect in vacuo [integrated 
over the momentum of the small quantum, as in 
Eq. (15)], it is easy to bring Eq. (15) to a form 
analogous to Eq. (11). 


dsp (x, i) — dsp (0, V@2 a Fe i?) 


Te ee ee 
a ina (q? + (ug)? x — 3) (q? — a? — 22) 
(uq)??<@/, 
| PASHAN Vee eM Tae (16) 
(P#F2pnq FF 209 J ni 70 
. \ d*q Ux { upr upe ‘ 
(q + (ug)? *—W) (A+) lg?+2piqg = g? + 2poq 
(ug)?<e%, 


{ where, just as in Eq. (11), A is neglected ]. 

Putting together Eqs. (11) and (16), one easily 
finds for the experimentally observable cross 
section for Compton scattering 


4e* d'q [(u — 4) g? — va® — (ug)? x) 
ds =dc _ A 
vac Tl ds, \ (9? + (ug)? mas in?) (q? ay en 22) 
(ug >on, 
ep ep )2 2 
| é 1P1 Ss ie | ! 4e? ds, (17) 
G+ 2piq Gg? + 2poq J mi 
x \ d*q __ Ux { upi up2 2 
q+ (uqye—M? 1+ lqg?+2p1q = g? + 2peq } ‘ 
(ug)?> or, 


in which the first term doyg. does not depend on 
the properties of the medium, since in putting to- 
gether dox(0,A) and dop(0,A), the terms de- 
pending on A cancel? and, consequently, doyac¢ 

is the experimentally observable cross section for 
the Compton effect in vacuo. The second and third 
terms are corrections, connected with the polari- 
zation of the medium. The region of integration 
in them is bounded by the condition (uq)? => wen, 

so that the integrals remain finite in the infrared 
region. This makes it possible to set A=0 in 

the future. 

It should be noted that in the expression obtained 
there are terms with different powers of q in the 
denominators of the integrands. This is explained 
by the fact that in the form given, it was more con- 
venient to employ a technique of covariant integra- 
tion after the substitution (13). After the integra- 
tion over Q, terms of higher order in s/m nat- 
urally had to be thrown away, since terms of these 
orders were dropped earlier. 

We cannot consider values of wy, very close 
to the proper frequencies of the atoms of the me- 
dium, since absorption in the medium has not been 
taken into account. Therefore, in our case the 
threshold of sensitivity of the apparatus cannot be 
less than the atomic frequencies. In this case pu 
can be considered equal to unity, which makes it 
possible to obtain from Eq. (17) the expression 

—- 2 
do ae fa s 4 ds (a? + xs?) 
d*Q8 (uQ) 
x \ (QPF 5 ()) (G=F 7 — at) 


874 Mey TE: 
l eP, oP, i 
“ Q? + 2p1Q + 2sup; + s? Q? + 2p2Q + 2supe + s” 
Be? ¢  xds d4Q8 (uQ) 
sel Taee One Hie) (18) 


m 


up = upe ,} 
= le + 2p1Q-+ 2supi+ s® Q?+ 2p2Q + 2sup2+s° 


In the following, we consider the special case in 
which the electron is at rest in the medium before 
the collision. In this case it is possible to obtain 
the final formulas in an especially simple form. 
The momentum transfer will be equal to the mo- 
mentum of the electron after the collision. Since a 
macroscopic description of properties of media 

is not possible for collisions with a large momen- 
tum transfer, we limit the calculation to only the 
first terms in an expansion in powers of the ratio 
of the momentum transfer to the mass. In this 
approximation, the second integral in Eqs. (17) 
and (18) is most important, containing the factor 
k/(1+«) in the integrand. The final result can 
be conveniently written in the form of the ratio of 
the difference between the experimentally observ- 
able cross section of sixth power in e for Comp- 
ton scattering in media and in vacuo to the cross 
section of fourth order in e for Compton scatter- 
ing. In the first nonvanishing approximation in 
powers of the ratio /m and g/t, where € is 
the momentum transfer and q is the 4-momentum 
of the virtual photon, one easily finds that 


co 


do — do 2 : 2 
vac _ e>m ds x (s) 
i ln Vow sh ieee yl 210) 19) 
where it is assumed that y’? = os <el 


5. DISCUSSION OF RESULTS 


The applicability of the formulas obtained is 
determined by the following considerations. It is 
well known (see, for example, Ref. 12) that a 
phenomenclogical description of the surrounding 
medium is possible for those collisions in which 
the longitudinal momentum transfer is sufficiently 
small so that its inverse is larger than the inter- 
atomic distances in the medium. Thus, Eq. (19) 
remains valid in the region of sufficiently small 
photon-scattering angles satisfying the condition 


was ko Wh Oe t m + 1) o2\—e 
Qsin5<N"Y = aoe = (5 Ze sie *) : 
(20) 
which relates to the case in which the electron is 
at rest before scattering. The notation a2 = 
4nNZe?/m, where N is the number of atoms per 
unit volume and Z is the atomic charge, has been 
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used. 
This condition is of a general type, connected | 
with a phenomenological description of media; be- 
sides this, the region of angles in which Kq. (19) 
is valid, is limited by the supplementary condi- 
tions under which (19) was derived. Since, for 
small scattering angles and for an initial photon _ 
energy comparable with rest mass energy of the 
electron, it is possible to consider Ee is wis? then 
instead of Eq. (20), the region of angles in which 
Eq. (19) is applicable, is limited by the condition 


1 Om 
ea / =. 

which, for example, for liquid hydrogen at a density | 
~ 0.07 g-em™, wm~ 30 ev, wy~ 0.5m, gives 
angles of the order of 1°. | 

To estimate the magnitude of the corrections 
connected with the presence of the medium, we 
consider a simple form of dependence k(s), ob- 
tained under the assumption that in the medium 


there is only one proper frequency. 


x (s) = a2 (B— s?)3, (21) 


(20°) — 


Using the explicit form x(s) of Eq. (21), itis 
easy to obtain from Eq. (19) 


dG "a5 56 ca e a (a Yre (/ Om 

ds InVo @+0 Vo, Verte (22) 

where #(z) is defined by 

® (2) = 2—z [tant ony | 

z Z ‘ 

In the case that w,, is substantially larger than 

the atomic frequencies, the formula simplifies con- 
siderably: 


do — do Pawo a Vas 
vac __ Eley 
doy 5aV 2 ( a? ) one a, 


The result shows that in this case, for liquid 
hydrogen of density ~ 0.07 g-cm™3, a~ 7 ev, 
b~ 10ev, for wy ~ 30 ev and & >5 kev, we 
have from Eq. (23) (do — doyac)/doy = — 0.3 x 1072, 
i.e., the medium corrections are comparable with 
the radiative corrections. Particularly large cor- 
rections are obtained, as can be seen from Eq. (19), 
when Wy is near to a zero of the function €(w). 
When wy, exactly coincides with a zero of €(w) 
[in the particular case (21), when wy, = (a2 + b?)!/2y 
the expression (do — doya,)/doy becomes infinite. 
This divergence has no physical significance and 
is connected with the fact that in our approximation 
of infinitesimal absorption it is not possible to con- 
sider frequencies close to zeros and to poles of 
€(wW). However, this circumstance can be an indi- 
cation that for wy, close to zero the real part of 


1+z 


1—z 


I 


{ 
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€(w) and, for small absorption, the corrections 
connected with the medium, will be anomalously 
large. 

In the experimental study of radiative correc- 
tions, it must be kept in mind that the accidental 
coincidence of wy, with a zero of the real part 
of €(W) can substantially distort the results for 
small scattering angles. 

With diminishing momentum transfer £é, i.e., 
with decreasing angle of scattering, the ratio 
(do — doyac)/doy decreases to zero, from which 
it follows that corrections of large magnitude 
coming from the medium can be expected only at 
certain scattering angles. 

Thus, in the experimental measurement of the 
cross section for Compton scattering at small an- 
gles, it is necessary to take into account the pos- 
sibility of a significant change in the differential 
cross section as a result of the influence of the 
medium. 

In conclusion, I would like to use this opportu- 
nity to express deep gratitude to E. L. Feinberg 
for suggesting this problem and constant interest 
in this work, and M. L. Ter-Mikaelian for valuable 
discussion. 
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The temperature dependence of the thermal conductivity and the coefficient of absorption of 
sound in ferromagnetic dielectrics is determined. It is shown that spin waves play the prin- 
cipal role in these processes at low temperatures. 


l. As is well known, the kinetic properties of or- 
dinary dielectrics are determined by the phonon 
spectrum. In ferromagnetic dielectrics the ele- 
mentary excitations consist of spin waves in addi- 
tion to phonons. It is therefore of interest to as- 


certain the role of the spin waves in thermal con- 
duction and sound absorption in these substances. 
We will show that at low temperatures the ther- 
mal conductivity in an unbounded ferromagnetic 
dielectric which contains no impurities is deter- 
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mined principally by the interactions of spin waves 
with each other and with phonons. If the Curie tem- 
perature @, is lower than the Debye temperature 
®, the temperature dependence of the thermal con- 
ductivity is determined not by the exponential fac- 
tor exp(@/2T), as in ordinary dielectrics,' but 

by the factor exp(@,/4T). 

The dissipation function of a ferromagnetic 
dielectric at low temperatures in the presence of 
a sound field is also determined by the interaction 
of spin waves with each other, and turns out not to 
depend on the temperature, while in ordinary di- 
electrics it is inversely proportional to the tem- 
perature. 

2. The principal elementary interaction proc- 
esses in a system of spin waves and phonons, which 
we shall take into account here, are the conversion 
of two phonons into one phonon, the conversion 
of two spin waves into one spin wave, the scattering 
of a spin wave by a phonon, and the conversion of 
two spin waves into one phonon. The respective 
probabilities of these processes are as follows:? * 


Wy, —f, —f" = (Oak / 0) lille (1) 
, 6473 w2a3 . ee) is Pesce 
Wr, —w, —r" = go | Sim Dore sin 20" 2 P (2) 


\ Wy, —f?, —f" TG Ey — Er) ’ E 
e 
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270203 ; | 

Wyn, = gE | (KH) (ep, + A) + eg (Kf? + iad 
Wy, Wi, —h = —_ - fey + 2key sin*de~ 2#¢ | 

+ 2k’ey sin? 9’e—29’ |?, (4) 


where f and k are the wave vectors of phonons 
and spin waves in different states: a is the lattice 
constant; p is the density of the substance; w = 
B?/a® is the magnetic interaction energy of the two 
spins of neighboring atoms (f is the Bohr mag- 
neton); ef is the polarization vector of phonon f; 
f= f, — ify; eg = ef, — iefy; and 0, 9, 0, Q’, 
and 6”, ~” are the polar angles of the vectors | 
ky Ke onde kK. 
We now write the kinetic equations for the spin- 
wave and phonon distribution functions, taking these 
interaction processes into account. Setting 


ry == ee (ope fT) 1 (eR — er ale 


Ny = NG + (®,/T) (°F — 1) (e*F'7 — 1), 


where nf. and N} are equilibrium Planck func- 


tions, it is a simple matter to obtain the following 
linearized equations for determining the unknown 
functions ~, and oF: 


(5) 


te \ Wy, +n, —w 8 (Ey + &a — ep) 


= \ Wy, Se Si) 6 (Ey— op Ep’) 


=a EA 
ee ie 


( 


( Wr, —k’, —k" ) (Ep Ss) pa Ep") 


ms \ Wy, +, —w 8 (Ey +en — ev’) 


Dr +O, — ‘ 
spt 1) (eh 1) eee \ he 
D5 + Op — Pp ? 
€ se se AS, 
(e°R IT 4) (eR tye PFT _ gy 
Or Bt Puce ey d 
eplf ep ll — eet Tk 
(e ANC SWE 1) 
(OT / dz) of E/T 
1)(e T° —4) 
Opn + Pp, —. PR ae 
fpr Shr — kr 
Cie ea ake me 
Dac Or — Pr ie. 
(echt Ae get es 1) Cas 
p+ Pp — Py ie 
€ ji r= k/ 
(PRT — 4) (eh ye FT 


+ \ Wy, —k, —k’ 3 (Ey Se 9) 


1) 


(AT / dz) oe, / T 


(eel? 


where vi) and vk) are the projections of the 
group velocities of the phonons and of the spin 
waves onto the z axis, along which the tempera- 
ture gradient is directed; E and «€ are the ener- 
gies of the phonons and spin waves in their respec- 
tive states; 

dey = (2) *fPdf dor, dz, = (2x)? k® dk dog, 


(dor, do, are elements of solid angle of the vec- 


oh) (eee ee a 


(6”) 


i 
tors f and k). 


In the first terms of (6) and (6’) the following 
conservation laws of the wave vectors are satisfied: 


i—f—fr—0, + 2rb, 
i kei Onion 


in the second terms, 


f+k—k’=0, + 2nb, 
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| land in the third terms 
f—k—k’=0, + 2nb, 


where b is a vector of the reciprocal lattice. 

We will consider further the case of low tem- 
peratures, when a = @?/@ :T > 1. Retaining the 
most essential terms in the equations, we can 
write (6) and (6’) symbolically in the form 


La {@, et e OPTED} +e PelaTa’a La {, 9} 


eT. a 9% 
“dz bk @ % SOS PH 


’ 


(e”—1) ("= 14) 


alle My {e} + el" MY {o} + e-OPT a's M3 {®, 9} 


where n= Es/T, k=€,/T; L,{, 9} is an op- 
erator, corresponding to the second term of (6) 
when the conservation law of the wave vector is 
strictly satisfied, describing the scattering of 
spin waves by phonons; M,{¢} is an operator, 
corresponding to the first term of (6’), describing 
the interaction of spin waves with each other also 
when the wave-vector conservation law is strictly 
fulfilled; and the operators with the index u cor- 
respond to terms taking account of transfer proc- 
esses. These operators do not contain the tem- 
perature explicitly. 

Multiplying (6) by f, and (6’) by kz and adding 
both equations we obtain, after integrating over the 
phonon states f and the spin-wave states k: 


OT a oF | 
Oza he ON ek (7) 
(eA) (e* 4) 
Por + O,—® 
2m \ A f fl 'f 
-——_ Wie sof = a [Bias fo oan a = = dz dt 
aT Lia If ( f i f ) ee C= 1) (Gz: We ene Ef il Eig cp Ate 
2r % Pp + Pp: — Pp 
=i ar \ Wr, Se Ao) (Ex OR Cee 2h") ee i. 1) (echt Mi 1) (Og ot 1) At dtp, 
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2m % 
ra ie Pia \ Wy, ho (B; ae Ep) 
¢ Pr —- Gp — , 
: (ete iyi hicr ts Se 1) (et Lees 1) dry dtr = Ry + Rx, 
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R y ar OS Ff, E,{T 1 4 ar Lf are 
arn Oz ie eur 1) (e Ey \T 1) (2x)3 hk dz a 5) , 
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Equation (8) is satisfied if we set 


SO) WVkz, ; == baer (9) 


where the quantity WY does not depend on f and 
k and has the following form: 
a’Q2 LS eee l4T 


we a oz 


W =f Oa’ & whee? for O<O,, T<O?/%.. 


iS we for 10S; 0;./87/.6.>T, 


The functions (9) transform Ly, and My, to zero. 
Hence, following Ref. 3, we readily conclude that 
these functions are the principal parts of the solu- 
tions of the kinetic equations. 

Using these functions we calculate the heat cur- 
rents If and II, carried by the phonons and by 
the spin waves: 

(E,/T)at, 
em eae 


(f) 


(En / T)dt,, 
—1)(e"—4) 


pels (Rk), 
II, =a z OR ep IT 


(e 
Corresponding to these equations, the coefficients 
of thermal conductivity of the phonon and spin-wave 
gases are, for © > @o, @2/@e > T: 


7 
12 


cg 43 
0,0" T\ poela? ieee OF T \ oe lar 
“t~ Faw? ) BT Ta? 4 Os, i 


In this case Kk, > Kg. 
If @g >@, ©7/@, > T, then 


93 ; 1 . 
apes = aa e0reT xp ~ a QB,” (+) edit, 
In this case also Ky, > Kg, that is, the thermal 
conductivity, as in the preceding case, is deter- 
mined principally by the spin waves. In contrast 
to the previous case, however, it is the Debye 
temperature and not the Curie temperature which 
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enters into the exponent. 

3. We now study sound absorption in a ferro- 
magnetic dielectric. To this end it is necessary, 
as in the case of ordinary dielectrics,‘ to find the 
deviations of the phonon and spin-wave distribution 
functions from their equilibrium values and to de- 
termine the entropy increase of the crystal due to 
these deviations. 

Assuming that the sound wavelength is suffi- 
ciently large, we can consider that in a system of 
phonons and spin waves it is possible for an equi- 
librium to be established which corresponds to the 
instantaneous value of the sound field. The influ- 
ence of the sound field on the phonons and spin 
waves amounts to a change in their energies. These 
quantities can be represented in the presence of 
sound in the form 


Pa Ee + A;;u;;), G, = ent Relays 


where E® = @af, ep = @,a*k? are the equilibrium 

values of the phonon and spin-wave energies in the 
absence of sound, and ujj is the deformation ten- 
sor due to the sound. 

In contrast to the phonon energies, which be- 
come zero for f = 0 both in deformed and non-de- 
formed crystals, the spin-wave energies acquire 
an addition which, generally speaking, does not 
reduce to zero for k=0. 

The changes of the phonon and spin-wave dis- 
tribution functions due to the sound field are 
Hl E,— Baye 


ene Sayonara 


pie ere 
TG ESE eae a ee) 

In contrast to the problem of thermal conduc- 
tivity, it is possible in this case to ignore transfer 
processes.* 

The linearized kinetic equations for the phonon 
and spin-wave distribution functions in an external 
sound field for @ > 1 have the form 


Ly {®, 9} ~ qAijuig Ny (No + 1), 


ails M, {0} ~ 8,0 2ar, juzjnh (nk + 1), ) 
where L, and M, are the operators appearing in 
Eq. (7). The largest terms have been retained in 
the left side of (10). 
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The solutions of these equations have the form 


Oo, = Qa hy jttzjP 1, Dy ms Ai juijF 2, (11) 


where F, and F, are certain functions of x, 7, 
and of the angles determining the directions of k 


and f. 
The dissipation function of the system of pho-_ 


nons and spin waves is 


TS =TS; £TSy, 


where Sg and S, are the phonon and spin-wave 
entropies: 


= Dd) {(Ny+ 
if 

= Di{(m + 1) In 
k 


1) In (Ny + 1) — Ny In N73, 
(nz + 1) — ne In Mr}. | 
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Substituting nj, and Ng in the form of (5) here, 


we obtain 
= (3 =) | Dp Nazita; NPN G + 1) 18 dy doy 


(27a) 


TaN le (e) c F 
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Making further use of (11), we readily conclude 
that when T «K ©?/@, the dissipation function 
does not cored on the temperature and has the 
form 


TS = C (djittj)?, (12) 


where C is a certain constant and Ajj is the 
value of Aaj averaged with respect to the angles. 

It is thus clear that for T « @?/@¢ the ab- 
sorption of sound is determined principally by 
the spin waves and is independent of the tempera- 
ture. 

The authors are grateful to M. I. Kaganov for 
valuable discussions. 
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The asymptotic expression for the coefficient of reflection from a one-dimensional potential 
barrier has been found for the case when the wavelength is much smaller than the character- 


istic dimensions of the barrier. 
1. STATEMENT OF THE PROBLEM 


ites determination of the reflection coefficient 

for the case when the de Broglie wavelength A is 
commensurable with the characteristic dimensions 
of the potential barrier is a very complicated math- 
ematical problem, which has been solved only in 
rare cases. For short wavelengths the Schrédinger 
equation is usually solved using the well-known 
Wentzel-Kramers-Brillouin (WKB) method, which 
in general gives no reflection. 

The task of this paper is to find an asymptotic 
expression for the reflection coefficient for small 
wavelengths. We consider only the one-dimensional 
case. 

The problem consists in solving the Schrédinger 
equation: 


d’y ie 
a? de ine (6)p = 0, (1.1) 
where 
enya ee xa; R26) =U 6) / Bs (11a) 


x is the de Broglie wavelength of the free particle; 
a denotes the extent of the region where U(é) 
changes significantly; E is the energy of the par- 
ticle. Our fundamental assumption is 


aa 


In the following we shall always restrict ourselves 
to the case E>U(é) onthe entire é axis. 

According to the familiar WKB method, the 
solution of Eq. (1.1) is sought in the form 


(1.2) 


b = esia (1.3) 


and S is expanded into a power series in a. The 
zeroth and first approximations give 


4 


p == exp (= \ eat} . (1.4) 


The next corrections are small quantities of 


879 


higher order in q@ and change the phase and the 
amplitude of solution (1.4) only insignificantly. 

For € > + solution (1.4) goes over into 

A,exp {ik,é/a} asymptotically, i.e., into a 

plane wave going in only one direction at both 

ends of the straight line (k, =limk(é), § ~ +0). 

In the WKB approximation the quantum effect 
of the reflection from a potential barrier is thus 
completely absent. 

The reason for this lies in the fact that in the 
WKB method the function S is expanded into an 
asymptotic series in powers of a, and the method 
by its very nature, cannot take into account the reflec- 
tion effect, which, for small a@, has an amplitude of 
order exp(—A/a) (A>0). In order to find the 
reflection of the wave we must therefore change 
the method. 

We introduce the variable t: 


g 
at = \ dé (1.5) 
and make the transformation 
Equation (1.1) takes the form 
d2 
FY + (1 + aq (at)) y =0, ‘iss 


where q is determined by k through the relation 


it 3 (k’)? — 2kk" 
Le Die ode : (1.8) 


(The prime denotes differentiation with respect to 
g.) 

We formally apply to Eq. (1.7) the perturbation 
theory for the continuous spectrum. It turns out 
that all the terms in the perturbation expansion 
have the same order of smallness in @. 
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2. CALCULATION OF THE REFLECTION 
COEFFICIENT 


Our task is to find the amplitude for transition 
from the eigenstate of the Hamiltonian Hy = d?/dt’ 
with momentum 1 to the state with momentum —1. 
This amplitude is expressed with the help of the 
well-known perturbation expansion 


4 4 Vase Ve 
R= Vas+ |e 


4 Vea, eee ho has 1 
: den k. ager 
+ oor \\ (1 — ke) (1 — 8) Cl a | (2.1) 


where Vik’ is ae matrix element of the “per- 
turbation” V =a’q. The path of integration over 
k; in formula (2.1) is taken along the real axis, 
circumventing the singular points kj = —1 and 
k; = 1 above and below the axis respectively. It 
will be shown in the Appendix that only a slight 
error is introduced if the path of integration is 
taken along the real axis without the by-passes. 
We calculate the matrix element V, ,-. We 


have 


Va, pe =—a4 \ exp | (R’ —k) cq (z) dx. (2.2) 

We investigate the singularities of the function 
q(t) in the complex plane 7. It follows from 
(1.8) that the singularities of q(t) coincide with 
the roots and singularities of the function k?(£). 
We restrict ourselves to the case where the singu- 
lar point T) whose imaginary part has the small- 
est absolute value corresponds to a simple root. 
Clearly, this situation holds precisely for not too 
large energies E. The case where the term mak- 
ing the main contribution to the reflection coeffi- 
cient involves a simple pole of k? (€) is treated 
analogously and leads to the same result. 

Let &) be the simple root of Kk (£). Near &) 
the function k(é) has the form 


= AVi—&. (2.3) 
The function q(&), in the neighborhood of &o, 
is of the form 
5 


q(*) = parece ll + OG —h)I. (2.4) 


So) 


The leading term in q(é), as is seen from 
(2.2), contains the constant A, which is deter- 
mined by the form of the function k(£). However, 


after transformation to the variable T= if he 
the point &£) goes over into the point Ty =f k dé, 


in the vicinity of which q(T) has the form 


: | Ol —%)"! 2.5 
q(*) = 3G—apl! ! Os T,) I: ( r| 


We see that the leading term in q(T) does not ] 
depend on the form of the function k(é) in the 
neighborhood of Tp. 

We now apply the theory of residues to the inte- | 
rral (2.2). Here we consider only the pole 7), as 
the contributions from the remaining singularities 
are exponentially small compared with the contri- 
bution of the point T). We assume here that the 
different singular points of q(T) are not too close | 
to each other. With these assumptions, the calcu- 
lation gives | 


j / 1 Vales | 
ve yw = Ine kh—R’ exp {= (h —k)o— |k—k'j oh 
! 2 (2.6) | 
x (1+ 0 (a'k)), | 
where T)=p+io(a>0). We note that the leading — 
term in the coefficient of the exponential in Vick! 
does not depend on the form of function k(é). 
In particular, we have 


Via. = gy rere (1 + O(a"). (2.7) 


We show that in all the other corrections of the 
perturbation theory the leading terms are also pro- 
portional to the same exponential exp(2itT)/a@), 
whose coefficients are universal constants inde- 
pendent of the form of the function k(é). We ex- 
amine the general term in the series (2.1): 


Voie Vans 
CG Se) er 


Jn = sor + lla. dhe 
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ae fee ee mY hee _. dp 


36) 
[1-- ky ||&2—ki|.../4—&,| 
(1— ki)... (1 — k?) 
x expl— (j1 + &,| 4 ~ pf eaDh (2.8) 


We separate the region of integration into the 
n-dimensional “tetrahedron” -1<kj =k... 
=< k, = 1 and the whole remaining space. Inside 
the “tetrahedron” the exponent of the exponential 
in the integral (2.8) is equal to —2o0/qa; in the re- 
maining region of integration it is everywhere 
smaller than this quantity, and therefore the latter 
region gives to the integral a contribution which is 
small in comparison with the contribution of the 
“tetrahedron” (of order 2"a@/n!). We can thus 
restrict the integration to the “tetrahedron,” with 
the result 


In = (fae) 2eAne¥* (1 + O(ats)), (2.9) 


where 
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(1 + Ry) (ka — ki)... 
(1— kit — 2)... 


(1—k,) 
(i) 
(2.10) 
We thus convince ourselves that the coefficients 
An indeed do not depend on the form of the func- 
tion k(é). Hence the amplitude of the reflection 
coefficient has the form 


1 
\ dkn 


n—l 


Lhahl ah 
ye pn 
Mone 


k 


R= — inet« ae (a) it ; (2.11) 
where Ay = It is not necessary to compute the 
sum in formula (2.11), since its value does not de- 
pend on the form of the function k(&), and can 
thus be determined using any known exact solution 
of the Schrodinger equation. 

A number of cases is known where the Schréd- 
inger equation (1.1) admits of an exact solution.!*? 
The asymptotic expression for the reflection coef- 
ficient leads in all these cases to the formula 


DOL Se eevee 2.12 
R ie iexp is \ed3\ ; ( ) 
Consequently, formula (2.12) gives the leading 
term in the reflection coefficient for arbitrary 

form of the potential.* 


3. RANGE OF APPLICABILITY 


The formula for the coefficient for barrier re- 
flection (2.12) obtained in the preceding section is 
valid only in the case where the singular points of 
the plane T are separated from each other by dis- 
tances much greater than a. Otherwise the ex- 
pression (2.5) for the function q(T) becomes in- 
Correct, 

We investigate, what limitations on the range of 
parameters of the problem follow from this re- 
quirement. 

1. Region of high energies: U)/E «1. (Ug de- 
notes the maximal value of the potential U). 
this case the root of k* = 1- U/E is clearly lo- 
cated in the vicinity of the singularity of U. 

The criterion for the applicability of formula 
(2.12) depends essentially on the kind of singular - 
ity of U. We examine the case where the singu- 
larity of U is asimple pole. Near the pole & 
the function U has the form 


U =U,Al(t— 4), (3.1) 


where A is a quantity of order unity. The func- 
tion k?(&) near &, is of the form 


— &)/(¢ as &), (3.2) 

*The formula for the reflection coefficient obtained in Ref. 
3 proves to be wrong; it takes into account only the first term 
in the series (2.11). 


where £) = &,+ AU)/E. For the corresponding 
values of T), T, we find 


So 


scmlioet.i! al ¢ Cee rei e. Sortie hy A in , U, 
vont c= | = = 5 Go — 4) = TA TR, 
Hence the required criterion is 
Uo/Ea > 1. (3.4) 


We note that in the case U)/E «1 the usual per- 
turbation theory is applicable. 

For the “Gaussian” potential U = Uy exp(—£?) 
the criterion for the applicability of the quasi-clas- 
sical approximation (2.12) is much less stringent, 
namely 


Use 
zee I (3.5) 


It is interesting to note that in this case the 
region of applicability of perturbation theory lies 
outside the region (3.5): 


Oo Eee | 


2. Region of energies close to Uy. In this case 
the two roots &), é* of the function k?(£) lie 
close to one another (they are also close to the 
point £,, where U(é) takes its maximum). 
From the condition that the distance between cor- 
responding points tT», Tj must be larger than @ 
we obtain the criterion 


(E — Up)/Uo% > 1. 


In the region (E—U))/Uja % 1 the amplitude 
of reflection may be obtained by other means (see, 
e.g., Refs. 4 and 5). We note that the expression 
for the reflection amplitude (66) of the paper of 
Fock,° obtained under the assumption (E- Uy )/Upa 
21, may be extrapolated into the region 
(E-—U,)/Upa > 1, as this work shows. 

In closing the authors express their sincere 
gratitude to L. D. Landau for valuable advice lead- 
ing to significant simplifications of the mathemati- 
cal calculations. 


(3.6) 


APPENDIX 


The asymptotic expression (2.6) for the matrix 
element Vick’ obtained in Sec. 2, becomes in- 
correct for |k—k’| Sa. However, for the abso- 
lute value of the matrix element V; ,- there ex- 
ists a simple estimate, which is valid for arbitrary 
|k —k’|: 

Ve.wi<a | [g()|de= Ma, 


—o 


(A.1) 


where M is a quantity of order unity. 
Consider, for example, the integral 
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V V 
f= \ ee ae. 


(A.2) 

The integral along the real axis of k, by-pass- 
ing the singularities k=+1, is broken up in the 
following way: 


Me eee 
Re tee | ey. fas) 
opie, Eto cae mie eI 


where I; and I, are semicircles of radius a@ 
about the singular points. Making an error of or- 
der q@ in comparison with the leading term, we 
replace the exact values V_ Kv by their asymptotic 
expressions (2.6) in the integrals along the straight 
lines, and extend the second integral to an interval 
from —1 to 1. The integrals over the semicircles 
are estimated with the help of (A.1). They give a 
contribution of order @ as compared to the lead- 
ing term. 

In an analogous manner one can justify the ap- 
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plication of formulae (2.9), (2.10) for the general 
term in the iteration series. 
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We consider non-stationary radiation cooling of a large volume of air heated to a high tem- 
perature (on the order of tens and hundreds of thoudands degrees) by a strong explosion. 
It is shown that, owing to the strong temperature dependence of light absorption in the air, 
the cooling involves the propagation of a sharp temperature jump, i.e., of a cooling wave. 
Cooling from the initial high temperature to that at which the air becomes almost transpar- 
ent and ceases to radiate occurs in a narrow wave front. A system of equations is derived, 
which permits an investigation of the internal structure of the cooling wave and leads to a 
connection between its parameters and the propagation velocity. A weak wave with a small 


temperature difference is considered. 


1. QUALITATIVE DESCRIPTION OF THE PROC- 
ESS OF COOLING HEATED AIR 


Tae problem of a strong explosion in air was con- 
sidered by Sedov! (see also Ref. 2). A strong shock 
wave heats the air irreversibly to a very high tem- 
perature, so that a large mass of very hot air is 
produced after the explosion, when the pressure 


returns to atmospheric. 

Imagine a large mass of air with linear dimen- 
sions on the order of several hundreds of meters, 
heated to a high temperature — above 100,000° at 
the center; the temperature towards the periphery 
drops to below 1,000°. How is such a mass cooled? 
Obviously, the molecular heat conduction does not 
play any role at all: with a heat-diffusion coefficient 
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(temperature conductivity ) on the order of 1 cm?/ 


. sec and with dimensions on the order of 10‘cm, it 


would take a year for the air to cool. The convec- 
tive rise due to the difference between the densities 
of the hot and cold air and the mixing of the hot air 
with the surrounding masses of cold air, caused by 
the rise, are more substantial. However, the rise 
is small during the first 2 to 3 seconds. Obviously, 
the convective rise cannot exceed gt?/2, which 
amounts to 5m after one second, 20 m after two 
seconds, and 45 m after three seconds. Therefore, 
if we consider the first few seconds, convection 
can also be disregarded. The fundamental factor 
is the radiation of light from the air, to which this 
article is devoted. 

A characteristic feature of this problem is that 
the transparency of the air depends strongly on the 
temperature. Cold air, as is“known, is transparent 
to visible light, which indeed makes possible radi- 
ant cooling of a heated volume. 

The continuous spectrum of light absorption in 
heated air is principally due to photoionization of 
the excited atoms. The ionization energy of a ni- 
trogen or oxygen atom in the ground state (I = 
14 ev) at temperatures on the order of 10,000° is 
considerably higher than the energies of the quanta, 
which play the principal role in a flux of energy hv 
on the order of several kT. These quanta can be 
absorbed only by atoms excited to energies I — hp, 
the equilibrium number of which is proportional to 
the Boltzmann factor exp {-—(1+ Hv/kT)}. There- 
fore the free path of the light, which equals the re- 
ciprocal of the coefficient of absorption, depends 
very strongly on the temperature. The free path 
varies from kilometers at T ~ 6,000° to meters 
at T ~ 10,000° and centimeters at T * 13,000°. 

Obviously, the radiation that cools the air is 
determined essentially by the layer in which the 
radiation free path is on the order of the dimensions 
of the system, i.e., by a layer of temperature on 
the order of 10,000°, which can be called the trans- 
parency temperature T,. The colder air is trans- 
parent and does not radiate, the hotter air is opaque 
and radiates intensely, but its radiation is absorbed 
on the spot. These concepts, defining the effective 
radiating layer, are by no means new, and are 
universally used in the study of stars. However, 
unlike in the stars, the energy radiated by the air 
is not compensated for by an energy influx from 
an inner hotter region, since the temperature dis- 
tribution is determined in our case principally by 
the past history of the phenomenon and is not sta- 
tionary. It is therefore to be expected that if, as 
shown in Fig. 1, a certain smooth temperature dis- 
tribution exists at the initial instant of time, the 
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FIG. 1 


first to begin cooling by radiation would be the 
layer with a temperature on the order of Ty, ~ 
10,000°; in the subsequent instants the temperature 
distribution will change under the influence of ra- 
diation as shown in Fig. 1. One layer of air after 
another will be cooled to the transparency temper- 
ature. Propagating over the gas hotter then Ty, 
will be a temperature jump, a cooling wave (CW), 
in which the temperature drops sharply from an 
initial value T, to the transparency temperature 
Dy: 

By representing the successive changes in tem- 
perature distribution as shown in Fig. 1, we disre- 
gard the changes in distribution due to purely hy- 
drodynamic motion. Actually, the jump is formed 
even before the air pressure drops to atmospheric, 
and the hydrodynamic scattering stops at approxi- 
mately that instant, when the radiant cooling of the 
layer of temperature ~10,000° becomes compara- 
ble with the adiabatic cooling of the expanding air. 
Later on, when the adiabatic cooling diminishes 
rapidly with falling pressure, radiant cooling be- 
gins to play the principal role. To the contrary, 
prior to the formation of the jump, the principal 
role is played by the adiabatic cooling and the 
radiation losses are small. 


T 


FIG, 2 


Thus, taking the adiabatic cooling into account, 
the successive changes in the temperature distri- 
bution are shown in Fig. 2, where the abscissa 
represents the Lagrangian rather than the Eulerian 
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coordinate. 

It can be said that the CW propagates through 
air that is undisturbed by the radiation. The air 
temperature prior to the arrival of the wave, Tj, 
is determined only by the past history of the proc- 
ess and by purely hydrodynamic motion, if present. 
The point is that at temperatures on the order of 
tens and hundreds of thousands of degrees, and at 
temperature gradients on the order of thousands of 
degrees per meter, which frequently occur in the 
initial distribution, the radiant heat conduction is 
too small, owing to the strong absorption, to pro- 
duce any noticeable energy flux in the region with 
initial temperature T,. The radiant heat conduc- 
tion, the coefficient of which (coefficient of pro- 
portionality between the thermal flux and the tem- 
perature gradient) is proportional to the free path 
of the light 7(T) and to the cube of the tempera- 
ture, increases sharply with increasing tempera- 
ture and plays a substantial role only at hundreds 
of thousands of degrees, limiting the temperature 
rise to the same order and equalizing the tempera- 
ture near the center.* 

Thanks to the low heat conduction on the upper 
edge of the CW at the temperature T,, the energy 
flux into the wave from within is nearly zero and 
cannot have a significant value. All the properties 
of the CW, particularly its rate of propagation 
through the hot gas, are determined essentially by 
one quantity, the temperature T,, of the initial 
gas. (The properties of the gas and its pressure 
are assumed specified.) The fundamental problem 
of the theory of the cooling wave is to find the en- 
ergy flux S, radiated away from the surface of 


the wave. This flux lies obviously between the 
limits oT} >S, > oT} (o is the Stefan-Boltzmann 
constant). This problem is non-trivial, for the 


temperature changes very abruptly within the front 
of the CW. Once we find the flux S,, the velocity 
of the wave is readily derived from energy-balance 
considerations 


Sz = upyCp (T1 —T>2), (1) 


where Cp is the specific of air at constant pres- 
sure, which we shall assume for simplicity to be 
constant, and p,; is the density of the air through 
which the wave travels. The basis for writing 
such a balance is the fact that the velocity of the 


*The coefficient of radiant heat conduction again becomes 
large at low temperatures (below ~ 10,000°), owing to the 
sharp increase in the free path /, which passes through a 


minimum at T ~ 50,000° [/(T)T*? has a minimum at T~ 10,000°]. 


However, at larger free paths, comparable with the dimensions 
of the system, the radiation transfer no longer has the nature of 
heat conduction. 
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wave, according to estimates made, is subsonic, 
so that the pressure p is practically constant 
over the narrow front of the CW (as the air be- 
comes cooler, it becomes compressed, so that 
p ~pT const). | 

The lower temperature of the CW or the trans- 
parency temperature is not a strictly defined quan-: 
tity. This is that temperature, below which the ab- 
sorption and radiation of light become very small. — 
More accurately, it is the temperature at which | 
the free path of the light becomes comparable with 
the characteristic dimension R, over which the 
temperature drops from T, to a sufficiently low 
value, say 1,000°, 

ER NESes (2) 

When the wave propagates through expanding air, _ 
this dimension is determined by the hydrodynam- 
ics of the entire motion as a whole. The faster 
the adiabatic cooling, the smaller this dimension. 
Thanks to the exceedingly sharp exponential de- 
pendence of the free path on the temperature, the 
transparency temperature has a rather narrow 
range, in spite of the arbitrariness in its defini- 
tion, and depends logarithmically on the dimension 
R_ and on the air density pj. 

If the free path, suitably averaged over the spec- 
trum, is 


l= a(T) (po/9) et"? , (3) 


where a is a slowly-varying function of T (we 
assume for air a= 2.8 x 107'2 x T? cm), po is 
the normal air density (see below), than the trans- 
parency temperature, according to (2) is 


(4) 


It will be shown below that the radiation from 
the surface of the CW is always generated at the 
lower edge of the step, regardless how high the 
step, i.e., at initial gas temperatures T, as high 
as convenient. The flux S, radiated by the CW 
is determined principally by the transparency tem- 
perature and equals approximately 201s: 

The speed of propagation of the CW, which is 
proportional to 


u~ 26T2/p(1—T2/T), (5) 


in the case of a sufficiently strong wave, when 
T, « T;, thus depends principally only on the 
pressure.* The table gives several calculated 


*If it is taken into account that at high temperatures ioniza- 
tion causes the specific heat to increase with temperature, ther 
the relations (1) and (5) become somewhat more complicated. 

In this case it becomes necessary to write the specific enthal- 
pies W(T,p) and W(T,p) in lieu of cpT, and C,T,. 
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u, km/sec at p = 1 atmos 


R, m 10 50 100 
DU 10700 | 9700 | 9.300 
T° 
20 000 rte, Dal Aad 
50 000 Mists) 1.4 re 
_ 100 000 1.6 41 1.0 


values of the velocity u in kilometers per sec- 
ond in air at atmospheric pressure, at various 
values of T,; and T,. The same table indicates 
also the values of R, from which the tempera- 
ture T, was obtained with formula (4). 

It is shown in the theory of heat conduction that 
the time t required to cool a hot body is propor- 
tional to Rijcpp/k, where « is the coefficient of 
heat conduction, and Ry is the dimension of the 
body. The relation t ~ R? is based on the as- 
sumption of a gradual similar reduction in tem- 
perature of the entire mass of the body. If a hot 
body is cooled by radiation, with a cooling wave 
traveling from the periphery toward the center, 


_the cooling time is quite different, namely t ~ 


R,/u. Thus, a mass of air approximately 100 m 
in radius, heated at atmospheric pressure to tem- 
peratures on the order of tens and hundreds of 
thousands of degrees, cools down by radiation to 
about 10,000° within approximately 0.1 seconds. 
The radiation cooling that follows is considerably 
siower and is of an entirely different, three-dimen- 
sional character (since the free path of the light 
becomes comparable with the dimensions of the 
body). The mechanism of absorption and radiation 
of light now becomes different. 

Owing to the great extent of the lower edge of 
the CW, and also owing to absorption and radia- 
tion of light by the air cooled by the CW, the front 
of the CW almost always remains invisible. All 
these questions, including that of the possibility of 
experimental observation of the CW, are beyond 
the scope of this investigation. 

We develop below an approximate theory of the 
CW, i.e., we examine in detail that narrow layer, 
in which the temperature drops sharply from T, 
to T. 


2. STATEMENT OF THE COOLING-WAVE 
PROBLEM 


Disregarding the specific dimensions and shape 
of the cooled air mass, we seek a solution for the 
non-stationary equations of radiant heat exchange 
in the form T(x — ut), corresponding to a plane 
wave propagating at constant speed u ina gas of 
specified temperature T, and density py. The 
speed u itself should be found from equations 
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similar to those used to determine the speed of 
a flame in an explosive mixture. 

Actually, the equations do not have an exact 
solution of the form T(x — ut). The point is that 
as the wave propagation leads to an increase in the 
thickness of the layer of cooled air in which the 
absorption of light, although small, is nevertheless 
different from zero, and the transparency temper - 
ature changes with time. In an unbounded medium, 
the layer of gas cooled to as low a temperature as’ 
desired owing to its infinite extent, turns out to be 
quite opaque. The flux then vanishes at infinity and 
no CW mode exists in the strict sense of the word.* 
This factor, of prime significance in the case of an 
unbounded medium, raises only an apparent diffi- 
culty under real conditions. In fact, the hot region 
is always bounded and the transparency tempera- 
ture changes but little with increasing distance 
covered by the wave, being contained within a 
rather narrow interval if the system is of practical 
dimensions. An additional, very slow time varia- 
tion of the solution, occurs only at the very lowest 
edge of the wave, which is quite elongated, in the 
almost-transparent region of the already cooled 
air. 

If the CW propagates in expanding air, adiabatic 
cooling soon lowers the temperature of the radia- 
tion-cooled layers enough to make them practically 
transparent. An additional slow time variation of 
T will exist only in the region of adiabatic cooling 
and will hardly affect the temperature profile in 
the CW itself. 

We shall not consider here the additional ab- 
sorption of light in the region of low temperatures, 
on the order of several thousands of degrees, due 
to the nitrogen oxide and the dioxide formed in the 
hot air. This absorption hardly affects the wave, 
although it may play a substantial role in the ab- 
sorption of the radiation flux from the surface of 
the wave in the peripheral layers of the air.f 

We shall neglect, in addition, the intense mo- 
lecular absorption in the low-temperature region, 
a substantial factor for ultraviolet radiation with 
A < 2,000 A, since at temperatures on the order 
of 10,000° and below this part of the spectrum con- 
tains only a small fraction of the energy (less than 


*To a certain extent, an analogous situation exists in the 
theory of the stationary propagation of a flame. If the speed of 
the chemical reaction in the uncombusted mixture is not assumed 
to be exactly zero, although actually it is a finite but vanish- 
ingly small quantity, the mixture will burn out before the flame 
front reaches it. 

tThe umique optical effects connected with the formation of 
oxides of nitrogen in a strong explosion have been considered 
in detail by one of the authors in Ref. 3. 
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4%), hardly affecting the energy balance of the 
CW. To formulate a cooling-wave theory it is nec- 
essary to examine, as is usually done in the theory 
of modes, a plane stationary process in the coor- 
dinate system in which the CW is at rest. In order 
to eliminate the difficulty indicated above and to 
make the problem stationary, i.e., to change from 
the true solution T(x — ut, t) (with an additional 
slow time variation) to the idealized solution 
T(x —ut), it is possible to employ one of two 
formally artificial measures. These, however are 
quite justified physically and, by virtue of what has 
been said, correspond to the real state of affairs. 
It is possible, first, to introduce into the energy 
equation an additional constant term A, which 
plays the role of adiabatic cooling. This term 
specifies the constant dimension R which deter- 
mines the transparency temperature T, and 
makes the absorption in the radiation-cooled re- 
gion finite. The energy-balance equation becomes 
in the stationary case 


aT dS 
uprep Ge +a = — A, (6) 


where § is the radiation-energy flux at the point 
x 

It is possible to disregard completely the weakly- 
absorbing region of the gas, cooled below the trans- 
parency temperature, by determining the transpar- 
ency temperature T, at the very outset from for- 
mula (4), and by assuming that the medium is ab- 
solutely transparent at T< T, (l=~). 

To determine the radiation flux we employ the 
diffusion approximation of the rigorous kinetic 
equation. This approximation takes the angular 
distribution of the radiation into account in an ap- 
proximate manner. In the diffusion approximation 
we add to the rigorous equation for the radiation 
balance 


dS /dx =c(Ug—U)/1 (7) 
the approximate connection between the flux S and 
the radiation energy density* U 

S = —1/, lcdU | dx. (8) 
Here 
Usg= 4577 Je (9) 


is the equilibrium radiation density, and c is the 
velocity of light. We disregard the spectral com- 
position of the radiation, characterizing the radi- 


*One must not confuse the diffusion approximation with the 
approximation of radiant heat conduction, which is one partic- 
ular case in which the true density U in Eq. (8) is replaced 
by the equilibrium value Ugg. 
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ation transfer in a suitable manner by means of 
a free path 1 averaged over the spectrum. 

It will be shown below that in a considerable 
portion of the CW the true radiation density U 
is quite close to the equilibrium density Ueg.- In 
this case, as is known,‘ the free path is averaged 
as done by Rosseland. In the region of the cooled 
air, U differs greatly from Ueg and the free 
path should be averaged, quite differently. For 
simplicity we shall use everywhere the Rosseland 
average, taking advantage of the fact that the 
Boltzmann exponential factor remains equal to l 
for any averaging method, and that all the impor- 
tant effects in the CW depend only logarithmically 
on the multiplier in front of the exponential, which 
naturally depends on the method of averaging. The 
Rosseland averaging of the Kramers formula for 
the photoelectric absorption of quanta by excited 
atoms’ yields, after substitution of known constants, 
the multiplier a(T) in front of the exponential of 
formula (3) for the free path. 

In Eqs. (7) and (8) it is convenient to change 
from the geometrical coordinate x to the optical 
thickness 7T, using the formula 


dz = — dx /l, c= —\de/l, (10). 


and reckoning t from the place where 1 =, in 
the direction of increasing absorption, i.e., of 
higher temperature: 


(11) 
(12) 


dS | dt = —c(Usg— UV); 
S = YgcdU /de 


Dispensing with exact calculation of the angular 
distribution of the radiation, it is also possible to 
write approximate integral expressions for the 
flux and for the density by assuming that all the 
quanta move “forward” and “backward” parallel 
to the x axis 


o (lege? "a : (13) 
Gn 0 

U=+ [\ age "a aE (Uage"—e]. (14) 
©, 0 


The coefficients in front of the square brackets 
are chosen such as to make formulas (13) and (14) 
give the correct values of the flux from the surface 
of an absolutely black body and the correct density 
inside the black body, away from the boundary. To 
take effective account of the angular distribution it 
is necessary to employ in these formulas not the 
true free path, but half its value. It is easy to 
check that in this case (13) and (14) satisfy Eqs. 
(11) and (12), which are of the diffusion type, with 
a coefficient of diffusion proportional to y, instead 


of to Pes 
_ mentioned above, the flux is nearly zero, and 


i 
F 
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On the upper edge of the CW, as already 


therefore one of the boundary conditions for Eqs. 
(11) and (12) is 


t=, S= 


(15) 


The second boundary condition should be specified 
on the boundary between the absorbing and abso- 
lutely transparent media, i.e., at T= 0. This is 
the well known diffusion condition, by which the 
diffusion flux on the boundary with the “vacuum” 
equals half the kinetic flux 


c=0, S=cU/2. (16) 


Integral expressions (13) and (14) satisfy this con- 
dition automatically. 


8. WEAK COOLING WAVE 


Let us consider the limiting case of a weak CW, 
in which the upper temperature T, barely exceeds 
the lower one T,. The free path, however will be 
assumed here quite strongly dependent on the tem- 
perature, so that the following conditions become 
compatible: the condition /(T,;) «1l(T,), which 
is necessary for the very existence of the CW, and 
the condition T, ~ T,, Tj ~ T$, which is necessary 
if the wave is to be considered a weak one. 

The examination of the weak wave is of interest 
essentially as far as method goes. With this ex- 
ample, by simplification of the initial equations, 
we can obtain an exact analytical solution of the 
equations. Let us use the first of the artifices 
indicated in the preceding section and assume that 
constant adiabatic cooling A exists along with 
radiant heat exchange, so that the energy equation 
is written in form (6). The integral of the energy 
equation (6) contains an integration constant C, 
determined by the choice of the origin for the co- 
ordinate x, i.e., arbitrary (the equation has a 


translation group): 
upyCpl] +S=—Ax+C, (17) 


On the lower and upper edges of the CW, where 
the flux S tends to S, (the flux that goes to in- 
finity ) and to zero, the quantity upjcpT tends 
asymptotically to two straight lines 


(18) 
(19) 


uUp;CpT — — Ax — S, + (Gime 4X > CO; 
up;Cpl = — Ax +C, DG = == (©, 


*Using half the value of the free path means that the aver- 


age cosine of the “forward” and “backward” quanta is assumed 
to be one-half. The differential equations equivalent to the 
integral expressions in (13) and (14) are known in astrophysics 
as the Schwarzschild approximation.* 


887 


whose ordinates are apart by the amount of flux 
S, that goes to infinity. 

The step in the CW is contained between these 
two lines: our problem consists of finding the posi- 
tion of this step. Let us now use the condition that 
the wave is weak. Since the phenomenon plays it- 
self out in a narrow temperature range, it is pos- 
sible to assume approximately in the equations for 
the radiation transfer that the factor Veg; to 
which the radiating ability is proportional, is a 
constant. Obviously this factor, whose limits in 
the wave are 


40T$/e << Ueg <40T 4/c, 


can be set equal to any of these limits, since the 
two limits are nearly equal. We shall assume 
specifically that Veg = 40T$ /c. Here obviously 
the flux going to infinity is 


S, = 6T4, (20) 


2 


If Veg is constant, the equations for the radiation 
transfer become much simpler. We start with the 
integral expression (13) and obtain 


S = Se-% (21) 
Inserting (21) into (17) we get 
UpyCpl = — Ax — S,e* + C. (22) 


When the temperature obtained from this for- 
mula is inserted into (10) we get a first-order dif- 
ferential equation for the function x(T) and, re- 
turning to (22), we get T(T, S,) and T(x, S,). 
To solve this equation we note that, in the narrow 
temperature range of interest to us, the actual 
Boltzmann dependence of the free path on the tem- 
perature, which is given by formula (3) (we neg- 
lect the weak temperature dependence of the mul- 
tiplier ahead of the exponent), can be approximated 
by an exponential one 


1 = (apy /0) exp {gre —(T — Tar} 


= 1(T,) exp - ees (23) 
where Ty) is a certain temperature about which 
the exponent is expanded. 

Such an approximation was made by Frank- 
Kamenetskii in the theory of thermal explosions. 
This formula automatically insures that the flux 
tends to zero at x ~ —o, where the temperature 
tends to infinity [and its gradient, according to 
(22), is finite], which is essential for the existence 
of the mode. The temperature T), about which 
the expansion is made and which can be specified 
arbitrarily, will be defined by the equation 


5 
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Al (To) [/upyCpT RT» = 1. (24) 


Let us change to dimensionless quantities, using 
the formulas 


Sea eee (25) 
de Gh) (Lin) s (26) 
Sele ehl hess pe tee eepesln Tuer) 
~ Upilpto RT, ALT) 8% Tos. (27) 


Equations (22) and (10) assume the following 
form in dimensionless quantities 


(28) 
(29) 


86 =—t—se*+C, 


de = —e-®dx. 


Their solutions, with the boundary conditions 


, (30) 
6 
@=In ese—* dx | — se-* (31) 
[ona 
yields the parametric relation for ©(é) i.e., the 


temperature profile in a weak CW. Using the sub- 
stitution z=e7, the integral in (30) or (31) is ex- 
pressed in terms of the tabulated Ei (x) functions 
(Ref. 6) 


(32) 
namely: 


(33) 


On the lower edge of the CW, the temperature 
approaches the lower straight line asymptotically 
(at TK1, stT<X1, ®—~-©o), in accordance with 


(34) 


¢=—O—s-+s(l —exp(—e®)+C. 


On the higher-temperature side the profile @(é) 
has the character of a step, whose slope increases 
all the time with increasing ©. Only when © al- 
most reaches the upper straight line does the curve 
®(€) pass through the point of inflection and be- 
gins to approach the upper straight line asympto- 
tically, again in accordance with (34), but for 


SS lease le 


H — + 00, 


These laws are illustrated in Fig. 3, which 
shows the plot of @(&) at s=5. & is measured 
from the point at which © = 0. It is natural to as- 
sume the front of the CW to be the point of inflec- 
tion of ®(£), a point at which the slope of the step 
has a maximum, and to assume the upper and lower 


ZEL’DOVICH, KOMPANEETS, and RAIZER | 


FIG. 3 


temperatures of the CW to be the values of ® on 
the asymptotic lines at the coordinate of the point 
of inflection (see Fig. 3). 

The optical thickness Tg corresponding to the 
front of the CW can be found from the equation 
d’@/dé* = 0. Differentiation of (30) and (31) gives 
a transcendental equation for tT, as a function of 
the parameter Ss. 


Jy = Ei (s) — Bi (8) = e%/(1—8), B=see. (35) 


The temperature at the point of inflection, @,, and 
also the upper and lower temperatures @, and ©, 
of the CW, are 


Q, =—In(1 —8), (365 
0, = 0; +8, (37) 
0, = 0, + B—s. (38) 


The problem of finding the lower temperature Ty, 
of the CW, and consequently the velocity u of the 
CW for specified upper temperature T, and for 
adiabatic cooling A, is readily solved by succes- 
sive approximations. We assume some value of 
the parameter s and use Eqs. (34) to (38) to cal- 
culate ©, and @,. Then, changing to real temper- 
atures in accordance with (25), we determine Ty 
and T,. Inserting these values into (27) we find the 
parameter s_ in the next approximation, etc. The 
successive approximations converge rapidly, since 
T) depends logarithmically on s. 

It is more convenient to proceed in the reverse 
manner: specify the values of the parameter s 
and any one of the two quantities characterizing 
the CW,either T,; or T,, and then determine the 
second quantity and the adiabatic cooling A nec- 
essary to insure the existence of a stationary 
mode. Thus, for the case s =5 illustrated in 
Fig. 3, we obtain from Eqs. (35) to (38): B= 0.93, 
Tg = 1.69, Of = 2.7, /O7 = 3:7)" andyes = — 1.3, 

For example, at an upper temperature T, = 12,250° 
the lower temperature turns out to be T, = 9200°, 
with T) =10,000° (I is assumed to be 14 ev for 
alia). 


? 


RADIATION COOLING OF AIR. I. 


The only really interesting values of the param - 


_ eter s are those much greater than unity. In fact, 


it follows from (23) that 


s= 0, — 0, =1(T,)/1(T,), 


and the ratio of the free paths must be greater 
than unity for the very existence of the CW, as 


(39) 


_ already mentioned at the beginning of this section. 


(On the other hand, s is bounded from above by 
the condition that the wave must be weak.) In the 
case when s > 1, all the formulas become sub- 
stantially simplified and an approximate relation 
can be established in explicit form between the 
lower temperature of the CW and the value of the 
adiabatic cooling. In this case the temperature 
Ty about which the range is expanded drops out 
entirely from the equation. 

Using the asymptotic expression Ei(s) ~ eS/s 
for s >1, and noting that when s > 1 the root 
®i (35) is Bx 1, (Te * In s), we obtain from 
(31) and (35) 


Q; = In Ei (s)— 1=s—Ins— 1. (40) 
From this we obtain from (38) 
0,~2—Ins. (41) 


Returning to the true temperature with the aid of 
(25) and taking (27) and (23) into account, we obtain 
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the desired relation 


AUIS, 813, (42) 


It must be noted that according to (37) @, > @¢ > 0, 
and according to (41) @,< 0, i.e., the free path is 
expanded in accordance with (23) about the inter- 
mediate temperature in the CW: 


Te<To0<T¢ <T1- 
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Scattering of fast nucleons by black nuclei possessing vibrational or rotational levels is con- 
sidered in the adiabatic approximation. It is shown that, in the diffraction region of scatter - 
ing angles, the shape of the angular distributions of nucleons of definite energy, scattered 
with excitation of a given collective level of an even-even nucleus, does not depend on whether 


the level is a rotational or vibrational one. 


W: consider the scattering of fast neutrons or 
protons from nuclei possessing vibrational or ro- 
tational excited states.1 We shall assume that the 
wavelength of the incident particle k7! is much 
smaller than the nuclear dimension R (kR<1), 


that the energy of the proton significantly exceeds 
the value of the Coulomb barrier (Ze*/RE <1), 

and that the nucleus absorbs all particles incident 
upon it (black nucleus). These assumptions cor- 
respond to neutron energies E 2 10 Mev and pro- 
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ton energies E 2 20 Mev. In this case, it is appro- 
priate to make use of the adiabatic approximation, 
according to which the nucleus can be regarded as 
fixed during the scattering process. The condition 
of applicability of this approximation? can be writ- 
ten in the form (Ae/E)kR<«1, where Ae is the 
energy of the collective excitation. 

As is known, the determination of the effective 
cross sections in the adiabatic approximation re- 
duces to the calculation of the amplitude of elastic 
scattering of particles by a nucleus of fixed orien- 
tation f( Im? &)- This amplitude depends not 
only on the direction of the scattering 2 = (v, $), 
but also on the parameters @ which determine 
the shape of the nucleus (in the fixed system of 
reference ): 


r(n) = R(1+ Sain im (n)), 


where Yym'") are the normalized spherical har- 
monics. In the case of nuclei possessing vibration- 
al levels,' the quantities Qn can be connected 
with the operators of creation and annihilation of 
excitation quanta (phonons) having a momentum / 
with a projection m on the fixed axis: 


Be a se 
a) ee Ree) (1) 
where pj is the amplitude of the zero vibrations 
about the equilibrium sphere of radius R. The 
operators Dim? Die act as usual on the wave 
functions of the vibrational states P27 mn): 


by, (4) =Vnb, ,(%); 8, (@) =Va+T9,,,(%). (2) 


If, on the other hand, the nucleus possesses rota- 

tional levels, and its surface in the characteristic 

system of reference of the nucleus is described by 
the equation 


R(u) = R(1 in DouP (u)), 


then the parameters qa lm “depend in the following 
way on the angles w(6,@) which define the direc- 
tion of the axis of symmetry of the nucleus in the 
fixed system of coordinates: 


(3) 


In small-angle scattering @ <1 and for the con- 
ditions given above the amplitude of the elastic scat- 
tering of nucleons from a fixed nucleus can be given 
in the form? 


fF (@, Q) = fe(@, Q) + fa (o, Q). (4) 


Here fa(w, 2) is the scattering amplitude of par- 
ticles in the electric field of the fixed nucleus. 
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Considering scattering at small angles, we can | 
neglect the finite charge distribution in the nucleus, 
For a sufficiently small departure of the nuclear | 
shape from spherical, when the conditions | 

| 
(9) 
are satisfied for nuclei with rotational or vibra— | 
tional levels, respectively, the effect of multipole | 
electric interaction on the scattering can be taken | 
into account by perturbation theory. In this case, _ 
we can write down the scattering amplitude in the — 
electric field of the nucleus in the form 

fe (@, 2) = fe (6) + Dd) %1m (@) <K’ | Vim | ks 


lm 


aZe/iv <1 or (p2/R) Ze?/iv< | 


2nT (4 + én) 
[e) =e aay 


3ZeR! | 
— i SOR gh (0) AY im (S) bg (8) ar 


JAGG6 Ze? | 
exp {—2yiIn 5}; 1 = 55> (6) 
a Vink 


where k and k’ are the wave vectors of the in- 
cident and scattered particle, respectively, and 
the Pie r) are the wave functions that describe 
the scattering in the Coulomb field Ze?/r (Ref. 3). 
According to Ref. 2, the second term in Eq. (4) - 

has the form 

t 
= (w) (2 ae) \ ee Jo (x) dx: 

0 


2 (1+én) 
fa(o, 2) =i 2 


t = RRO [8 (w) cos? (gp — ©) + sin*(p— ®)}%; (7) 


When 7=0, the amplitude of fyg(w, Q) describes 
the diffraction scattering of neutrons; it is there- 
fore natural to call it the diffraction part of the 
amplitude of f(w, Q). 

We.shall assume that the nucleus is in the 
ground state prior to scattering, and shall limit 
ourselves below to a consideration of elastic scat- 
tering with a transition of the nucleus from the 
ground to the first excited state. We shall con- 
sider only quadrupole deformations of the nucleus, 
assuming that the only aj,, different from zero 
are those with / = 2. In this case it is appropri- 
ate, for calculation of the effective cross section, 
to expand the amplitude f(w, 2) ina series of 
powers of the deformation parameter a7... If 
condition (5) is satisfied, then Eq. (6) already gives 
essentially this expansion for the amplitude 
fg(w, Q). In order to obtain a similar expansion 
of the diffraction part fy(w, 2), it is useful to 
expand in powers of ¢€ in Eq. (7). Denoting 
kR@ =a, we get 


la(@, Q) = — (ERY tae {a one \ Co Fete) da. 


0 


. + Xo («) y2 [ina-2 (1+én) area Nf ealene se Te (a) | 


oak (e2® Rao (w) + e—20 X95 ()) _ ve (8) 


x [ca in) an? A+in) [aon In (x) dy ——— Jy(a) } ie 
0 


When calculating the effective cross sections, 
we can limit ourselves to the expansion terms 
| written down, if 


akRROI<I1 or (p./R)RRO<1. (9) 


_ We can obtain these conditions if we compute the 
terms of order Os. and aoe and compare their 
contribution to the scattering cross section with 
the contribution from terms of zeroth and first 
order in Qom Putting n ~ i be 

In adiabatic approximation, as is well known, 


£Y5 (Sama) Fon» 2) Py (5m) > 


CY; (220) F (pr) Pol ao) = FE {i 
—FJo(a) |+ 


CY) (454.4) F (Son 


(RR)21+ #0) 


V 2k [Veo] ko}, 


Q) , (%44)= 
ay (245) f (Sams 


De ie et F220 (AR)24+4n) 
R { 2V6 k [a 
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the differential scattering cross section, for which 
the nucleus undergoes a transition from the state 
Py(w) tothe state p,(w), is determined by the 
square of the modulus of the matrix element 
<p}r(w)f(w, 2)g,(w)>. In particular, the ex- 
citation cross section of the rotational state (I, M) 
of the even-even nucleus has the form 


Q) = | <Y7m (0) f (@, Q) ¥ 99 (@)> [*. 


Similarly, in the case of scattering from a nucleus 
with vibrational levels, the excitation cross section 
of n phonons (/,m) is equal to 


Oe (2) = 1b (tin) F(tm> 2) Py (tm) P- 


In this case the matrix elements of the amplitude 
£(Qgm, &), which determine the elastic and in- 

elastic scattering cross sections, have in accord 
with Eqs. (1, 2, 4, 6, and 8), the form: 


(10) 


orm ( 


(11) 


a 


ae “ (RR)? A+én) q—2 (tin) (ten Jo (x) dx + fe (9); 


0 
[ina -2 (1+/n) | stam Jo (x) dx 
0 
(12) 


Tee oo) 
ne = <k | Vor1| k>; 


) Yo (%2+2)7 


a 
in) «2 (1-Fén) \ xiten J, (x) dx 


ra) 


Seiya) |+ V © |Vera| ky}. 


Making use of the relation (3), we note that the 
matrix elements that determine the scattering 
cross section from a nucleus with rotational levels 
differ from the matrix elements (12) only by a 
factor which is independent of the scattering angle, 
namely, 
£Y 00 () f (@, 2) Yoo (@)7 
= <5 (Ham) F (2s Q) Yo (stam) 5 
(Yom (@) F (@, 2) Yoo (#)> 
= EE (, (cam) F (ams 2) do (#2n)>- 
It is seen from Eqs. (10) to (13) that in a region 
of sufficiently small angles (9), the form of the an- 
gular distribution of the nucleons of a given energy, 
which scatter with the excitation of a given collec- 
tive state of the black nucleus, does not depend on 
whether this state is rotation or vibrational. The 
forms of the angular distributions 


(13) 


Dow 0), 


m 


and of) (Q) = 


92 (Q) = J} 2m (Q) 
M 

of the corresponding excited levels are also inde- 

pendent of the nature of the level. 

It is curious to note that the collective states of 
an even-even nucleus with odd projections of the 
moment are excited only because of the electrical 
interaction, i.e., they do not arise in neutron scat- 
tering. We also note that the equations in (4), 
which describe the scattering of neutrons on nuclei 
with vibrational levels, follow from Eqs. (11) and 
(12) for n= 0. 

The author thanks B. T. Geilikman for discus- 
sion of this research. 
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We take account of thermal motion of electrons and ions in considering the propagation of 


magnetohydrodynamic waves in an ionized gas. 


As has been shown by Astrém!> and Ginzburg,? 
magnetohydrodynamic waves in an ionized gas are 
nothing more than low-frequency ordinary and ex- 
traordinary electromagnetic waves, familiar from 
the theory of the propagation of radio waves in the 
ionosphere. The frequency of these waves is much 
less than the Larmor frequency of the ions. In the 
above-cited works the electron and ion motions 
were described by equations for their mean veloci- 
ties. The phase velocity Vg of a magnetohydro- 
dynamic wave is usually much less than the veloc- 
ity of light c, and may be comparable with the 
mean thermal velocity vf and vip of the elec- 
trons and ions. One can therefore expect that if 
Vo Ss vn, the thermal velocity of the charged par- 
ticles will strongly influence the propagation of the 
magnetohydrodynamic waves. 

If the frequency w of the magnetohydrodynamic 
waves is much less than the frequency vq of 
“short-range” collisions, and if the wavelength A 
is large compared with the mean free path, a local 
Maxwell distribution is established during a time 
on the order of 27/w. In this case, as is well 
known, the equations of hydrodynamics can be used, 
and it follows that in addition to magnetohydrody- 
namic waves of the Alfven type, two mixed magneto- 
sound waves may propagate in the plasma. If, on 
the other hand, .w > ve, the thermal motion of 
the charged particles can be taken into account by 
finding the magnetohydrodynamic wave propaga- 
tion using the kinetic equation with self-consistent 
interaction.* 


The present work is devoted to the kinetic the- 
ory of magnetohydrodynamic waves propagating in. 
a plasma at any angle @ with respect to an exter- 
nal magnetic field. “Short-range” collisions lead- 
ing to damping of the waves are not included. The 
case @=0 has been treated by Gershman? (see 
also Dungey®). It is found that if @=0, the “short 
range” collisions give only a small contribution 
even if it is not true that vg « w.*»*® In any case, 
the effect of “short-range” collisions will be small 
for arbitrary 6 if ve«Kw. 


1. DISPERSION EQUATION 


Consider electromagnetic waves propagating in 
a plasma of electrons and singly ionized ions. Let 
foq be the equilibrium value of the distribution 
function for particles of type a (@=e denotes 
electrons, and @ =i denotes ions). We shall 
write a kinetic equation for fy(v, r,t), the small 
difference between the actual value of the distribu- 
tion function and fyq, assuming that the frequency 
of the waves is so high that we may neglect the 
collision integral in this equation. We then have 


Of , of e 


Of of 
f a 0x ™ x 
ot or 


a6 CGA 


m, OV 


== ()) (1) 


(Oy = Onl o | MgC, Toa = Mo (Ma / 2nT ,)*2 exp (— Mav? | 2T 4). 


Here eg and mq are the charge and mass of the 
particles of type @ (with ej =e>0), Hp is the 
external magnetic field strength, ¥# is the polar 
angle in velocity space (v is the velocity of par- 
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ticles of type a, andthe z axis is parallel to 
Hy), Tq is the temperature of the gas of particles 
of type a, and ny is the equilibrium electron 
density, which is equal to the equilibrium ion den- 
sity. The electric field strength is given by 


: 1 OPE 4ne O / 
eee age = a acl tier — Hedy 


) 


Let the external action perturbing the equilib- 


rium state of the plasma be turned off at time t= 0. 
Then, using a Fourier-Laplace method to solve Eqs. 


(1) and (2), it can be shown that after a sufficiently 
long time t the Fourier components of the elec- 
tric field strength will be proportional to ei’ t, 
The complex frequencies w’ = w-— iy are defined 
as the solutions of the dispersion equation for the 
lowest y. To obtain the dispersion equation we 
insert expressions for fg and E proportional to 
el(kr—«’t) into (1) and (2), where k is a given 
real vector and Imw’ <0, which means that fy 
and E are in the form of plane waves. The con- 
dition on w’ corresponds to solving Eqs. (1) and 
(2) by a Laplace transform in time. The dispersion 
equation will then be of the form!’ 


An’ + Bn’? +C=0, n' = ke/o’, (3) 


where 
A = ¢,, Sin? 6 + €33 cos? 6 + 2¢,3 cos 9 sin 6, (4) 
B = 2 (£12823 — 22613) COS 8 sin 8 + 6%, — ey) &35 
— (€22&33 + £2.) COS? 4 — (213£29 + €2,) sin? 6, 

C = Det | zn | = &33 (@11222 + st) + ee. 2&12&23&13 — E2223. 


Here @ is the angle between the wave vector k 
and the magnetic field Hy. If Imw’ < 0, the di- 
electric constant €jx(#’, k) (with i, k =1, 2, 3) 
is of the form 
4ree . , p 
Oko), — 7 py Sele: exp (ia, sin 9 + ib,9) 
4 
Xx on exp (— ia, sin p — (bap) dp dv, 
i 5 
ay, = k,v,/0%, ba = (R202 — 0) /o%,. (5) 
The z axis is parallel to Hy, and the x axis lies 
in the plane containing k and Hp. 
Let us write Eq. (5) in a different form. Con- 
sider, for example, €,,;. Bearing in mind the re- 
lations 


© ze 
e-éasin y — » dhe (a) (eatia de Nee Saat Vdd = 2rJn (2) 
(6) 


and the expression for the second exponential inte- 
gral of Weber,’ we find that 
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where In(Uq) is the modified Bessel function, 
and 


Vz = Dfoo!, Og = (Anne? |e)", yw, = (kev4/0%)®s 


2% = (wo — nor |)/V dkeot; 0% =(Ta/m,)*. 


The series of Eq. (7) can be summed by noting that 
Kien cos o+/y¢9 do ={ y 

0 nN=—oo 
After integrating over t, we obtain an expression 
for €,, in the form of a single integral. The other 
components of €j, can be expressed similarly. 
As a result we arrive at 
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% 0 
pg ae oh {u, + (1 — 2u,) cos p + p., cos? 9} do, 
| a7 | 4 


Mince: y Orx, Vee 
a Z V 20a}, 


2 a 
x | exp {r, (cose—1) + o— of (l — cose) de, 
A 
0 
; oO 
os See ae 
Ca A 
r ica! a eee 
x | exp {u, (cose —1) + 9 FA (t— ae) ee, 
sna 
Sm == aby Chl ey Cay = he, 


vg = V hav? || 0% |, Oe 
Equations (10) for the €j, are analytic functions 
of w’ over the whole w’ plane. We shall use 
them in solving the dispersion equation (3). We 
note that if Hy is replaced by —Ho, the compo- 
nents €41, €29, €33, and €43 remain invariant, 
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whereas €4), and €23 change sign. 

Let us rewrite Eq. (10). Expanding exp (Uqcos?@ ) 
in Eq. (10) in a series of the In (Hq) functions 
and making use of the relation? 


—}? 
Zz é 
(2) = Z| St = 
C 


iV x zw (2), 


| edt), 


where the integration over t is taken along a con- 
tour C goingfrom -— to + and circling the 


w(z) =e-*(I Boece 7 (11) 


point t=z from below, we obtain 
co _ #2 
eee Sects Sel, )\ EET Ts 
a Vinw, eo n=—0o 2 c Cea 
co fs 
ay a a V4 2% Le , — é 
Se ee 3 Ue.) — te (02) \ = dt, 
V 20 cy hate pat 
LS ee aa i \ dt, 
£13 x vee é aoa n (t,) ; 2 =thg 


doen 2 = t 
eg =1— aE DS In| a its 
where ej =1 and eg=-1. If cos 6 >0, the in- 


tegral over t in (12) is taken along.a contour C 
that circles t= vac from below, whereas if cos @ 
<0, the contour C passes above t=z®. To be 
specific, we shall assume below that cos @ > 0. 

We note that expression (12) for ¢€j, can be ob- 
tained directly from an equation of the form of (7) 
by replacing the integral over t along the real 
axis by an integral along C. 

In attempting to determine the excitation of 
electromagnetic vibrations in a plasma by external 
currents, one must also consider Eq. (3), which 
defines the wave number k’ =k+ ik as a function 
of the frequency w [in Eqs. (8), (4), and (10) to 
(12) one must set w’ =w —id, where w isa 
given real number and 6 ~— +0]. 

Equation (3) ie be solved in several limiting 
cases. If Vo > vi (and Tg — 0), Eq. (12) leads 
to known expressions for the €;, (quasi-hydrody- 
namic approximation ), and Eq. (3) gives the index 
of refraction for the ordinary and extraordinary 
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waves. If the separate terms entering into A are 
much greater than |B/n’| and |C/n*|, we obtain , 
by setting A=0 the dispersion equation for lon- 
gitudinal vibrations of the plasma in the magnetic 
field. In the present work the dispersion equation | 
(3) is treated for low-frequency waves, when W / 


<«K wi. i 
“a 


2. ANALYSIS OF THE DISPERSION EQUATION 


We shall now consider the dispersion equation 
(3) for a strong magnetic field, when kvp « wy. 
In view of these inequalities, we may consider that 
bai «1 and |z¢| > 1. for n=+1, 42; The 
functions I,(Hq) and e “Fa in (12) can 1 choreloan | 
be expanded in powers of pg, and in the resulting | 
sums we need retain only the first few terms. In | 
addition, the integrals taken along C which con- 
tain z{’ (with n=+1,+2,...) will be expanded 
in the asymptotic series 


z tues f! 3 ‘3 = ee 
I (2) Se eed + ar +a t-..—iVrze 
(13) 
(Rez (>> ly lms }): 
Considering further that |w’| « we we obtain 
the following expressions for the ¢€;,: 


Uu; 1 
en = na [1 + a c= 


24; 


3B jn” 14 me 
+ 7 (cos* 6 cies sin? 6) a =| 3 


in® 7 

a Vir [: + Bin (cos? 6 — $ sin? 6) ; 

__23in 2n z 
219 = * cos 6 sin 6; (14) 

Qe IO 0) ees ek) £ qT, e 

eon = &y, — 283n"2n4 sin ae (2) + eT (26) | : 

iv, sin 9 ts 
55 = Yu, 08.6 i auf (z) — I (2)], 

U; 2 

SR = So, I (2) 5 (15) 


where 


Na = (0;/u;)" = (Annomjc?/He)", By =t/c, ta = 0 / (oh)? 


If ya = —Imz? «<1, expressions (15) for €)9, 
€93, and €33, which contain the integral 1(z®), 
can be simplified.. In this case we expand w(z) 
in Eq. (11) in powers of y = —Im z. Dropping 
terms of order y, we obtain (noting that z = 
x — iy) 


1(2)=1(x) + O(y); I(x) = 2xF (x) —i x xe-*, 


PG) as -e-=| edt. 


0 


(16) 


Taking (16) into account, (15) can be written 
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@ 
_ 
_ 
wo 


2 = 2B7n'?n’y sin? 6 [2x,F (x;) + ee O) THT 
a2 Sy 
—iVnxe§ —iVuxe* e ToT). 


iv, sin 8 
Eo3 = — Vinneons [2x;F (x2) =— Dread ® (ro) 
— ux = =x 
—iVnxe §' +iV rxe *), 
€33 => eye + eine == et (x;) — 2hele (x2) Title 
> ae ait = —x? 
AV ae xjye 7? Li V «x,e° °T,/T.I, (17) 
- where 


= (V 28.n cos 6)~}, 


In the most interesting cases, in which it is pos- 
_ sible to speak of wave propagation at all, the index 
of refraction n for magnetohydrodynamic waves 
is on the order of ny. We shall assume that na 

> 1, or that Vg «Kc, since only then will the in- 
clusion of thermal motion give significant correc- 
tions to n’. Equation (3) then becomes 


f= kee. 


(cos? 8 1’? — €,}) (n’? — e99 — &2, / €33) 


= — ef, — 2n’ cos @sin Beyo8o3 /€gg3 +... - (18) 
In view of the fundamental inequalities 
Ue SS> 0; S> uj S> | S> Bi n2/u; S> Be n?/ue. (19) 


the terms discarded in (18) are small compared 
with those which remain. 

Let us now go on to a consideration of (18) for 
various special cases. 

(a) Consider first propagation of magnetohydro- 
dynamic waves along the magnetic field. Setting 
6=0, we obtain €4; = €92 and €13 = €93=0. The 
left side of (3) then breaks up into the product of 
three factors. We equate each of these to zero, 
obtaining 


ey ae = (20) 


E33 = 0; 


The first relation in (20) gives the dispersion equa- 
tion for the longitudinal plasma vibrations investi- 
gated by Vlasov‘ and Landau.’? The second is the 
dispersion equation for ordinary and extraordinary 
electromagnetic waves which, for 6 =0, are purely 
transverse (div E=0). This equation gee. with 
the dispersion equation obtained by Gershman.° If 
we take account of (19), Eq. (20) gives the indices 

of refraction for the ordinary and extraordinary 
waves in the form 


3 = Bink/V ii. (21) 


According to this equation, the thermal motion of 
the ions gives corrections to the indices of re- 


Praction EES are significant only if Vg « vis 
when Bin ‘, /Va Vu; ~1. If we include the exponen- 


nis = na/(1 £3); 
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tially small terms in (13), we obtain the damping 
constant 
So 


at v= Mi 

G 12", 4 8 Bn, ,2+o 

¢, (1 =F why/o)? 
2B in 1,2 


The imaginary part of the wave vector k’ will be 
equal to (the frequency w is given) 


(«/F)i,2 Zz Ve Tek 


Both (y/w),. and (k/k), 2 are extremely small 
because I «1 even if Bink ~ Vuj. 

(b) Let us now consider the propagation of mag- 
netohydrodynamic waves ata small angle 6 «1 
te ie magnetic field. We find from (18) that-if 
Bins /Vay K 1, then ny * npn A. Writing 


(anes 


exp { 


(241)° ee) 


xp {— (Z1)°}. (23) 


ne=Na(l+9,.)) Te= Net ./% 


24 
Tae = %1C/M4 (Idel< <1), oi 
we find that the quantity 
ete 4 4 4 337% m, 
Iie Ey & Ii2 D) ( ny, =F u; ar u; + m,; ++ . 7 ’ (25) 
is given by 
fi 1 fey—e e 
2 11 22 23 ae 2 " 
Tat 2 ( no es (26) 


2 
te 2 ie ela 1 92 &29 - £11 eS 62 ees 
nt 2 


A Uy Na e33 


2 
Na &39 


We now make use of expressions (17) for €4, — 
E92, €23, and €33, obtaining 


Jig= (1 — Bind) + {75 (1+ Bink)? 


(1 + Bie%) 


+A [1 + Bins — 26°87n% (I, —Ie) GI aT) 


D = 20; + QUT /T: + We — 12)? / (1 + TT — 1 — LT iT), 
G = [1 ok T;/T.—TI; er te CA ee 


=I (X.), %e = (V2 Bata). 

Let us now consider (27) in some special cases. 
Let the phase velocity Vg =c/na be much greater 
than the mean thermal velocity of the ions, or 
Bina K 1. Equation (27) then leads to 


— Vert 


Spa 


(28) 


Re is o 
v 6? 4 
(.-Vae rae) Pte apa 
(29) 
It follows from (29) that as the phase velocity 
decreases, the damping increases. If Bena <1, 
the ratio y/w is exponentially small. The damp- 
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ing given by (29), however, will be much greater 

than that given by (22) for all except the smallest 
values of 9, since the quantity u,;/ 2pin} ‘4, whose 
eeponcni al enters he (22), is mer hele than 


1/2Bena. If Vos VT then (y/w) )i,2 ~ @ 2BonaM, /mj. 


As is seen from (29), the extraordinary wave is 
more highly damped than the ordinary one, or ‘2 
> 4. 

Equation (29) is valid if Bina «1. If, however, 
Bina ~ 1, which means that Vg ~ vr, then as 
follows from (27) we have 


Re qi. ma 1/V ui, ({/®)1,2~ a6? + aft /Vuz, 


where a,.~1 and 6? < 1/Vuj. 
For Ve K vp, Eq. (27) gives 


(isnt emeatias | hoe) 


or 
(1/)1,2 = V'7/8 Bena6? for 1/u,> x6*/2 Bin’, a 
ca ax 1] 7 p2, 294 fare 
(y/)1,2 = 3 B;naG ap y/o B79 — ee 
il a 
for a Si oe 04, (32) 
z Lael 


Equations (30) to (32) are valid only if Bjn, > 1, 
Bin’ /Vu; «1, and fjn Ae: «<1. If however, Ajn, 
> 1, but the inequality Bing 4 /Vu; <1 is not ful- 
filled, the initial approximation n, * n, ~ nag _ be- 
comes invalid. Let Bins ~ Vu; . Then assuming 
that in the zeroth approximation the indices of re- 
fraction of the ordinary and extraordinary waves 


are given by (21), we obtain 


(3:48? <1). 


iteor= Bin'y /Vu; <« 1, then (33) leads to Eq. (31) 
for Y1,2. Thus Eqs. (27) to (33) for small 6 will 
give ¥;,2 for all o. 

(c) Let 6~1. The right side of (18) contains 
quantities small compared with the individual terms 
on the left side. Therefore we can obtain an ap- 
proximate solution of (18) by equating each of the 
factors on the left side to zero. The index of re- 
fraction of the ordinary wave is then given by 


(33) 


hy = ng / cos 8. (34) 


We note that Astrém calls the wave whose index 
of refraction is that given by (34) the extraordinary 
wave. 

Let us find the corrections to (34). 


n = Na(1 + q{)/cos8, 


Writing 


q, = Gi 1? (4/@)z- 


35) 
‘a= ke COSY / ta, Igi<l, 
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we find from (18) that 


2 ae 4 i 4 Me 
(Cian) i hay aa ae — frat) + Fe) 
(36) 
[1 + (3n%, (1 — 9/atan26)]? [cot? @ + 287n% (I, — 1;) a] 
ie 2u, (1 + B2n’,b) (37) 


at = [1 + Bn’, (1— 9/stan6)] [1 + Ti/Te —1i —1-T fT] 


= (1; —1e)?/(1 + Tile — Li — eT i|Te) + 2 + We e/Ti, 


Ig=I1 (Xa), %a=(V2 Bitta) * 


If Bn, K1, we obtain 


| 
; 
| 


4 4 1+ cot?6 Mt, 
emriesein ee (38) 
(+), = wits Peta 4 cot? 6exp {— xe}. (39) 


8 mM; 


If Bena K1, the quantity (y/w), is exponentially 
small, while if Bgna ~ 1, we have (y/w)1 ~ 
MofeNa /mjuj;- 


If Bjny ~ 1, it is easily seen from (37) that 


Req, ~Imq, ~ 1 u;?. 
Finally, if Bjna > 1, Eq. (37) leads to 
¥ 
ae 
and Im qj > Re qj. Equation (40) is valid if 
(y/w),«K1, orif pinky /uj «1. If Bini, /u; ~ 1, 
it follows from (18) that Ren’ ~ Imn’ ~ na. Thus 
the oy wave is weakly damped (¥;< w,) 
3 
only if Bin’ /u; mene 
(d) Let us now consider the propagation of the 


extraordinary wave for 6 ~ 1. We equate the sec- 
ond factor on the left side of (18) to zero, writing 


cot?6 (1 — 9/stan%)? BF Bina 


V8 u; (40) 


2 
n’? — ey, + (11 — 92) — 23/33 = 0. 


(41) 


Assuming that €4, ~ na is much greater than 
either |e€4, — €9)| or |e3, /é33|, we can use (41) 
to find the index of refraction of the extraordinary 
wave (which Astrém calls the ordinary wave ). 
This is 


een Or (42) 
Let us now find the corrections to (42). We set 
nj=Na(l+q)); 9 =G2+i (y/o); 
he neat 43 
Y= wee/na, |Qy,<l. ay 
Then it follows from (18) that 
2 4 4 e cot? 8 
qe By ( at m; ui; 
oa! 9 9 T. if aes 
= Bing sin? 6 Ser. e 44 
an sin (2+ To + kek (Xe) Ge), (44) 
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nz M, sin? 6 
2 m; “cos 0 


= (V 28.n, cos 6)" 
(45) 
Comparison of (29) and (45) shows that if Bena 
® 1, the extraordinary wave is damped much more 
ae than.the ordinary one, or y,/y; ~ uy > 1. 
If Bina «<1, then |q3| «1. If, on the piice 
hand, pind ~ 1, then n’ must be found from (41), 
which then becomes 


AD 
Bonae ¢, 


I? (zt) 
1+ T,/T;—I (2) 


n'? — ni, + Bin'2n’ sin? 6 | Oy | = 
(46) 
where I (25) is the integral defined by (11). 
Equation (46) is obtained on the assumption that 
|Ben’ cos 6| > 1. It follows from (46) that Re nj 

~ Im nj ~ na, which means that if Bin, ~ 1, the 
extraordinary wave is strongly damped. Exact 
solutions of (46) can be obtained numerically, using 
the tables of Faddeeva and Terent’ ev.? 

We now make one remark regarding the propa- 
gation of electromagnetic waves perpendicular to 
the magnetic field. As 6 — 7/2, we find that 
|z¢| «0, and the imaginary parts of €jk in (12) 
vanish. Therefore the damping of the electromag- 
netic waves for 6 = 7/2 is determined entirely by 
“short-range” collisions. 


3. CONCLUSIONS 


The kinetic equation was used to investigate the 
propagation of magnetohydrodynamic waves whose 
frequency is much greater than the frequency of 
“short-range” collisions of charged particles both 
with each other and with neutral particles. It is 
shown that magnetohydrodynamic waves propagat- 
ing at an angle 6 ~ 7/2 are damped (damping is 
similar to that found by Landau’? for longitudinal 
plasma waves). The damping constant increases 
as the phase velocity Vg ~ c/na decreases, gn 
is no longer exponentially small when V@ ~ vp. 
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If 6«K1 and Vg <«v*, the damping of magneto- 
hydrodynamic waves is small only in a very narrow 
angle interval 9? <«K 1/Biny K1. If 6 ~1 and 

Vo ~ VT the damping constant y. for the extra- 
ordinary wave is much greater than the damping 
constant y, for the ordinary wave, and we may 
write y2/y; ~ uj > 1. The ordinary waveis . 
strongly damped (Re nj ~ Im nj) for Vg « vT, 
when Bin’ ~u,. Strong damping (Re nj ~ Im nj} 
~n,) does not allow the extraordinary wave to 
propagate when the phase velocity becomes of the 
order of vp. 
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An approximate expression has been obtained for the binary distribution function near a 
second-order phase transition point. This expression is used to find the specific heat 


above the Curie point. 


Lanpav’s! thermodynamic theory of second- 
order phase transitions explains many phenomena 
close to the transition point. Many properties of 
matter in more symmetric phases, however, are 
not explained by this theory. This is due to the 
fact that only long-range order is considered, be- 
cause the thermodynamic potential is treated as a 
functional of the density function or of the unary 
distribution function p(r). 

The binary distribution function p(1r;, r,) plays 
an important role in describing the properties of 
matter. Allowance for the function p(r) alone is 
equivalent to representing the binary function as 
the product of unary distribution functions. This 
causes the degree of the short-range order to be 
replaced by the square of the degree of the long- 
range order. Although such a description is suf- 
ficient in a less symmetric phase, a detailed knowl- 
edge of the binary distribution function is necessary 
in a phase with higher symmetry. 

Let us consider the specific heat close to a 
second-order phase transition, using the binary 
distribution function. The greater the rate at which 
disordering proceeds as the temperature is in- 
creased, the higher the specific heat, so that in- 
clusion of short-range order should lead to a slower 
increase of the specific heat below the Curie point 
and to anomalous behavior of the specific heat 
above the Curie point. 

To find the binary distribution function, let us 
consider nq(fr), the density of particles of type 
a@ atthe point r. The mean value ng(r) of 
this function is the unary distribution function 
Pa(r), whereas nqg(¥r;)ng(2) is the binary 
distribution function pqg(r;, r,). Let us first con- 
sider the binary distribution pgg(1rj, r2) for a 
binary alloy with a superlattice. Ordinarily this 
function is approximated in the form of a product 
of unary distribution functions, assuming first that 
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the probability of finding any atom on a lattice site 
is independent of the position of any other atom. 


Second, it is assumed that the probability of finding - 


an atom of type a ata given site is independent 

of the types of atoms occupying the neighboring 
sites. The first assumption is of almost the same 
accuracy near and far from a phase transition 
point, and we may maintain it without introducing 
any significant error. The second assumption, on 
the other hand, becomes invalid close to the Curie — 
point and must thus be dropped. Therefore in av- 
eraging Ng (Yr;) ng(T2) we must take into account 
the correlation which thus arises. 

Similar considerations, obviously, can also be 
applied to other second-order phase transitions 
related to symmetry changes in a body. In this 
connection, the time average of ng (Tr;) ng(Y2) is 
performed in two stages. We first average each 
factor separately over a time interval large com- 
pared with the period of vibration of the atom, but 
smaller than the resorption time of fluctuations in 
the order. This leads to the expression 


(P,, (ta) + Ax (11) Pr (F1)] [ee (Fe) + Ary (Te) P,¢ (2)];, 


where pq (TV) = Ppq(L) + NoPig (rT) is the unary 
distribution function, 1m) is the equilibrium value 
of the degree of long-range order, and An(r) is 
the fluctuation in the long-range order at the point 
r. The function pog(r) has the symmetry of the 
more symmetric phase, whereas pjq (Yr) has that 
of the less symmetric phase. 

Expression (1) is then averaged over a time in- 
terval long compared with the resorption time of 
fluctuations in the order, as a result of which we 
obtain 


(1) 


Pap (T1, T2) = pa (T1) pp (Te) 


fee eee (2) 
+ Ay (tz) AX (T2) Pix (F1) Pie (Te). 
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The mean value An(r;)An(r,) can be found by 
_ means of the thermodynamic theory of fluctuations. 
_ We expand Aj(r) ina Fourier series 


Ay (r) = Devel. (3) 


Then 


An (tz) Ay (rz) = D) Dyce cy etre, 


iy ae 


Averaging this expression over the volume of 
the crystal, we obtain 


Ay (ti) Ay (T2) = Dy cece, (4) 
f 
where 
R = 1,— To. 


According to Landau,’ if there are fluctuations 
in the order, the thermodynamic potential of the 
crystal can be written 


d= 0,4 (fF pit + Syn] av, (5) 


where = %)+An(r). Inserting the value of 
An(r) from (8) into (5) and keeping only those 
terms which are linear in CF cg, we obtain 


® = Qa + A®, 


where ®equi] is the equilibrium value of the ther- 
modynamic potential when 7 = 7, and 


V Ate 
NU rad taf?) cic, T>9, 6) 


A = + S\(2| A] +aft)cier, T<8, (7) 
f 


where ® is the temperature of the Curie point. 
From this we obtain 


cic; = kT /(A +af2)V, T>8, (8) 


cic; = kT /(2|A| + af’)V, T<8. (9) 

It should be noted that in the immediate neigh- 
borhood of a second-order phase transition point 
at which A vanishes, Eqs. (8) and (9) become in- 
valid for small f, for in this case one cannot re- 
tain only the linear terms in cic. in the expres- 
sion for A®. 

Using the inverse Fourier transform and in- 
serting (8) into (4), we find that for T > ®@ 


Ay (1) An (t2) = (RT /4raR) exp {— (A/a)R}. 


(10) 
Similarly, for T<® 
An (Fa) An (ta) = (AT /4naR) exp {— (2| A] /a)"* RR}. (11) 


This gives the expression 


Pu (T1, F2) = Px(F1) Pp (Fe) 
+ (kT /4naR) exp {— (A/a)"*R} oy (11) Pip (Fe) 


for the binary distribution function for T >®, and 


(12) 


Pap (Fi, F2) = Px (F1)p¢ (Ta) 
+ (RT /4xaR) exp {— (2| A|/«)"*R} ora (F1) Pre (Fe) 


for T<@®. 

The binary distribution function can be used to 
find the energy and specific heat of a crystal. As 
an example, let us consider the specific heat of a 
binary alloy of the type of 6 -brass close to the 
second-order phase transition point. The interac- 
tion energy of the atoms of the alloy will be 


(13) 


J Gti 1) 
Eint= Sap \\ Uaa (ry —TIe) Paa (ri, To) dV, dV, 
N,N, 
+ pre \\ ao (ts —F2) pao (Fr, #2) Vi dV 


N, (N, —1) 
Br ay \\ Upp (11 —T2) Poo (F1, T2) dVi dVo, , 


where Ng is the number of atoms of type a, 

and Ugg is the interaction energy between atoms 
of type @ andtype B. We shall use the binary 
distribution function as given by Eqs. (12) and (13), 
where the unary distribution function can be written 
in the form pa (T) = Poa (¥) + MPia (4). If we 
now recall that for an alloy of the type of 6-brass 
Pia (¥) =—pip(r) and neglect unity compared with 
Ng and Np, we obtain 


N2 
Eint= Ey + yz \\ u (ry = Tz) 


kT 
4na | ry — Te | 


x [b+ exp{—(2|A|/a)""|r—12)3 | 


x P1 (rx) Py (ro) dV, dV >, 
N2 
Eint= Eo + Byz \\ u(ty — fe) 


ee LEME te Vy apes 


4na |r; —f2| 


Is) 


X (1 (t1) pi (2) Vi V2, T > 9, 


where U=Ugg +t Upb — 2Ugp, N_ is the total num- 
ber of atoms in the alloy, and Ep is the interac- 
tion energy of the atom in the completely disordered 
alloy. 

We now make use of the fact that close to the 
phase transition point }=—-—A/C and A=a(T- 
@) and keep only the largest terms. This leads 
to the following expressions for the specific heat 
at constant volume: 


a k@a'!? 
Coir Cook = Ch ee RyS (@ —T) ) 


(14) 
(\e (ra) er (ts) elt) Vi dV2, T<O, 
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10) "Ne 
Cy = Cro <a = \\ u (ty — 2) Px (1) 01 (F2) V1 V2, 


T>O0. (15) 


As has already been noted, Eqs. (8) and (9) are 
invalid for small f in the immediate neighborhood 
of the phase-transition point. This is true also for 
Eqs. (14) and (15). A necessary condition for their 
validity is An?/2 > C7!/4, if 2 = (kT/4nad) e™4, 
Here d is the distance between neighboring atoms, 
and n=(al|T - @|/a)'”? 

Noting that a?/2C is equal to the discontinuity 
in the specific heat per unit volume AC,, and? 
that a © @ad?, we obtain the following condition for 
the validity of Eqs. (14) and (15): 


| T — 6|/0 >> (k/16xd?AC,) exp {— (| T — 8] /0)}. 


Using the value of Sykes and Wilkinson? for ACp 
of B-brass, we obtain |T — ®|/@ > 0.007. 
Within the limits of applicability of the expres- 
sions obtained, the inclusion of short-range order 
in the ordered phase leads to an insignificant de- 


crease in the specific heat. In the disordered 
phase, the inclusion of short-range order adds the , 
following correction term to the specific heat: 


Gs = Cig eonst AV Te. 


For B-brass, with (T - @)/@=3%x10~, this 
additional correction term supplies about 5% of the 
discontinuity in the specific heat at the Curie point. | 
This conclusion is in satisfactory agreement with 
the measurements performed by Sykes and Wilkin- _ 
son.? | 


17. D. Landau and E. M. Lifshits, Crarucruueckan 
dusuxa (Statistical Physics ), Gostekhizdat, 1951. 

21. D. Landau, J. Exptl. Theoret. Phys. (U.S.S.R. 
7, 1232 (1937). 

3C. Sykes and H. Wilkinson, J. Inst. Metals 61, 
223 (1937). 
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CERTAIN SOURCES OF THE LOW-ENERGY ELECTRON-PHOTON COMPONENT OF 


COSMIC RAYS IN THE STRATOSPHERE 
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Moscow State University 
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It is shown that part (20 to 30%) of the low-energy flux (range R< 1.7 g-cm~ Al) registered 
in the cosmic radiation of the stratosphere, is genetically related to nuclear -disintegration 


products. 


From the number of particles N (cm~ sec) 
and the produced ionization I (pairs of ions per 
em?/sec), measured in the global intensity of cos- 
mic rays,!? it follows that the average ionizing 
ability of charged particles in the atmosphere, 
K=I/N, increases considerably with altitude, and 
that at an altitude of 10 to 17 km it exceeds the 
average ionizing ability of relativistic particles 
by a factor of 1.5 to 1.7 (Ref 3). This is evidence 
that there exists at these altitudes a considerable 
flux of secondary strongly-ionizing particles. The 
ionization due to these particles can be estimated 
from the value of the “excess” ionization, defined 


as the difference Iexg =1—kyN where ky, is the 
average ionizing ability of relativistic particles. 
The value of Igxg reaches one-third of the total 
ionization current.! Experiment has shown‘? that 
the variation of I,,, with altitude and its latitudi- 
nal effect are identical with the corresponding re- 
lations observed for stars in photoemulsions, and 
for ionizationimpacts observed in chambers. This 
suggests a possible genetic relationship between 
this variation and nuclear disintegrations. 
Quantitative measurements of the ionization im- 
pacts, which experiments® have shown to be essen- 
tially due to strongly-ionizing protons and to heavi- 


LOW-ENERGY ELECTRON-PHOTON COMPONENT OF COSMIC RAYS 


er charged particles generated in nuclear disinte- 


grations, account for a considerable portion! of the 


excess ionization — up to 57% at the threshold of 
registration of impacts of 5.5 relativistic particles,® 
corresponding under the experimental conditions 
to a proton energy range 1 Mev < Ep < 50 Mev. 
The ionizing contribution (~12% of Iexc) of the 
faster strongly-ionizing particles (particularly 
protons with energies Ep > 50 Mev) that were 
not recorded in the experiments of Refs. 4 and 6, 
were détermined by measurement of the ionizing 
abilities of single particles with ranges R> 1.7 
g-cm ” in the experiments of Refs. 3 and 7. It 
was established? that, upon approaching the boun- 
dary of the atmosphere, most excess ionization 
is produced by multiply-charged particles from 
primary cosmic rays (primary a particles). 
Comparison of the results of preceding experi- 
ments leads to the conclusion that approximately 
0.3 luxe, observed at an altitude of 10 to 19 km, 
cannot be attributed to a flux of strongly -ionizing 
protons and stronger particles generated in nu- 
clear disintegrations. On the other hand, a study 
of the small ionization impacts observed at very 
low registration threshholds (~0.5 of the average 
ionization produced by relativistic particles ) 
makes it possible to separate out the flux of par- 
ticles that make up this portion of Igy, and to 
identify them as low-energy electrons that pro- 
gure excess ionization love by multiple scatter- 
ing.? The aux. Ng of these short-range electrons 
(R< 1.7 g/cm? ), which travel in equilibrium with 
the photons that generate them (these photons have 
for the most part, low energies, ~10 Mev), makes 
up a considerable fraction (~20 percent) of the 
entire global flux of the charged particles at an 
altitude of 19 km (Ref. 3). (Further evidence of 
the considerable flux of low-energy photons in the 
stratosphere is found in the data of Ref. 8.) 


ney Mev. g™?. sec™ 
10 
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This component, as follows from the excess 
ionization it produces (see diagram), has an alti- 
tude dependence that is characteristic of secondary 
radiation: the particle flux Ng increases from 
the boundary of the atmosphere, reaches a maxi- 
mum at an altitude corresponding to 60 to 65 g/ cm? 
and diminishes monotonically with increasing Hepth, 
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following approximately an exponential law with an 
exponent 1/u = 130 g/em?. The energy Eg scat- 
tered in the air by this flux can be determined from 


the equation 
Ee = lve +k,Ngy =2 leven 


since the average ionization momentum produced 
by the short-range electrons in a chamber is ap- 
proximately double the relativistic ionization.® 

This naturally raises the question of the extent 
to which the value of IKy,, in parallel with the 
other components of excess ionization, is genetic- 
ally related to nuclear disintegrations. Since Igxe 
is due to low-energy electrons, it is possible to 
take into consideration the y and 8 activities of 
the residual nuclei, namely the products of disin- 
tegrations and of those reactions that can be ex- 
cited in the air nuclei by the flux of secondary 
nucleons evaporated at low energies (2 30 Mev) 
in the process of nuclear disintegration. 

Along with radiation capture,’ the neutron flux 
in the atmosphere can cause (nn), (np), or (n@) 
reactions with the air nuclei, causing production 
of the excited N‘4* ; oit* and Bil* nuclei.!?~!4 
To estimate the average excitation energy €ex (En) 
produced in air (N‘*) by a neutron of initial energy 
Ey, we must know the relative probability o,; of 
the competing processes and the value of the aver- 
age excitation energy €,,; of the residual nuclei 
resulting from each reaction. The lack of litera- 
ture data was made up, for the energy range 2 Mev 
< Ey < 30 Mev, by calculating (for reactions on 
nitrogen) the approximate values of oyj and €e xj, 
in accordance with the “nonresonant” theory of nu- 
clear reactions’® and known data!® on the energy 
levels of the produced nuclei. The resulting values 
of €9,; are justified by an agreement, satisfactory 
for our purposes, with the individual experimental 
data available.!?!! Also important is the fact that 
the quantity €., turns out to be little sensitive to 
a relative change in the cross sections of the vari- 
ous reactions. As a result, we obtained € x * 
0.5(E, — 2.5) Mev. 

Averaging this quantity over the spectrum of the 
neutron energies in the act of generation leads to a 
value €¢x = 3.5 Mev, assuming a differential spec- 
trum of the form ~E exp{—E/T} (Ref. 17) and 
an average energy ~10 Mev at the instant of gen- 
eration.'® The excitation energy €gx, in view of 
the low probability of secondary emission of par- 
ticles for the range of Ep under considera- 
tion!9»11:16 is radiated as y quanta. Measured val- 
ues of the y-ray yield’ confirm this fact. It is 
necessary to add to the quantity €ex the energy 
ey of the y radiation that occurs upon radiation 
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capture of slow neutrons by the N* nuclei. Com- 
paring the various experimental data for absorp- 
tion cross sections of slow neutrons! and for (np) 
and (ny) reactions on nitrogen,*»”° and taking into 
account the energy yield of the capture reaction 

(Q = 10.8 Mev),'® we obtain as an average €, = 
1.6 Mev per neutron absorbed in air. 

The dominant reaction in the absorption of slow 
neutrons in the atmosphere is N'*(np)C' (Ref. 
17), which leads to the formation of the 8 -active 
Cc nucleus. But the very long half life (~ 6,000 
years) makes this activity unimportant to the value 
of Taxe- 

The energies of the recoil nuclei, formed by 
elastic collision between the neutrons and the gas 
of the ionization chamber, are recorded as “excess” 
ionization, whose average value, for the equilibrium 
spectrum of neutrons in the atmosphere, turns out 
to be €) =1.1 Mev/sec-g (referred to one neutron 
generated per gram of air per second). 

The flux of secondary protons, the generation 
density of which can be assumed in the atmosphere 
to equal the generation density of the neutrons,° 
can produce various reactions with the N is nucleus, 
resulting in excited and 8 -active residual nuclei. 
However, the ionization ranges of the protons turn 
out to be on the average considerably less than the 
average range for nuclear interactions, and conse- 
quently, the energy contributions of the latter to 
the production of electrons and photons does not 
exceed ~ 3% of the corresponding contribution of 
the reactions on neutrons. Even less significant 
here is the deuteron flux. 

It is difficult to give an exact estimate of the 
excitation energy ¢g for the nuclei resulting from 
nuclear disintegration. Assuming this value to be 
bounded from above by the binding energy «p, we 
put as a rough approximation Eq ~ Eb /2, which 
gives €g ~ 1.8 Mev for a single neutron (if the 
multiplicity of neutron generation in a light sub- 
stance is assumed to be approximately 2, see Ref. 
21). Astothe £ activity of the disintegration 
products, the data on observation of stars in photo- 
emulsions exposed at high altitudes”? apparently 
give no grounds for assuming this activity (with a 
short half-life) to be considerable. 

A possible source of instrumental error in ioni- 
zation measurements of cosmic rays'~? can be the 
occurrence of radioactivity in the material, namely 
the gas (argon) or the walls of the chamber (alu- 
minum). The most significant here may be the 
radiation capture of slow neutrons, with production 
of B-active Al?® (half-life 2.3 minutes, maximum 
energy of radiated electrons 3 Mev).”* The excess 
ionization due to this activity corresponds to €B = 
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1.0 Mev/sec-g (referred to one neutron absorbed 
in an equilibrium flux in one gram of air per sec- 
ond). 

It is now possible to determine the total energy 
Ey contributed by the above processes to the pro- 
duction of electrons and photons of low energy by 
making use of data on the generation density of _ 
neutrons in the atmosphere. For depths H > 200 
g/ cm”, where the neutron flux can be assumed to 
be in equilibrium,”4 the necessary data are found 
in the absolute measurements of the absorption of 
slow neutrons in the atmosphere.”4>° Extrapola- 
tion of these data, using an exponential law with 
exponent 1/p = 156 g/cm? 
values of the generation densities at lower depths 
(~100 g/cm’). The calculated values of Ey 
would be somewhat too high for low depths (~100 
g/ cm2), owing to the shortage of slow neutrons 
in the observed spectrum compared with the equi- 
librium spectrum. The table gives the calculated 
values of Ey for various depths, compared with 
the experimentally measured energy Eg] (Ref. 3), 
after making suitable corrections in the latter for 
the values of €) and EB: 


Value of Ey Compared with 

the Energy Egj at Various 

Depths in the Atmosphere 
(Geomagnetic latitude A = 52°) 


Depth, H, g/cm? 


Hats Mev/g-sec OR aa OZ 0.44 
Ey, Mev/g-sec {0-4 |0.3 | 0.173 0.13 
Ey/Ee1 0).2110.23)'0.25" 10.3 


It follows from these data that 20 to 30% (re- 
ferred to the energy) of the short-range electrons 
CR<iM eek cm?), which produce approximately 
10% of the total excess ionization, are genetically 
related to the products of nuclear disintegrations. 
The estimated value of Ey can vary by +80°, 
owing to the low accuracy of the initial data, prin- 
cipally the inaccuracy of the average neutron ener- 
gy during the act of generation. The remaining 
portion of the flux of short-range electrons, which 
produces approximately 20 percent of the excess 
ionization, can be assumed due to the cascade 
process of the development of the electron-photon 
component in the atmosphere. 

The author expresses his gratitude to S. N. 
Vernov and N. L. Grigorov for advice and discus- 
sions. 
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By means of the causality condition in the form of the requirement that field operators com- 
mute on a space-like surface, spectral representations are obtained for the vacuum expecta- 
tion values of T-products of three Heisenberg operators. The analytic properties of these 


functions in the complex plane are discussed. 


Tue present paper presents a method for obtain- 
ing spectral representations for the vacuum expec- 
tation values of T-products of Heisenberg opera- 
tors (Green’s functions ). 

These representations [ Eqs. (8), (9), (18), and 
(19)], being natural extensions of the Kallén-Leh- 


mann formulas!’ for the vacuum expectation values 
of T-products of two operators, provide a conve- 
nient means for investigating the analytic proper- 
ties of these functions in the complex plane. 

In the present paper, which is the first install- 
ment of this work, spectral representations are 
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obtained for vacuum expectation values of T- 
products of three operators, and their analytic 
properties are studied. 


I. THE CASE OF THE SCALAR FIELD 
1. Derivation of the Spectral Representation 


For simplicity we first consider the Green’s 
function constructed from three scalar operators 


—P(X1), P(X2), P (3), 
(T9 (x1) 9 (X2) 9 (X3)7- 


The vacuum expectation value of the simple 
(unordered) product of these operators can be 
written in the form 


(0 (Xy) 9 (X2) 9 (X3)7 
= Gap ar \t! pxd' ps @8P1 (%1—X2) +8 ps (X2—%s).9 (Pio) oO (P30) 0 (p?, q’, ak 


§ (Dro) ® (Pao) P (P2 Fs P)=(24) DPF. 200 (2) 
0 x ee 2 9 a 8% = 0) 
5p, = P11 9 (0) | Ps? q? = (Py — Ps)”, 3 (x) = pee 


The summation is taken over all states with 
definite values of p, and p 3. If x49 =Xg9, then 
the requirement 
(x1) © (%3)> (2) 
imposes the following condition on the function 
p (pi, a2, ps): 


(9 (Xy) 9 (X2) © (%3)7 = 6 (X2) 0 


\ 4pr08 (P10) (p?,q”, ps) 
= \ AP1> (Pro) P ((Ps— P1)°— 22, P2— (P30— Pio)” P2)- 3) 


Equation (3) is easily obtained from Eqs. (1) 
and (2) if one notes that for xj,) =X) interchange 
of x; and x, is equivalent to replacement of the 
space components of the vector p; by p3;—pj. 

A similar condition is obtained by considering 
the case X2) = X3). These conditions are satisfied 
if we write p (pop qo pd) in the form 


% (Diy) ® (P20) 9 (P?, G?, P32) 
=\ (R10) 9 (Rao) 9 (50) F(— Ri, — BS, 
ky ="/2(—Prtl+ps), k= /e(p1—!+ ps), 

Rs = */(p, + 1 — ps) 


k3) dl. (4) 


and postulate that f£(—k?, aaa —k3) is a symmet- 
ric function of its arguments which vanishes if any 
of them is less than zero. 

In fact, if we substitute Eq. (4) into Eq. (3) and 
in the resulting integral over 7 and p,) make the 
change of variables I =p; — I’, pyy =L49, L419 = pip, 
then instead of Eq. (3) we get 


{ dl dpyo Ff (— Ris — Bs —B3) (Ri, = Hi, Fa] 


X (Ryo) D (Roo) & (Rao) =9- 


The condition that f( ke —k3, —k3) vanish for 
positive k?, k?, kf is necessary in order that the 
integrals containing ¥(kjo), %(kg9), %(Kg9) be 
relativistically invariant. 

Somewhat later (Sec. 2) we shall see that Eq. 
(4), regarded as an equation for £(—kj, —kz, —k ) 
for prescribed p (pj, q’, p?), has a very simple 
structure and determines f under sufficiently 
general assumptions regarding p. At present we 
shall assume that Eq. (4) is satisfied, and by con- 
sidering the causality condition in invariant form 
we shall show that the symmetry of f is not only 
a sufficient but also a necessary condition for this 
equation to be true. 

Substituting Eq. (4) into Eq. (1) and replacing 
f(—k?, —k3, —k3) by J dif dig dg £(K?, K3, KR) X 
5 (kj + Kf) 5 (3 + KZ) 6 (3 + K3), we get 


(5) 


(81) @ (2) @ (Xs) 7 = | dat did doh (2, 25) 
Seis (X12, iy A" (Cas, %2) Mae *)5 


At (x, ») = ao “apa \AtR9 (ke) 8 (k2 + 22) elke, (6) 
If the interval Xf is space-like, then by Eqs. (2) 
and (6) we have IS res K3) = Axo K3) and we 
get 


dG dug dxgAT (X19, %3) A* (X13, %2) AT (X23, >) [f (1, 2, %8) 

fad, d= ce 
Since the eta ns (7) must vanish for arbitrary 
Kiel Xoaec a Reese only by weak Inequaaes 

Glor example x?,>0, x}3<0, x3,<0), £( Kas Ke 
Ka) is a symmetric function. 

Possessing the representation (6) and the sym- 
metry property of f(x?, «3, «%), we can easily 
write out the representation for <Tp(x;) p(x) X 
~(X3)>. Using the definition of the T -product 
and the relation 


"la Ap (x, ») = 9 (x) AT (x, x) + 9(— x) AT (—x, x), 
we get 
<T 9 (1) 9 (2) 9 (Xs)> (2) 
= \ a dui, dxsA (412, %3) Ap (413) %2) Ar(%23,%1) f (xi, *2, 5) 
Equation (8) is the desired spectral representation 
of the Green’s function in coordinate space. 
To obtain the corresponding representation in 


momentum space it is necessary to calculate the 
integral 


| eh encHEbA p (X12)%3) Ar (X135%o) Ar (X23, %1) (hee GAO la sibs 3 
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which is calculated in the usual way and can be 
written in the following symmetrical form 
lll 
\\\ dx 48 dy8 (« + B++—1) 
000 
8 (4 + le + Is) 
iby + Bay + Ga8 + ax? + 8x2 + yx —ie ” 


Consequently the desired representation has 
the form 
pint) =o, ets) | at dod de \de dB dy 
(9) 
SG By — 1) Peiix8 5x5) 
By + Bay + i308 + ax? + Bud + yx? — ie 


A more detailed study of the properties of f ( ree 


KB, k%) is necessary for the further analysis of 


Bates: l,, ls). 


p (2, gs p3) = \ dx dxtdns F (x 


2. Properties of f(«?, «3, x2) 

(a) We shall show that f is a real function. 
Using the Hermitian character of ~(xj), we have 
<p (1) @ (%2) 9 (%5))° = C9 (X38) 9 (X2) 9 (X41)? 

and consequently 
p’ (p?, q?, p2) = p(p?, q, p?). 
But according to Eq. (4) it follows from the sym- 
metry of f that 
e(p?, q”, ps) = p(p2, 9”, p?), 


Consequently p is real, and therefore f can also 
be taken to be a real function. 

(b) Let us now determine more precisely the 
region of values of Ki for which f (ats Ke, Ka) #0. 
For this purpose we write Eq. (4) in the form 


Te hd 283 


2) 2) %2 \ d419: (Ryo) 9 (Roo) & (Rao) 


Calculating the integral over 1, we get (see Appendix): 


_ Equation (10) has the following simple structure: 


x B (BE $98) 8 (KE + 08) 3 (RE + 92) rey 

p(-= my, Ry ms) = 5 Sm (q?, my, Ms) \ ani dx; dusf (xi, ze, x3) 
x DB (mM, — %2 — x3) 9 (13 — x, — %3) 9 (6), (10’) 

Mm, = V — p?, ms = V — p?, 
S (q?, tm, m3) = [q? + (my + mg)?]"l (g? + (my, — ms)2]', 
& = S?2(q?, my, ms) — [(mi + mz + Dog — xf — x§)? — 4 (Gg? + Qmy + 2m) x5] 
— [(q? + 2mi + 2m5) (my + <j — m3 — x3) + (m3 — mi) (mi + 
+ 2x3 — xj — ¥5)]. 

(11) 


2 
2S (g?, 1m, 13) p(— mi, g®, — m3) = \ drei die des f (4, #8, 96); 


V is a volume in the space of x}, «3, x3 whose 
shape depends on m4, m3, and q’. It can easily 
be shown that for given m,, m3, and q’ the vol- 
ume V defined by the conditions k, + Ky < M3, 

K3 + Kp < my, and & >0 has the form shown in the 
diagram. 


The volume of integration is bounded by the sur- 


face Abcd. The surface ABCDE bounds the vol- 
ume obtained if we do not include the condition 


Vv 


£> 0 (OB.= 0C =mi, OF = BA = ms yom came 
For fixed values of m; and m3, q? ranges from 
—~(m3-m,)? to ~. For q?=—(m3-—m,)* the 
straight lines Ab and Ad coincide, and the curve 
Ac coincides with the curve AD. In this limit the 
volume of integration goes to zero, in accordance 
with the fact that the factor S(q’, m;, m3) in the 
left member of Eq. (11) goes to zero. For q?—> ~ 
the straight line Ab coincides with the line AB, 
the line Ad with AE, and the point c lies on the 
plane Ke = (0. In this limit, the volume of integra- 
tion also goes to zero. But unlike the case q? = 
—(m3 —m,)?, the left member is not necessarily 
equal to zero for q?-> ©, since f(x}, «3, x3) can 
have a 6 -function singularity on the plane Ke = 0. 
An equation of such simple structure as Eq. (11) 
possesses a solution under very general assump- 
tions regarding the function p ( Barri aq’; —mi), 
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if this latter function satisfies the conditions 


g?o (— mi, g?, —m3)< co for g*--»> 00, 


p(—my, — (ms — m)*, — m3) <0 


(12) 


which we shall assume are satisfied. 

To establish more precisely the properties of 
the function f(x}, x3, k3) we use the fact that 
p(—mi}, q’, —m%) =0 ifeither m, or m 3 is 
less than m, where m is the mass for the state 
with the smallest energy for which ~op) ~ 0. Thus 
we get 


\ dxi dx} dus f (xi, x, x3) = 0 
V 


(13) 


for arbitrary q? and m, if m;,<™m, and for ar- 
bitrary q? and m, if m,;<m. 

Since the surface Abcd for various values of 
q? and m3; contains inside it all parts of the vol- 
ume bounded by the surface k3+ Kp = m4, it fol- 
lows from Eq. (13) that f£(x?, Ks, Ka) =0 if Ky+ 
Ko<m or k3+k,<m. In virtue of its symmetry, 
the function f(x, «3, x3) must also equal zero for 
Ky + Kg < mM. 

Thus we have for the T-product of three scalar 
operators the spectral representations (8) and (9), 
where f(x, Kg, Ke) is a real symmetric function 
which is nonvanishing if the conditions 


% + %, > mM, +3; >mM, 
are fulfilled. 


% + x3 > mM 


3. Analytical Properties 


Assuming that the integral over Ka, Ka, Ka in 
Eq. (9) converges for real /?, 1/2, and 22 [the func- 
tion 7 (l7, 23, 12) exists], we find that it defines an 
analytic fetticn off the real axis for any one of the 
complex variables 1?, ies EB if the two others are 
real. This function can have singularities only at 
values of the variables for which the denominator 
in Eq. (9) can vanish. In such cases the integra- 
tion must be carried out by using the stipulation 
that the denominator with which we are concerned 
has an infinitely small negative imaginary part. 
The imaginary part of 7 (/?, 13, 12) will also be 
different from zero. A simple analysis of the de- 
nominator (which we shall denote by 0) shows 
that if even a single one of the arguments, for ex- 
ample ii, is greater than zero, then 0 >0 for 
15 >—(k, +3)? and 12> —(k,+x,)*. That is, if 
we recall the properties of the function f(x?, va 
Kz), we get O>0 for 73, 13>-m?. If all the 
1?< 0, then O can equal zero also for lt > —m’; 
: example, for k;=k,=Kk3;=m/2 and a=6= 

=%, O=0 for l{=2 =i = -3m?/4. But in 
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this deduction we have not taken into account the 
condition 1, + 1, +1; = 0. If we include this, then 
we come to the conclusion that also in the case in 
which all 1?< 0, O>0 if J? >-m’. 
Consequently, Im 7 (Jj, Jj, 23) =0 if all dj 
—m?’ and these quantities satisfy the inboualeee 
arising from the condition* 1, +1, +1; = 0. is 


I]. THE GREEN’S FUNCTION IN THE PSEUDO- 
SCALAR MESON THEORY 


In this chapter we shall obtain the spectral rep- 
resentation for 


(TY (x1) 9; (x2) (X3))- 
Just as in the preceding case, we consider first 
the simple products 
CY (%1) ©; (X2) (x3), C9; (X2) P (1) ) (Xs), 
Cb (x1) b (Xs) @; (%2)> ete. 


For example, the first two can be written in the 
forms 


C$ (x4) @, (2) 9 (%0)> 
=p \ di padipe s+ O29 9 (yo) 9 (Pay) Yet 


Ory? 
x { pe? (2, 4, 2) ++ yp 9? (D2, @?, p2) + 1,039 (p2, @?, p2) 
+ 57 (P,P, — PP,) eb? (02, a2, pa}, (14) 
<9; (%2) b (x1) } (xs) 
\ Apidae” DT AF) (Dag yah (Dao ate 


= Tay 
x {oe (p2, q?, ry + p09? (p2, g®, p2) + 7,08 (p2, @, p2) 
+5 (P,P, — Pyp,) p20 (2, q?, p2)} (14a) 
The causality condition establishes a connection 
between per? and pf VD In order to bring out 
this connection we shall, as before, seek to express 


pi, peer. etc., in the forms 


3 (2,,) 9 (P,,) 09% (12, 97, p2) 
= \ ails (10) © (Roo) 9 (Reo) F2°? (— Ri, — ka, — 5), 


B (P19) 9 (P30) [p,pve% ye poy? 


*Nambu took this rule as the basis for his derivation of the 
spectral representations of the Green’s functions, but used it 
also for J not satisfying the condition 1, +1,+1,=0. This 
last fact obviously makes his representations incorrect. 

After the present paper was completed, the writer learned of 
a report by Schwinger at the Seventh Rochester Conference, in 


which similar representations were considered from a different 
point of view. 
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=\as (R10) (Roo) 9 (Rao) ey (—R?, —k3,—R5) + heofdes (—ki, ke, hs) |, 
Kk mA 
| 3 (P10) 9 (Pso) = (DiPs — PsP) pie : (15) 


= | 4819 (yo) 9 (Pea) 9 (Bao) se (Rake — Robs) f¥°% (— Ai, — BB, — 88); 


$ (P10) 9 (Psu) 0°94 (D2, 4°, 2) = \ 4419 (kag) ¥ (kao) 9 (aa) Fg°% (— Ri, —Rb—A), 
9 (Dro) 9 (Pao) (Pree? + Pye3?*) 
= (d819 (sa) 9 (Ba) 9 (ao) [(ba + Bs) Fe? (— 22, — 8, — #8) 
so) NEG est ea ee (15a) 
$ (110) © (Dao) sr (Pada — PsPr) 929° 
= \ a9 (Rio) 9 (Reo) # (Reo) ar (Rahs — baka) fo" (— 8, — 83, — 22). 


The convenience of just such a choice of the f; will be evident in what follows. 
Substituting Eq. (15) into the causality condition 


CY (1) 9, (X2) b (X3)7 = <@; (Xa) ¥ (x1) $ (Xs), x2, > 0, 
we get (here 0= %y,8/ xy, ) 


\ oxi dx5 dxsy st; awe (X12, %s) Nes (X13, %2) AV Csen 


x (188 Hh, 8) — 13 0, >, 2) = 0, 


\ dxj dx5 dx y 52 {tat (X12; %3) AS (X13, %) OAT (X23, 1) 


+ 0A* (X125 *s) A* (x13,%2) AS (X23, %1)] 
x [FUPP (02, x2, v2) — FOOd (2, x2, 2)] + AT (Xa, %5) OAT (X15 %2) AT (X29, 4) 
x [fee (025, 25 2e2) Ferd (x2 eta }} =0, 
ihe. 
(vrei dx’, due 50; 5 l0AT (40;%5) AT (6190.%2)-HOA™ (455.69) NP (ris) 2G) A igs i) (16) 


x [Fye? (x2, * *2) as fove (<5, “is *S ] = 0, 


_ from which it follows that fas etc. Using them and the definition of the func- 


food (x2, x2, 12) == = feve (x2, 22, 22). (17) tions Ap(x, K), we can proceed as in the previous 
b an ms case to go over to the spectral representation of 
Analogous relations can be obtained for Bae <Ty (x1) Pj (X2) (X3) >. We get here: 


«TY (x3) g,; (X2) b (x3) 7 = \ at dus dS 5% {igo (xf, mG, *5) 
+ f99? (02, 2, 2 ) i (Oy +.05)-+ For? (2, x2, 2) ids 


ee ieee (18) 
+m (0201 — 0403) fyes (<1, 8, x5) Ar (X12, %3) Ar (X13, %2) Ar (X23, 1) 
and correspondingly in the momentum representation 
1 1 1 
2 . 
(Ly, da, Us) = 8 (Ly + be + bs) 5% [pica de da \ ah at (a Bt —1) 
0 0 
poe (oe2, x2, 28) + (yh — als + Bis) FOU (xe2, v2, 262) + (ahr — ha) FU? 02, 22, 26) 
x P3y + lay + a3 + ax? + 8x5 + yx} —ie 
z sh is id is ls cs “ os 
(19) 


Using the invariance of the theory with respect to charge conjugation, we get: 


908 Vi. N; GREB OW. 


CTY (4) &; (2) B (%5)) = — (C72 KT Y (Xs) @; (%2) 9 (a)? CY 


Y=C'y Y=CH B= 
From this we find, by considerations analogous to 
those used in Sec. 2, that the POP (nd, Ke, KR) are 
real functions. PP OY ( 42, KB, Kz) is an antisymmet- 
ric function and fy Py fy a and f py are sym- 
metric functions, with respect to interchange of 
xi and «3. 

We obtain further information about the 

Pr K3, Ks, Ka) in just the same way as in the 


previous case. From the condition that 


2 2 


pee? (pi, q’, p3)=0 if -pj=m? or -pj<m 
and from Eq. (15) it follows, just as in Sec. 2, 
that AP PY (ah, Kg, x3) = 0 if Ky +kKe=SmM Or Ky + 
K3<=m (m is the mass of the nucleon). From the 
condition pe? (pi, q°, ps) = 0 af —pi = or 
—p3 <m? and from Eq. (15a) it follows that 

ae? (ad, «3, K8) =0 if Ky+ kK, <m or Ky + K3 


<p (p is the mass of the meson). 
Combining these conditions with the condition 
(17), we get 


PRE? (x2, 5, 3) FO for 41 + 2 >m, 


X_ + x3 >M, x, + x3 Sy. (21) 
The last result means that if we disregard the im- 
aginary quantities occurring in 1; and ys, 7j, 


Im" (ty, le, ls) = 0, (22) 


if—h<m, —k<m’, —b<e. 
We obtain a more complete representation for 
T (1;, 12, 13) if we note that it can be written in the 
form 
Be eda) oe ae 
Sada 2+ ihp+m 


“(Ly be, Us) 


(23) 


x 
ils — 


We get an expression for 1’(1;,1,,1;) if we go 
back to the coordinate representation 


© (Xq, Xs, Xs) 
= (Cl2— 2?) (0, + m) (Of — m) Th (x) o,(x2) b (x2)> 
= (Tu (x) iM (X2) u (x3)> 


+ 48 (tr — ba) TY (X1) J, (%2)] & (3)? 


—{ et 
Sats C rede Para 


(20) 


iste ee CC => th 


Vu? 


48 (ty — ts) (Tu (x4) [) (x3) j (X2) 1) Ya 
4-8 (ty — te) 8 (tg — ts) yah (X5)> [p (%2) de (%2) 9 13 


i, (0) =(O— v2) 9, (a); u(x) = (10 +m) p(x); 


u(x) = (id’ — m) p(x). (24) 
Setting <Tu(x1)ji(X2)U(%3) > = Te (Xt, X25 X3)s 
we see that Tc (xX, Xz, X3) has precisely the same 
structure aS 7 (Xj, X29, X3), i.e., itis a T-product 
of Heisenberg operators. Therefore we can repeat 
all the arguments of this chapter with respect to 
To (X1, X2, X3). By so doing we arrive at formulas 
which coincide with Eqs. (18) and (19) in the coor- 
dinate and momentum representations, respectively. 
The corresponding functions f4J" will satisfy the 
same conditions of symmetry and reality. The con- 
dition (22) is changed, however, since the matrix 
elements of the operators u, u, and jj between 
the vacuum and one-particle states are equal to 
zero. 

Instead of the previous conditions we get 


exi4(p2, g®, p2) = 0, 

if —p?<(m+u)? or —p2?<(m+p)?, 
oju4(p2, q?, p2) = 0, 

if —pi<%? = or —pi<(m-+ uy, 


from which it follows that 


pul (xf, «3, 3) 50, if +x, >m+y; (25) 
Xt x3 > mM +, y+ Xs > dp. 
From this it follows in turn that 
nlm?te(1,l2,/3) =0, if —li< (m+ py’, (26) 


—B<(m+uy, —R< oy? 


If ji (x) = igdysti? + A (Gi9_K~_K — Oy ), then the 
terms 


B (ty — t2) Ya CT (Pm) fe (#2) (x9) 
+ 8 (te — ts) <Tu (x4) [ (9) i (2) > Ya 
+8 (ta — ta) 8 (to — ts) va UP (a) fe a) (2) Ya 
= igrst, (TY (2) u (X3)> 8 (4 — x2) 
— igd (2 — ¥3) (Tu (44) } (%2)> 15%; 


+ igyst,6 (x1 — X2) 8 (X_ — x) (27) 


CAUSALITY CONDITION OF GREEN’S FUNCTIONS 


reduce to the vacuum expectation values of T- 
products of two operators, for which the spectral 
representations are well known. 

In conclusion I wish to express my gratitude to 
V. V. Anisovich, K. A. Ter-Martirosian, and I. M. 
Shmushkevich for a helpful discussion. 


APPENDIX 
Calculation of the integral (10) 


I =\ 9 (py — k) 9 (ps — h) 9 (b) 8 (A? + 22) 
x 3((p, — h)* +8) 3 ((p,— bP+ 99) ath. 


The most important point is to find out the condi- 
tions under which I ~ 0. In order that the prod- 
ucts 


9 (B) 9 (p, — k) 8 (k® +22) 8((p, —k)? + 2), 


Al 
9 (k) 9 (p, —h) 8 (K +28) ((p,— ke +92) AY 

be not equal to zero, it is necessary that 
— Pi 2 (* +)", — pr>(x,+%,)?  (A2) 


These conditions are not, however, sufficient to 
secure that I = 0. What is needed is the existence 
of common values of k for which these products 
are nonvanishing. To obtain the sufficient condi- 
tions we go over to a definite reference system 
with 

[Dil a Uae | Us 


In this system we have 
ce ees 271k) — 
pe oe = 2Pah) + 2px = 0, 


==) 
2pkx 5 (A3) 


x = cos (pk). 
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Solving these equations and substituting the re- 
sulting solutions into the condition 


k. — x? phan. 
we get 


1 


Agutoae 1 1 SEN gee 


‘l 


Pees ae 


(A4) 


I aeeetC ioiree ere 


The conditions (A2) and (A4) are sufficient con- 
ditions for I = 0. When the conditions (A2) and 
(A4) are satisfied, 


I == /4p (Pyo + Pao): 
It can easily be shown that 


(Ad) 


Pry + Pop = 


[a+ (V 08 + V—08))] [a8 + VeVi) 


4 (q° — 2p; — 2p3) 


(q° — 2p} — 2pzy"", 


P= 
(A6) 


By means of these formulas we can write I in in- 
variant form. Substituting (A6) into Eqs. (A5) and 
(A4), we obtain the result given in the text. 


1G. Kallen, Helv. Phys. Acta 25, 417 (1952). 
2H. Lehmann, Nuovo cimento 11, 342 (1954). 
3y. Nambu, Phys. Rev. 100, 394 (1955). 


Translated by W. H. Furry 
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THE ENERGY OF AN EXCITON IN ALKALI- 
HALIDE CRYSTALS 


I. M. DYKMAN and A. A. TSERTSVADZE 
Tbilisi State University 
Submitted to JETP editor October 29, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1319-1321 
(May, 1958) 


ly Ref. 1 a model for excitons in alkali-halides 
crystals was constructed, according to which the 
exciton excitation was connected with the transition 
of one of the six p-electrons of the outer shell of 
the halide ion to the s-shell of the nearest alkali 
ions. Such a model made it possible, even without 
knowing the electronic functions, to calculate the 
change in polarization energy of the lattice, the 
half-width of the band of exciton absorption and its 
temperature dependence, the field mass of the ex- 
citon,” and a number of other quantities character- 
izing, on the whole, an excited state, but not the 
ground state of the crystal. However, to evaluate 
the energy of an exciton transition and its proba- 
bility, the interaction cross section of excitons 
with different impurity centers, and so on, itis 
necessary to use the eigenfunctions of the system 
both in an excited, and in the ground state. 

In Ref. 3 the wave function W,) of the ground 
state of the system (corresponding to a non-excited 
crystal) was chosen in the form of an antisymme- 
trized product of electron functions at the various 
ions. To describe the exciton state of the crystal, 
the wave function Vexe was also written as an 
antisymmetrized product of electron functions, in 
correspondence with the model considered in Ref. 
1, but it was assumed that in one, say the l/-th, 
elementary cell one of the external p-electrons 
was absent from a halide ion, and at the six near- 
est alkali ions there was, with equal probability, 
an extra electron. 

Substituting WW) and ,,, into the Hamiltonian 
of the system, which describes all possible electri- 
cal pair interactions between the electrons and the 
atomic nuclei of the crystal, we are able to evalu- 
ate the energies Ey) and Egy, of the ground state 
and excited (exciton) state, respectively. Their 
difference determines the energy of the exciton 
excitation and can be transformed to the form 
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ee 


E 1+4A+B 


exe es eae 


x Sy why (p) ob ()¢, i(p) dr—exch. term 


(s’, V1, 1,) 
I =1 


2 , ‘ 
—$ SY (velit, (@) Fas + exch. term 
(s’,U 2,1) 
‘ 6 


* ee » » Vie (8) P30 (P') P1(P) Paye (P') 


xa, yB L’=1 


— 94 (p) 932, (p’) eh (6°) hy, (a7 dtd’. (1) 


In this equation A and B are constants occur- 
ring in the normalization of WYexe and equal to the 
overlap integrals of the s-functions of different 
alkali ions at distances aV2 and 2a apart, where 
a is the lattice constant. The index 1 refers ev- 
erywhere to an atom (ion) of the metal, and 2 to 
those of the halides: ¢€; is the ionization energy of 
an alkali atom, ¢€, is the affinity energy of a halide 
atom, gh p) is the wave function of a valence 
electron oe an alkali atom in the 1, -th elementary 
cell, gh , (p) the p-electron function of a halide 
atom (xa@ indicates the magnetic and spin quantum 
numbers ), gf, -(p) is the radial part of the p- 
electron wave function,and Vg(p) is the potential 
of the ion s,/ ata point with radius vector p. 

Equation (1) was numerically evaluated for an 
NaCl crystal. We took for vi (p) and ob oy (p) 
Hartree functions.‘ In the evaluation of E) and 
Eexe we can use here these functions as the func- 
tions of the zeroth approximation because the over- 
lap integrals of even the nearest ions in the NaCl 
lattice are very small (~10~*). However, we can 
not use directly the Hartree function for the 3s - 
electron of atomic Na since the corresponding 
pie integrals are not small. For the functions 
ght (p) we took thus the functions found by Tolpygo 
and Tomasevich.° After evaluating the polariza- 
tion of the electronic shells of the ions without in- 
ertial effects, we got for the energy of the exciton 
transiton in NaCl AE = 7.5 ev. The exchange 
terms which were not written down explicitly in 
Eq. (1) turned out to have practically no influence 
on the final value of AE. 

Muto and Okuno® have evaluated by numerical 
methods the energy of the exciton transition in 
KCl and NaCl crystals. They were, however, not 
able to determine the absolute value of the energy 
but only the distance of the exciton energy level 
from the bottom of the conduction band, the posi- 
tion of which was found in addition from experi- 


mental data. To get agreement with experiment 

|, they could essentially still use two parameters. 
The method proposed by us is free of these short- 
comings and enables us to consider the interaction 
of excitons with light and various centers. One 
can consider that the result obtained is in satis- 

_ factory agreement with the experimental value of 

| AE determined from the position of the maximum 
_ of the exciton absorption band at A = 1580 A 

(~ 7.85 ev). 

In conclusion we note that if we take the trans- 
lational symmetry of our problem into considera- 
tion we can write the wave function in the following 
form 


Y, = N~ exp (ikrs) 4. (2) 
l 


Expression (2) determines the exciton band, 
_ whose width is of the order of 


6 6 
1 Y 7 * *yr 
36 (1+ 4A + B) > > > Vex" (p) Paxe (p’) 


UV (#1) 1,1, %% 9B 
2 / 
x poe oe (p) 91" (p’) ded’ — exch. term. (3) 


The width (3) of the exciton band is, as fol- 
lows from a numerical calculation, far smaller 
than AE. This is, though, clear from the fact that 
in (3) functions occur referring to different halide 
ions and the integrals in (3) are thus much less 
than the analogous integrals in (1). 

Since the width of the exciton band is much 
smaller than AE, theenergy of the excitation can 
be evaluated using the simpler function Vexe as 
was done in the foregoing calculations. In those 
cases, however, where one is interested in effects 
which depend essentially on the form and width of 
the exciton band, it is necessary to use the more 
exact function (2). 


1T, M. Dykman, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 26, 307 (1954). 

2Dykman, Kaplunova, and Tolpygo, J. Tech. 
Phys. (U.S.S.R.) 26, 2459 (1956), Soviet Phys. 
JTP 1, 2376 (1956). 

34. A. Tsetsvadze, Tpyap1 Téuaucck. yu-ta 
(Trans. Tbilisi Univ.) 62, 149 (1957). 

4D. Hartree and W. Hartree, Proc. Roy. Soc. 
166, 450 (1938). 

50. F. Tomasevich and K. B. Tolpygo, Yxp. 
dbus. »acypu. (Ukrainian Phys. Journal )(in press). 

6 T, Muto and H. Okuno, J. Phys. Soc. Japan 11, 
633 (1956); 12, 108 (1957). 


Translated by D. ter Haar 
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CONSEQUENCES OF THE TWO-COMPO- 
NENT BEHAVIOR OF THE ELECTRON 
IN THE BETA INTERACTION 


B. L. IOFFE and V. A. LIUBIMOV 
Submitted to JETP editor December 12, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1321-1323 
(May, 1958) 


‘Tue latest measurements!“ of the longitudinal 
polarization of the electrons emitted in B decay 
show that the values of the longitudinal polariza- 
tion <o,> in cases of allowed transitions and 
first-forbidden transitions in heavy nuclei are to 
good accuracy equal to v/c. As can be rigorously 
proved from the formulas‘ for the longitudinal po- 
larization of the electrons from such transitions, 
a necessary and sufficient condition for the rela- 
tion <o,> =v/c is the existence of the follow- 
ing relations between the interaction constants 
conserving parity and violating its conservation: 


Cs= = C5, Cr=—Cr,. Ca Cy, C= Caney 


With these conditions the interaction Hamiltonian 
takes the form 
H = S\Cx(VpO.'n) (bo (1 — Ys) Oadby) + C2 C., (2) 


and the electronic ~% function is involved in all the 
types of 8 interaction through only two components. 

Let us examine the consequences of the relations 
(1), i.e., of the two-component behavior of the elec- 
tron in the 8 interaction. When the conditions (1) 
hold the expressions for the various effects in B 
decay are decidedly simplified, so that in the case 
of allowed transitions there remain all told just six 
independent combinations of the constants and ma- 
trix elements: 


No =(\CsP +i Cv))| Me? + (CrP +|Cal)| Mer, 
Ny = — yy ((Cr P+ JCal) | Mer |? 

= Bj pVijki + DRe(CsCr + CyCa)MyMor, 
Ns = (|Cy|/—|Cs|’)| Mr)? + 4/3 (|r |? —| Cal’) | Merl’, 
Ny = 2; VIG I) Im (CyCa — CsCr) MrMor, 
Ny = — yp (|Cr P—| Ca’) | Mar’ 

+ 28;~V i] (741) Re (CsCr— CyCa) MrMer, 
N= 28; Vil(G 1) Im(CyCa+ CsCr)MrMor. —*) 


Here 
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and Mp= (f2) and Mey = (fo) are the nu- 
clear matrix elements. The quantity Ny deter- 


mines the total probability of the 8 transition, 
N3 the electron-neutrino angular correlation, 


We =1+ (u/c) (Ns / No) (ne), 


and N, the angular distribution of the electrons 
from oriented nuclei: 


Wje = 1+ x(0/c)(N,/ No) (nenj), x= Cjzy/ J 


(Ny, v, and n; are unit vectors giving the direc- 
tions of the momenta of the electron and neutrino 
and of the spin of the nucleus). 

The quantities Ny, Ny, and N3 have already 
been determined experimentally. As can be seen 
from the formulas (3), information new in principle 
can now be obtained only from experiments in 
which Ny, N,, and N; would be measured. The 
quantity N, determines the angular distribution 
of the neutrinos from oriented nuclei (averaged 
over directions of emission of the electron ) 


W vy = 14x(Ny/ No) (nj). 


Therefore the simplest experiment in which the 
quantity N, could be determined is a measure- 
ment of the angular distribution of the recoil nu- 
clei from the decay of oriented nuclei.* The co- 
efficient N, could be found from a study of the 
asymmetry of the distribution of recoil nuclei 
relative to the plane of the electron momentum 
and the nuclear spin. If, for example, we select 
electrons with momenta perpendicular to the nu- 
clear spin, the ratio of the numbers of recoil 
nuclei with directions of motion on opposite sides 
of this plane will be 


The quantity N; could be obtained from experi- 
ments on the decay of oriented (or aligned) nuclei 
in which, besides the direction of emission of the 
electron, one also measured the polarization of 
the recoil nucleus or the direction of the y -quan- 
tum from a subsequent y -transition.{ 

Measurements of the polarization of the elec- 
trons (both longitudinal and transverse) from ori- 
ented nuclei and in correlation with the neutrinos 
cannot give anything new as compared with the ex- 
periments indicated above. For example, the po- 
larization of the electrons from the decay of ori- 
ented nuclei is given by: 


YOAS (ae Cc Ny 
SO ie W ie | Ne -— | +257 (nn) | 
a Ny . N 
aer eye w, [Me x aj] rae [n. x(n, xn;,) J ! 


and the correlation of the polarization with the di- | 
rection of emission of the neutrino (for unpolar- 
ized nuclei) by: 

U 


4 
(C7, WV { Ne — 


Ev N 


N 
[1 + ma (n.v) | 
Z=-—N Yio Ns 
+ F375 Tho Wy, bte XP I+ vate Lng X(ne xH)]} 


Here ¢ is the energy of the electron (in units 
mec”), ¥,=[1—-(Z/137)?]7, and fy and 7% 
are coefficients nearly equal to unity which allow 
for the finite size of the nucleus. Thus measure- 
ment of <o>je and <o>ey does not give infor— 
mation that is in principle new as compared with 
the experiments that have already been carried 
out, in which the quantities Ny, Ny, and N3 have 
been measured. 

It is not hard to see that if we write the coeffi- 
cients Cg inthe form |Cg|e#?%, the quantities 
Nj; (i=0,...5,v) are expressed in terms of 
only six unknown coefficients: four absolute values 
|Cq| and the two phase differences yT — gg and 
Yvy -— YA, Since with the two-component behavior 
of the electron the types A and V do not inter- 
fere with S and T. Therefore to obtain complete 
information about the 8 interaction in allowed 
transitions there is in principle no need to meas- | 
ure experimentally all six quantities Nj in Fermi 
and Gamow-Teller transitions; it is enough if one 
confines oneself to four of them. 

The writers express their sincere gratitude to 
Academician A. I. Alikhanov, K. A. Ter-Martiros- 
ian, and A. P. Rudik for valuable discussions and 
remarks. 


*An equivalent of this would be an experiment on a B —y 


transition which measured the correlation between the direc- 
tions of emission of y-quanta of a given circular polarization 
and of recoil nuclei. 

tThe problem of determining the quantity N, from experi- 
ments on the 6 —y correlation in the decay of oriented (or 
aligned) nuclei has been considered in detail in Refs. 5 to 7. 
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ipsa existing techniques of treatment of the elec- 
tromagnetic field do not allow to handle the inter- 
action of photons with other fields in terms of quan- 
tum field theory in a number of cases. These 
problems include the whole complex of gravitation- 
electromagnetic interactions: graviton-photon scat- 
tering, graviton bremsstrahlung by photons, etc. 

In order to treat such problems one has to formu- 
late the wave equation of light quanta in matrix 
form. 

The fundamental difficulty in formulating a 
matrix theory of the photon field lies in the fact 
that the rest mass of the photon vanishes and fur- 
ther that the wave function contains both electro- 
magnetic potentials and fields. This makes the 
application of the Kemmer formalism exceedingly 
difficult.1*? However, by applying the Dirac alge- 
bra® one can remove this difficulty and it is pos- 
sible to formulate a photon theory analogously to 
the Lee-Yang theory’ of rest-mass-zero fermions. 

In Ref. 5 it was shown explicitly how to achieve 
a representation of the 16-row Kemmer algebra 
by 8- or 4-row representations of the Dirac alge- 
bra. These same representations will have to be 
applied to the photon theory. (A detailed investi- 
gation of these algebrae will be published in Nuovo 
cimento.) 

For the photon wave function we shall take the 
half-undor ~ which includes, besides the fields 
E and H, two new quantities, a scalar, 7, and 
pseudoscalar, D. Using an 8-row representation 
of the Dirac algebra one can write the free field 
wave equation in the form 


(a, V+0/cot) p(x, t)=0 (1) 


or 
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(a*, V+0/codt) d(x, t)=0, (2) 


where 
1/y{0,0,} — 8,1 = "/p {atax} —8,,1 =[a,at]=0. (8) 
We define a matrix ay;, #1 with the properties 
[x,o,] =[«,«;] =[rax,J=0, 2=/F (4) 


where rj = ajaF are reflection matrices (here 
one does not sum over the indices i). It leads to 
the Larmor transformation for y: y =ayy. The 
corresponding transformation in the neutrino the- 
ory is the Salam transformation® 9’ = y;9. 
An explicit expression for ay, is 

&, = 10,06,0, = Loos. (5) 
Besides qay,, there exists another pseudoscalar 
operator, id@)=ra;, where r has the proper- 
ties 


{ra,} = {rej} = [rr] = 0. (6) 


Equations (1) and (2) are invariant under Lar- 
mor transformations. In order to go over toa 
4-row representation one introduces the Larmor- 
invariant wave function’ (I+ a@y,)%. Then both 
anticommutative groups Gq and Ggx go over 
into the group G,, of the Dirac matrix theory of 
the electron in the representation where charge 
conjugation is represented by complex conjuga- 
tion.°8 

It is interesting to note that these matrices 
are identical with the matrices describing the two 
internal degrees of freedom of Fock’s electron.®»!? 
However, they enter linearly the operator of van 
Wyk’s generalized gauge transformation." 

The Larmor photons can have different parity 
and can have a spin of h even in the case of lon- 
gitudinal polarization (longitudinal-magnetic pho- 
tons). In order to describe Larmor-nonsymmet- 
rical, Maxwell photons one has to go over to a 
wave function which is a simultaneous solution of 
(1) and (2), or, of the following system of equations 
which is equivalent to (1), (2) in this particular 
case: 


(BY, V+0/cdt) p(x, t)=0, B, Vol, t)=0, 
p\*) —(a-+a*)/2. (7) 


The wave equations (1) and (2) are derived from 
the Lagrangian 


L~$(a, V+0/cot)p (8) 


(for ordinary photons @ here has to be replaced 


by Bt). 
The commutation relations are, as usual, 


(p(x, £), P(x’, Uy) =iS(K—x’, t—#'), (9) 
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where the commuting function S is different for 
the Larmor and Maxwell photons: 


—(a, V—0/cdt) D(x, t), (10) 
Su(x, t) = (a, V—O/cdt)(a*, V—A/cdt) D(x, t).(11) 


In momentum space Sj reduces to the form of 
the Cayley-Klein transformation of the unit wave 
vector k® = k/k 


So ae KO) ea (12) 


For the Maxwell field it is possible to utilize 
Eqs. (1) and (2) with the reduced wave function 
dm = Ty, where 


T =(3+M)/4, (13) 


WT ttl g: 


The photon theory, like the new neutrino theory, 
is intrinsically three-dimensional, since both 
groups Gq and Gq* have a diagonal matrix in 
common: a,=af=r. Taking this into account, 
one can write the wave equations in a symmetric 
four dimensional form (—ira, > y,, r > Y4)- 

The interaction of photons with the gravitational 
field is described by the equations 


y,09/o0x, =0, or B,d0p/d0x, =0, 


where 


9(x) = (1 + gy, vih,, (*)) $(*) (14) 


(hyp (x) is the gravitational potential). The appli- 
cation of perturbation theory to this equation is 
facilitated by the smallness of the coupling con- 
stant g. The usual formulae apply for the traces 
of products of aj and a}. The traces of prod- 
ucts ajar vanish identically. 
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Nocre: containing 30 neutrons have, in most 
cases, some rare distinguishing properties. The 
nuclide **Fe,) is the most abundant of all nuclides 
having Z>10. The relative abundance of this iron 
isotope is 91.7%, while, for example, the isotope 
6Fe,, (in spite of its containing 28 neutrons) has 
an abundance of only 5.8%. The relative abundance 
of the lightest nickel isotope "°Ni,. is 67.8%, al- 
though in the case of analogous isotopes of other 
elements it usually does not exceed several percent 
or fractions of a percent. The nuclide *4Cr4) is 
different in having a low effective capture cross- 
section for thermal neutrons. (0.36 barns), like 
nuclides containing the usual magic numbers of 
neutrons. Along with this, the iron and nickel iso- 
topes having N = 30 have very high effective 
cross-sections for coherent scattering (without 
change in spin) of thermal neutrons compared with 
other isotopes of the same elements, and very high 
total scattering cross-section (0free), multiplied 
by [(A+1)/A]*® to reduce it to the case of the 
nucleus at rest. The corresponding data (in barns) 
are given in Table I. 


TABLE I 


Element | v | 4 /free [CATIA]? | Scop 


Re LOONIE 1 


Ni 32 | 60 


The effective scattering cross-section of 2° Nigy 
is particularly high. It is possible that the proper- 
ties of a 30-neutron configuration manifest them- 
selves differently in different nuclides, depending 


| 
( 
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on the properties of the proton system of each in- 
dividual nuclide. The properties of nuclides with 

N = 30, particularly the isotopes of iron and nickel, 
lead to the view that 30 is a magic number for neu- 
trons.* 

Very characteristic phenomena are seen to fol- 
low the filling of configurations of 42 and 60 protons 
or neutrons. (See Table II; the dash indicates the 
absence of a stable nuclide). 


TABLE II 
Element| z | A 1 Element] w A I 
| 
Nb 44 93 9/2 Ge 4A 73 9/2 
ic 43 — — Se 43 77 4/2 
Rh 45 103 1/2 Se 45 = — 
Ag 47 | 107,109 | 4/2 Kr Bia 8out, OF2 
Pr o9 141 0/2 Pd 09 105 9/2 
Pm 61 — — Pd 61 — — 
Eu 63 151 9/2 Cd 63 114 1/2 
Tb 65 159 3/2 Cd 65 113 4/2 


The filling of the shell terms 589/2 and 4d5/p 
begins (in the case of nuclides with 59 and 41 pro- 
tons or neutrons) in a quite normal manner, but 
when the number of the same nucleons is one more 
than 60, the nuclide loses its stability, and it is 
quite characteristic that this takes place both for 
61 protons and for 61 neutrons. Nor does a stable 
nuclide containing 43 protons exist. Thus, of the 
four cases considered, three exhibit loss of stabil- 
ity. 

As to the nuclide Se’, which contains 43 neu- 
trons, its spin is not % like that of the **Ge,, nu- 
clide, but Ts This must be compared with the fact 
that the unstable nuclides with 43 protons or 61 
neutrons are followed by nuclides having an odd 
number of protons (Rh, Ag) or neutrons (Cd, Sn, 
and the following) whose spin also drops to one- 
half. Neither the level-crossing hypothesis (Ref. 
1 and others) nor any other modern theory is ca- 
pable of explaining why the spin diminishes not 
immediately after the closing of the subshells that 
contain 40 protons or 40 and 50 neutrons, but only 
at N=43 and only after Z exceeds 43 or N 
exceeds 61. 

The cause of absence of $8 -stable nuclides with 
7% =43 and 61 has been the subject of many inves- 
tigations (Ref. 2 and others). This absence is 


‘usually made dependent on the closing of the magic 


configurations of 50 and 82 neutrons. The influence 
of the reduced binding energy of the neutrons must 

naturally be taken into account in both cases. How- 
ever, such an explanation cannot be considered ex- 

haustive, particularly for the following reasons: 
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(1) One cannot ignore the fact that the absence of 

a stable nuclide, or certain other post-magic phe- 
nomena, are observed not only past 42 and 60 pro- 
tons, but also past 60 and 42 neutrons; in many ele- 
ments with even Z, from ‘Mo to Ba, there at 
least two isotopes with odd N, and only in the case 
of Pd does the nuclide **Pdj?” lose stability, un- 
like its isobar ‘’Ag{)". (2) It is known that the only 
nuclide with N = 51 that remains stable, in spite 
of the presence of a post-magic neutron configura- 
tion, is *°Zrs,, and the stability of this nuclide 
must be ascribed to the properties of its proton 
configuration, i.e., to the closing of the 3P1/2 term. 
In exactly the same way, the only stable nuclide 
with N= 83 is °Ndgs, and in this case the nuclide 
probably owes its stability to the magic properties 
of its proton configuration. We see that, in addi- 
tion to the usual explanation for the absence of 
stable isotopes of Tc and Pm, it is necessary to 
take into account also the peculiarities of the num- 
bers 42 and 60. 

Thus, it becomes quite probable that a config- 
uration of 30 neutrons and of 42 and 60 protons or 
neutrons has certain magic properties. These con- 
figurations do not coincide with shell configurations, 
and it must be emphasized that the nature of their 
stability may be entirely different than that due to 
closing of the shell terms. 

This probably does not exhaust the list of new 
magic numbers. However, recognition of these 
three numbers alone is enough to raise the ques- 
tion of the existence of some other uninvestigated 
properties of the nucleus, along with those already 
known at the present time. 


*Such a conclusion is not disproved by the fact that a con- 
figuration consisting of 30 protons does not have clearly pro- 
nounced magic properties. It must be taken into account that 
the *°Zn nuclides lie in that portion of the periodic system 
(between copper and bromine) which is, in general, character- 
ized by a considerably lower binding energy compared with the 
general course of the packing-fraction curve. 

tA similar reduction in spin, as compared with its theoretical 
value is absent only for odd Z > 61 (it is known that heavy 
nuclides retain high values of spin for odd Z to a considerably 
greater extent than for odd N). 


1. G. Mayer and J. Jensen, Elementary Theory 
of Nuclear Shell Structure, 1955. 

21,. Kowarski, Phys. Rev. 78, 477 (1950). H. E. 
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Ln the mathematical interpretation of the scheme 
of Gell-Mann!~3 proposed by d’Espagnat and Prent- 
ki,4*®> a new constant of motion appeared — the iso- 
fermion charge of a system of elementary particles 
u, conserved in all strong and electromagnetic in- 
teractions. For a single particle, the isofermion 
charge u characterizes the transformation prop- 
erties of the particle relative to inversion in a 
three-dimensional isotopic space. 

Under the very general postulates adopted by 
d’Espagnat and Prentki, only four types of particles 
are allowable: isoscalar (u=0), isopseudovector 
(u=0), isospinor of the first type (u=+1) and 
isospinor of the second type (u=-—1). Therefore, 
for a single particle only three values u = +1, 0 
are permissible.* 

The connection between the electric charge Q 
and third component of isotopic spin I, in the the- 
ory of d’Espagnat and Prentki is expressed by the 
same relation 


Q=13 + u/2, (1) 


for all mesons and baryons. The value of u is 
preserved in strong and electromagnetic interac- 
tions and Au=+1 are allowable in weak inter- 
actions,° which is equivalent to the Gell-Mann 

AS =+1. It is of interest to consider all conclu- 
sions coming from such a theory. 

In comparing (1) with the scheme of Gell-Mann, 
we note that the Gell-Mann strangeness S is the 
difference between the isofermion charge of the 
particle u and its nucleon (baryon) charge n: 


S=u—n. (2) 
The nucleon charge n of a particle can take 
on only one of three values: +1 (baryon), -1 


(antibaryon), 0 (meson). 

Only three values of the electric charge Q = 
+1, 0 are allowed and, in connection with Eq. (1), 
only three values of the total isotopic spin I: 
Of 1 (Ret. :2). 

The isofermion charge of a particle u also 
takes on, according to the above, only three values: 
+1 for isofermions having I=4; -1 for anti- 
isofermions; 0 for isobosons, having I=0 or 


1 
2? 
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I=1. 

The limitations on n and u, together with 
Eq. (2), leave for S only the possibilities: S= fi 
0, —1 for mesons; S=0,-1, -2 for baryons; 

S = 2, 1, 0 for antibaryons. Consequently, the hy- 
perons, allowed by Gell-Mann’ and Terletskii,® 
ZS =+1), Q°(S=-3) and mesons wt(S =+2). 
and w (S=-—2)f are completely excluded. | 

The isofermion charge u can be considered, 
together with n and I, as a primary character- 
istic of the particle, and the strangeness S as 
only one of the possible combinations of them. 

In the rational symbolism of elementary par- 
ticles proposed by Terletskii, in which together 
with the electric charge Q, there are also the 
nuclear (n), neutrino (v) and neutron (€) 
charges of the particle, in place of the latter it is 
natural to use the isofermion charge u, connected 
with it, as is easily established, by the relation: 
u=e+Q (Ref. 6). 


Basic 
charac- 
teristics mere Multiplets 
n| u I 
0 |-+4} 4/2 41,0 K+, Ko 
pa ee: On==4 Ko, KE 
Ole +1,0,—1 Tern TCC 
Oe @ 0 @? 
41-1) 4/2 +1,0 Nt, No 
— —4,0 B-, Eo 
Oh a 4i- intl nO. teed Siri ees 
Oo 0 Ao 
vie Ant0 Antinucleons 
4} 1/2 ai) Anti & hyperons 
0 —1,0, +41 | Anti.& hyperons 
(0) ae) 0 Anti A hyperons 


Exhausting the possible multiplets of particles 
with all possible allowable combinations of n, u, 
and I, it is easy to see that the number of them 
is limited to those given above in the table. The 
only new one, aside from those given above, could 
be the neutral meson noted in the review of Okun’? 
having total isotopic spin I= 0, which we denote 
asa w? meson.{ This truly neutral particle dif- 
fers from the m° meson. 

Within the framework of the theory of d’ Espagnat 
and Prentki, it is impossible to use the hypothetical 
w~ meson to explain the K™ -decays of secondary 
particles,”® as assumed by Karpman.° Only the 
w°’ meson can be used for their explanation. 


*For example, the values u = + 2 would correspond to 
isopseudoscalar and isovector particles, which are not accept- 
able within the framework of this theory. 

tThe conclusion of Karpman® about the admissibility of a 
#® meson of strangeness S = — 2 within the framework of the 
theory of d’Espagnat and Prentki is in error, 


DETERS |TOsTHEVEDITOR 917 


tFor mesons (n=0), which are bosons in ordinary space 
‘(but not for hyperons with n= 1), the number of possible 
multiplets can be doubled, corresponding to the two possibili- 
ties for ordinary spin of the boson, 1 or 0 (Ref. 9). 
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W:z shall consider the behavior of a cylindrical 
jet (of radius Ry) of a liquid dielectric in an elec- 
tric field. (All that follows is also applicable to a 
magnetic liquid in a magnetic field). The behavior 
of an incompressible viscous fluid, in the absence 
of body forces, is described by the hydrodynamic 
equations 


div v =0, aot v ‘Vv = —-\ gradp + vV’v. (1) 


To these must be added the electrostatic equation 
div (sE) =0.: (2) 


Let the jet be subjected to a perturbation which 
is symmetrical about the axis. Then, introducing 
the flow function W and making use of Eq. (1), we 
obtain 


(VL —0/dt) LV = (0,0 /0x +0,0/ dr — 20, /r) LY (3) 


and the following conditions for force equilibrium 
at the surface r = Rj: 


Pre ay Pye Fa 0, Pre a (NV ate ae (4) 


where 
L=0?/0r? —r40/0r + 0 /Ox?, 
P,, = vo (dv, / 0x + Ov, / Or), Pep = — P+ 21900, / Or, 


Tes the normal component of the stress tensor 
in the electric field, and N represents the effect 
of the surface forces. 

Consider a perturbation of the type 


7 = 4 + 4 (r) exp [i (kx + of)], (5) 


where qg is the equilibrium value and q(r) is 

to be determined. Solving Eqs. (1) to (3) for such 

a perturbation, assuming that the amplitudes are 
small (linearized theory ) and using the boundary 
conditions (4), we obtain the following dispersion 
equation for the perturbation frequency in the pres- 
ence of a longitudinal field Ep: 


(@ — 2ik?y)? Io (2) 


ey. : 
be) + 2i = (@ — 2ik?y) 


4kR%y2 
Tala) 


e — 1)" Ep 
ee (et) ( EG 
eR? 4m 


[ARglo (AR,) — 11 (ARo)) 


S Ty (2) Ko (2) sal 
el; (2) Ko (2) + Ki (2) J (2) 


(6) 


z=kR, n=? + iw/y, 


where Io, Ij, Ky, and K;, are the Bessel functions 
of the first and second kind for imaginary arguniens 
and o is the surface tension. 

The solution of (6) leads to the following con- 
clusions. (1) The viscosity has a stabilizing effect 
(as Rayleigh has already shown). (2) A jet is al- 
ways dynamically stable for kRy>1. (3) For kRg 
<1 a jet of incompressible non-viscous liquid di- 
electric is stable under the conditions 


4no el; (2) Ko (2) + K1 (2) Lo (2) : 
(e — 1)°Roe I, (2) Ko 2) seu) 


ES 


For a water jet with e€ = 81, o = 74 dynes/cm, 

and R)=2cm, (7) gives E) > 597 v/cm for 

kRy = 0.2; and Ey >729v/em for kRy = 0.1. 
Investigation shows that a transverse electric 

field has no effect on the dynamic stability of jets. 
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paar reported experiments! disclosed 
electron emission upon cleavage of certain crystals 
in a vacuum of 1074 to 10° mm Hg. 

To study and to explain further the nature of 
the emission, it was necessary to use higher vacu- 
um, which in turn called for development of a new 
procedure. To attain high vacuum in the simplest 
possible manner, it was decided to make the equip- 
ment completely of glass, like the instruments used 
for the study of the kinetics of chemical reactions 


(see diagram). The upper portion of the instrument 
consisted of a trap 1 for the lubricant vapor with a 
ground neck. The lower portion of the instrument 
consists of a sealed tube 2 which was inserted into 
ground section 3. Placed inside the instrument 
was a Setup for cleaving solid specimens to incan- 
descence, consisting of stainless steel tube 4 


with windows, and of a brass cylinder with spring 5. 


Attached to this cylinder were guides for a knife 6 


and a holder for x-ray film 7. Located in the upper 
portion of the tube was a trigger 8 for falling 
weight 9. 

The instrument was sealed to a vacuum mercury 
pump and evacuated to a pressure of approximately 
107’ mm Hg (the vacuum was measured with an 
ionization manometer ). After evacuating the in- 
strument, lever 10 of the trigger was rotated with 
an electromagnet, and the weight fell and fractured 
a plate approximately 4mm. The photographic 
film was exposed to the electrons emitted from 
the gap formed upon cleavage of the plate. 

It was observed in the preliminary experiments 
that upon cleavage of glass and diffused quartz 
there is no noticeable change in the vacuum, and 
no electron emission was observed (like in the 
previous experiments ). 

Cleavage of crystalline quartz (like in the pre- 
vious experiments ) caused electron emission, and 
the pressure rose to 10 to 107° mm Hg (meas- 
ured with an ionization manometer ). The area of 
the fresh surface obtained upon cleavage of crys- 
talline quartz was approximately 1 cm?. The 
capacity of the vacuum system was about 1300 
cubic cm. Liberation of gas was observed also 
upon splitting of mica and stripping of high-polymer 
films from glass. 

The author-is grateful to Professor B. V. 
Deriagin for valuable advice. 


‘N. A. Krotova and V. V. Karasev, Dokl. Akad. 
Nauk SSSR 92, 607 (1953). 
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ON ELECTRON CAPTURE IN BETATRONS 


A. N. MATVEEV 
Moscow State University 
Submitted to JETP editor January 22, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1331-1333 
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Logunov and Semenov! have pointed out the ex- 
istence of statistical capture of electrons into beta- 
tron orbits and have estimated the efficiency of 
this mechanism. This calls for the following two 
essential remarks. 

1. This mechanism can work only at not too 
large densities of the injected electrons. In par- 
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ticular, it will not work at the conditions of the 
example treated in Ref. 1. This can be seen from 
the following estimates. 

The electrons are injected in a beam with an 
area S=1cm? anda density N, = 4.22 x 10° 
electrons/cm*. We shall assume a beam of round 
cross section. The electrostatic force repelling 
an electron situated on the edge of the beam is 
given by 


Frep= 2Noe2 V aS. (1) 


On the other hand, the same electron will be 
attracted to the center of the beam by a force due 
to magnetic focusing: 


Fat = —m(v/R)? (1-2) VS/z, (2) 


where m is the electron mass, v _ the velocity of 
the injected electrons, R_ the radius of the equi- 
librium orbit, and n the magnetic field decrement 
index. From (1) and (2) we have 


eal Fate | = 2nr oR? No / B? (1 —n), (3) 


fos €y-mc*,. B= 0.) Cc. 


For the conditions of the example of Ref. 1 this 
yields 


| Lop Fate | PDD, (4) 


Thus the beam will begin to spread right after in- 
jection, and the electron dynamics will differ con- 
siderably from that assumed in Ref.,1. Electron- 
electron scattering of the kind on which the pro- 
posed capture mechanism was based will thus not 
occur for the majority of the electrons. Actually 
a large fraction of the electrons will be lost to the 
walls already within the first revolution and will 
thus not be able to experience even a single scat- 
tering event of the required kind. If one takes into 
account this and the loss of electrons in the sub- 
sequent revolutions, one finds that the estimate 

of the number of captured electrons obtained in 
Ref. 1 has to be decreased by a factor approxi- 
mately equal to the ratio of the number of injected 
to captured electrons, i.e., by approximately two 
orders of magnitude. Mathematically this is ex- 
pressed by a suitable decrease of N in the nu- 
merator of Eq. (4) in Ref. 1. Secondly, the capture 
efficiency will be decreased by another order of 
magnitude, owing to the decrease of the factor No 
in the same formula. Thirdly, the following facts 
have to be considered. Besides radial oscillations 
the electrons oscillate also in the z direction and 
longitudinally. Only the transfer of energy from 
the radial oscillations into other oscillations was 
considered in Ref. 1. However, if these other os- 
cillations are already excited, then energy will 


also be transferred into the radial oscillations. 
This actually will be the case in the example con- 
sidered, and thus the efficiency of the proposed 
mechanism will be further decreased. So one finds 
that for large densities of the injected electrons, 
where the capture is most effective, this capture 
mechanism does not work. It therefore can not 
explain that part of the electron capture for which 
it was adduced in the first place. It plays only a 
subordinate role and only at sufficiently low den- 
sities, in the range between single electron capture 
and collective capture. We shall make a few re- 
marks on this subject in the second comment. 

2. The decisive capture mechanism is due to 
the Coulomb interaction and consists, in our ex- 
ample, of the following. 

Right after the instant of injection, electrons 
begin to be lost to the walls close to the injector. 
The region of contact of the electron beam with 
the walls of the donut will increase at a rapid rate 
and after a time of one revolution electrons will 
hit the donut walls all around. The donut at that 
time will be filled with an electron cloud of de- 
creasing density. At the time when the beam will 
stop expanding the electron density will be roughly 


Ne Ne/\n(No/Ne), Ne = 8?/4nroR? = 0.3- 108. (5) 


From now on the electrons will start contract- 
ing toward the center of the beam, which itself will 
oscillate about the equilibrium orbit with a very 
small amplitude. This oscillation is due to the 
loss of electrons. Thus the survival of some elec- 
trons is due to the loss of others to the walls. The 
electrons which have survived the first revolution 
[their number is given by Eq. (5)] will now inter- 
act with the electrons which are being injected at 
this time and so a large number of electrons will 
be lost during the second revolution. Thus the 
mean life of electrons in the beam is approximately 
two revolutions or even a little less; for lower den- 
sities it would be a little more. During the second 
revolution the picture remains essentially the 
same except for the slight modification introduced 
by the presence of the electrons which have sur- 
vived from the first revolution, etc. The number 
of electrons captured with the right momentum 
and being accelerated is given by 


N, = Nn 2nRSere =~ 0.45- 102°, (6) 


where Soff denotes the area of the effective donut 
cross section. The obtained numerical value cor- 
responds to the conditions discussed in Ref. 1. 
Equation (6) is valid for injection currents equal to 
or larger than the saturation current‘and has been 
derived for N)/Ne > Seff>1. For smaller cur- 
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rents and densities the formula has to be modified. 

This way one can give a mathematical descrip- 
tion of the treated physical picture of the capture 
process. The theory then gives good agreement 
with experiment, both qualitatively and quantita- 
tively. 


1. I. Logunov and S. S. Semenov, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 38, 1513 (1957), Soviet 
Phys. JETP 6, 1168 (1958). 
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POTENTIAL 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1333-1335 
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As is well known, the amplitude for scattering 
of a particle of given angular momentum 7 by a 
central field of force cannot be analytically con- 
tinued into the upper half plane of the variable k. 
An interesting proof of this is connected with the 
inverse problem of scattering theory (Gelfand 
and Levitan,! Marchenko?). 

For brevity we assume that there are no bound 
states and that scattering takes place in the s 
state; the generalization of the problem is obvious. 

Following Marchenko,? the solution of the equa- 
tion 


d°p (x, R) /dx® + (k® —V (x)) p(x, k) = 0 (1) 


can be given as an expansion in integrals over the 
system of functions 


9 (y, R) = (2/n)'? sin [ky + 6 (R)] (2) 
[5(k) is the scattering phase, known from experi- 
ment] in the following way 
(eA =elx b+) Aly oly.edy. (3) 
In this equation A(x, y) is determined from 
the integral equation, the kernel and inhomogeneity 


of which are expressed through the Fourier com- 
ponent of the scattering amplitude M(k) = 


exp { 27i6(k) } — 1: 
+00 


m (2) = \ M (k)e*dk, for z>0. (4) « 


‘Qn 

If m(z)=0 for z>0, then it follows from 
the equation of Marchenko that A(x, y) =0 and, 
according to Eq. (1), the wave function %(x, k) 
coincides with the solution of the free equation 
everywhere except at the origin (contact interac- — 
tion). On the other hand, m(z) going to zero for | 
z>0O means, according to Eq. (3), that the scatter-_ 
ing amplitude does not have poles for Im k>0 and 
grows with k > ~(Imk>0) no faster than as a 
power of k, since in this case the contour of inte- 
gration can be closed around a half circle of large 
radius lying in the upper half plane. | 

From this it follows that, if the scattering is de-_ 
scribed by a potential, then either the amplitude 
has a pole (a so-called spurious pole, since we 
assumed that the system did not have a level), or 
it grows faster than a polynomial for k > © (Imk 
>0). 

If the potential is bounded in space [V(x) =0 
for x>aJ], then m(z) goes to zero for z > 2a. 
This follows from the relation 


(eo (yk) 9 (xk) dk =8(y—x)—m(x+y). (5). 


In fact, for (x andy)>a, p(x,k) and 9(y, k) 
coincide with the solution of the Schrodinger equa- 
tion and, therefore, should be orthogonal. But then 
it follows from Eq. (4) that the function 


| 
a | 
| 
| 
| 


Ma (k) = M (k) erik (6) 


is analytic in the upper half plane. This result was 
obtained by Van Kampen? from other considerations. 

If the scattering amplitude is known for all en- 
ergies, then, as was shown most rigorously in the 
work of Khuri,’ the function 


g(E) = M(E,*) —V,/4e (7) 


(where M(E,7T) is the scattering amplitude, 
viewed as a function of energy E and given mo- 
mentum T, and V, is the Fourier component of 
the potential) can be analytically continued in the 
complex E plane (or upper half plane of k) and 
a dispersion relation can be given for it.* 

From the dispersion relation for the function 
(7) obtained by Khuri, it can be seen that if the 
scattering amplitude is known, then the potential 
is determined by the amplitude without solution of 
the integral equation. 

We emphasize that this assertion is valid if the 
scattering amplitude is known for all energies. 
Since even the Schrédinger equation is valid only in 
a limited region of energy, then the scattering am- 
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plitude can be given only for some energy interval. 
This problem will be treated in another communi- 
cation. 


*The conditions imposed on the potential by this coincide 
with the condition that for k +o the scattering amplitude be 
given by the first Born approximation. Then the dispersion 
relations are valid for t < 2a, where « is the maximum pos- 
itive number for which the integral 


eV () dy. 
0 


exists. We note, in addition, that if this integral exists for 
arbitrary a, then the scattering amplitude does not have 
“spurious poles.” 


1]. M. Gel’ fand and B. M. Levitan, Izv. Akad. 
Nauk SSSR, Ser. Mat. 15, 309 (1951). 

2V. A. Marchenko, Dokl. Akad. Nauk SSSR 104, 
695 (1955). 

3N. G. van Kampen, Phys. Rev. 91, 1267 (1953). 

4N. N. Khuri, Phys. Rev. 107, 1148 (1957). 


Translated by G. E. Brown 
269 


TWO CLASSES OF INTERACTION 
LAGRANGIANS 


V. G. SOLOV’ EV 
Joint Institute for Nuclear Studies 
Submitted to JETP editor January 24, 1958 
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Ler us consider Lagrangians of the strong inter- 
action of baryons and mesons, retaining their iso- 
topic structure as given by Salam.' We note that 
the wave functions of particles belonging to the 
same isotopic multiplet behave similarly under all 
transformations. 

We divide strong interaction Lagrangians into 
two classes. To the first class we assign interac- 
tions that contain at least one vertex where the 
fermion does not change a single one of its funda- 
mental characteristics: mass, electric charge, 
strangeness. These are the electromagnetic inter- 
actions, the interactions of mesons with nucle- 
ons, of mesons with Z particles, andof 7 
mesons with = particles. To the second class we 
assign interactions that contain only vertices at 
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which the fermion necessarily changes at least 
one of its fundamental characteristics: mass, elec- 
tric charge, strangeness. These are the interac- 
tions of mesons with A and Z particles, and 
also all interactions of K particles with baryons. 
Let ~, x, >, € be operators of fields of spin 
zero which transform in the following ways under 
the operations of space inversion P, charge con- 
jugation C, and time reversal T: 


The interaction Lagrangians of the first class 
for the fields o, x, ¢, & (taken truly neutral for 
simplicity ) have different forms which cannot be 
reduced to each other, namely: 


L, = £, 0420; (2) 
L, = fdr. x0 / Ox, (3) 
Lg= ggbrsh $o + Fobrer, 0 / 9x, - (4) 


A characteristic feature of the Lagrangians as- 
signed to the second class is the presence, in addi- 
tion to the usual terms, of interactions of the form 
i(J,0%,6 — ~,07%,0*). The Lagrangians of the sec- 
ond class describing the interaction of the bosons 
9, xX, >, € with the fermions 7%, and 7%, which 
have the same phase factors under the operations 
P, C, T, are written in the following form: 


Li= 8, (dipee + dare") 


clewhe (dry, ae oo doy, ee) , (5) 
LY= ig, (dipox —— Pothx*) 


+ fy (Digs gee + Goth FE) (6) 
Lg= &% (drysP2% + beys$") 


— (a) — og” 
ae) (Grrsryds ra + poysy,, Pr am ’ (7) 


L.= ig, (prys'poé i. ose") 


ul ea — @ = Ox" 
<5 if, (Diver, Te = poysy, Pi ae : (8) 
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The interchanges* 
be — the, 


bring the expression (6) to the form (5), and the 
interchanges 


be ies iby, 


bring (8) to the form (7). Thus there are two types 
of Lagrangians of the second kind, namely (5) and 
(7), and the type of interaction is determined by 
the behavior of the boson field operator under the 
operation P. 

As has been shown by Pais and Jost,” the re- 
quirement of invariance under C forbids the com- 
bination of the scalar and vector couplings for 
scalar particles. This is true, however, only for 
interactions of the first class; as can be seen from 
Eq. (5), a combination of scalar and vector coup- 
lings is possible for interactions of the second 
class. 

Following the hypothesis put forward by the 
writer,’ let us consider strong interactions invari- 
ant with respect to T, but possibly non-invariant 
with respect to P. As has been shown in Ref. 4, 
interactions of the second class contain terms in 
which the parity is not conserved, but isotopically 
invariant interactions of the first class without 
gradient coupling do not contain such terms. 

In view of the possibility of the replacements 
y~. — —i,. and so on, there is only one form of La- 
grangian of the second class that is invariant with 
respect to T, namely (gradient terms are omit- 
ted ): 


19, [rect DS 


Comeaee? 


Soria tama lamer et 


L=g (drystbs o+ beysi’) + ig’ (dibs an dati’). (9) 


We note that the Lagrangians of the first class in- 
variant with respect to T will be different for the 
operators og and @. 

Since the behavior of the a-meson field under 
the transformation T is known, the terms of the 
interaction Lagrangian of baryons and mesons be- 
longing to the first class are completely deter- 
mined, and there exists only one form for the in- 
teraction of the second class. Therefore the iso- 
topically invariant Lagrangian of the strong inter- 
action of baryons and mesons, invariant with re- 
spect to T, is uniquely determined. The part of 
this Lagrangian invariant with respect to P has 
been given in Ref. 1, and the other part in Ref. 4. 


*My attention was called to the possibility of this sort of 
replacements by Chzhou Guan-Chzhao, to whom I express my 
gratitude. 
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ly a paper by the writer! a classification of bary- 
ons has been given on the basis of two quantum 
numbers — the third component of the isotopic 
spin, t;, and the third component of the so-called 
isotopic moment, v3. The results obtained can be 
represented as shown in Table I. 


TABLE I 
Au f 
Burros p n = Bf) Sa] ee EO Al 
4 4 1 il | | 
t =e Ss wel SS as = —_—_— 
BT Slee cote pee et aaa 
Hl 4 
v —— — 0) 1] 0 |—t 
: > | +35 | | 


In order to obtain the analogous scheme for the 
mesons, one must set up the irreducible equations 
for the multiplets of free bosons. 

We note that from the equation 


[B,0 / Oxy + Ry exp (ay5)] p = 0 (1) 


there follows the ordinary second-order wave equa- 


tion. Here By and ny are the Kemmer-Duffin 
matrices,? a isa constant, and 


Ns = NNeAs%a- (2) 


Equation (1) is a generalization of the Proca- 
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Kemmer-Duffin equation. But for reasons that 
have been considered by the writer in Ref. 3, 
Eq. (1) is not useful for the description of multi- 
plets of particles. 

Let us generalize Eq. (1) in the following way: 


[B,O / 0x, +Rol exp (aTs)] p=0. (3) 


Here the operators B,, I, and Ts satisfy the 
commutation relations 


By BoB + Peintas = Oieba + Osply; 


B\T3 = T3By = 0, IT; fel = 0, 


LBS— Bil ==10; (4) 


For these operators we can choose the following 
irreducible representation (notations of Ref. 3): 


By — 1 Bos 


Oya 
r=(, an (5) 


With the choice (5), Eq. (3) describes isotopic spin 
multiplets of free mesons. 

In complete analogy with the case of the fermi- 
ons,' we can introduce here also the isotopic mo- 
ment operator V3. Then the mesons will be char- 
acterized by the quantum numbers shown in Table 


I. 


T3 = 93 X Ys, 


TABLE II 
Type 
a: Kt Ke K® K- Ga |e || Gane 
meson 
ts 1 4 = is a il | 0 | oH 
2 a 74 2 " 2 
4 al 
v = = 0 
3 5 ain 5 


It is interesting to note that the system of me- 
sons coincides completely with the system of bary- 
ons; the only thing absent is the isotopic-moment 
triplet corresponding to the baryons Q', INS VAS 

The electric charges of baryons and mesons are 
expressed by a common formula 


gq = — (ts + 0s). (6) 


A study of the experimental material‘ gives the 
following rules: (a) In the strong and electromag- 
netic interactions there is conservation of both the 
third component of the isotopic spin and also the 
third component of the isotopic moment of the sys- 
tem (the electric charge is of course also con- 
served). (b) In the weak interactions only the 
charge of the system is conserved, since the third 
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component of the isotopic spin and the third com- 
ponent of the isotopic moment change by +4. All 
processes that do not satisfy these rules are forbid- 
den. 


'H. Oiglane, J. Exptl. Theoret. Phys. (U.S.S.R.) 
33, 1537 (1957), Soviet Phys. JETP 6, 1189 
(1958). 
*W. Pauli, Relativistic Theory of Elementary 
Particles (Russian translation), Moscow, 1947. 
3H. Oiglane, J. Exptl. Theoret. Phys. (U.S.S.R.) 
33, 1511 (1957), Soviet Phys. JETP 6, 1167 (1958). 
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as basic characteristics of the low-voltage arc 
region are determined by ambipolar diffusion both 
in radial and axial directions, from the region of 
the cathode spot.'»? If the low-voltage region is 
placed in a homogeneous longitudinal magnetic 
field of intensity H, the distribution of electron 
concentration of the current on the wall, and also 
the dimensions of the low-voltage region, change 
with the ratio D,/B, of the diffusion coefficients 
parallel and perpendicular to the magnetic field. 
This makes it possible to determine the value of 
the above ratio for various values of H. In par- 
ticular, the ion current on the wall varies, within 
a certain range of z, in accordance with 


Aa 
jw = Cexp (= wey/ a (1) 


where ry is the radius of the tube, z the coordi- 
nate along the tube axis, and p, the eigenvalue of 
the boundary problem, which can be determined 
from measurements at H=0. 

The author, helped by G. I. Pankova, measured 
the distribution of the ion-current density on the 
walls, in the low-voltage are region, at various 
values of H. The measurement procedure was 
analogous to that described in Ref. 2. The gen- 
eral pattern of the observed redistribution, for 
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FIG. 1. Distribution of ion current on the walls: 1=—H =0, 
2 — H = 840 oersted. 


an argon pressure of 0.7 mm Hg, is shown in 

Fig. 1. The electrons and ions diffuse farther 
along the axis, owing to the reduced diffusion to- 
wards the walls in the magnetic field. Ata certain 
distance from the cathode, j,, increases in the 


magnetic field, since it decreases near the cathode. 


The total value of the ion current remains almost 
constant at H = 840 gausses from z= 0 to the 
minimum, as shown on the curves of Fig. 1, even 
though the ratio D,/D, equals 2.5. 

The variation of D,/D, obtained in the first 
experiments is shown in Fig. 2, where the abscissa 


ASO WADA Y& & SHS 
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FIG. 2. Dependence of D,/D, on the square of the magnetic- 


field intensity. Pressure in argon: O—0.25 mm Hg, x — 0.7 mm 
Hg, @— 1.0 mm Hg. 


represents the square of the magnetic field inten- 
sity. The value of D,/D, was determined in ac- 
cordance with (1) from the slope of the lines on the 
semi-logarithmic graph. Figure 2 agrees fully 
with the classical formula 


D ll (2) 


hee 1k, [oP ’ 


where bg is the mobility of the electrons, cy the 
velocity of light, and k is the ratio of the ion and 
electron mobilities. 


The advantage of the method proposed here 
over those described in the literature is that there, 
is no need for measuring the electron concentra- — 
tion in the plasma. The results obtained show that 
when the plasma is no longer longitudinally homo- | 
geneous, a decrease in D, is not accompanied by | 
the same decrease in diffusion current on the — 
walls. A frequently-encountered masked case of 
an inhomogeneous column is a column with moy- 
ing strata. Here charge diffusion along the tube 
is characteristic of the strata as well as of the 
low-voltage arc region.>~5 Results of measure- 
ments in a positive column® must therefore be 
accepted with caution. 


| 
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Phys. (U.S.S.R.) 17, 319 (1947). | 
2A. V. Nedospasov and K. E. Torgonenko 
PaquorexHuka u 3nekTpoHHka (Radio Engg. and 
Electronics) 2, 494 (1957). 
3B. N. Kliarfel’d, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 22, 66 (1952). 
4A. B. Stewart, J. Appl. Phys. 27, 911 (1958). 
°W. H. Bostick and M. A. Levine, Phys. Rev. 
97, 13 (1955). 


Translated by J. G. Adashko 
272 


ANOMALOUS GALVANOMAGNETIC PROP- 
ERTIES OF METALS AT LOW TEMPERA- 
TURES 


N. E. ALEKSEEVSKII, N. B. BRANDT, and 
T. I. KOSTINA 


Institute of Physical Problems, Academy of 
Sciences, U.S.S.R; Moscow State University 


Submitted to JETP editor February 5, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1339-1341 
(May, 1958) 


ly many works devoted to the study of galvanomag- 
netic properties of metals not enough attention is 
paid to the technique used to bring in the current 
and potential leads. In strong effective fields 

[ Hop = Hot (T)/o9(300°K)] this can lead to a dis- 
tortion of the observed phenomena. Thus, for ex- 
ample, in Refs. 1 to 4 the potential difference V5 
measured across the potential electrodes, increases 
as usual in weak magnetic field, passes through a 
maximum, diminishes to zero, and sometimes re- 
verses its sign. 
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Since analogous anomalous changes in potential 
difference were observed by us in an investigation 
of the galvanomagnetic properties of bismuth in 
longitudinal and transverse magnetic fields,* sup- 
plementary experiments were performed to deter- 
mine how the shapes of the electrodes and the 
methods by which they are interconnected influence 
the variation of Vy, ina magnetic field. It be- 
comes possible to attribute the anomalies in the 
variation of Vx observed in Refs. 1 to 4 to quad- 
ratic effects, particularly, the “quadratic” Hall ef- 
fect, observed up to now only in germanium,° 
HgSe,®*' and Ga.® This effect is the appearance 
of a transverse potential difference in specimens 
located in a magnetic field. This potential differ- 
ence, Vy, is in the plane passing through the cur- 
rent and magnetic field vectors, and is a quadratic 
function of the magnetic field. For isotropic spe- 
cimens it attains its maximum at an angle of 45° 
between the current and field. Investigations of 
the “quadratic” Hall effect in bismuth of varying 
purity, in aluminum, and in tin’ have shown that 
Vy increases sharply with decreasing tempera- 
ture and with increasing purity of the specimens. 
In sufficiently pure specimens, at a temperature 
of 4.2°K and at H = 13,000 Oe, Vy of the “quad- 
ratic” Hall effect exceeded V,, measured at 
H=0, by thousands and sometimes tens of thous- 
ands times. 

It is obvious that in those cases when the change 
in the resistance in the magnetic field is small 
(for example, in measurements in a longitudinal 
field), a slight Vy component along the specimen 
is sufficient to distort qualitatively the curve of 
the true variation of resistance in the magnetic 
field, for this additional component cannot be elim- 
inated by double reversal of the directions of the 
current in field, as is usually done in the measure- 
ment of resistance. The results are particularly 
badly distorted when the current contact area is 
small compared with the specimen cross section 
area and the potential electrodes are located near 
to the specimen ends. In this case the current- 
density gradients on the ends of the specimen 
(which usually are not strictly symmetrical) will 
give rise to stray currents which may interact 
with the magnetic field to produce an additional 
potential difference at the potential electrodes, a 
difference which cannot be eliminated by revers- 
ing the current or the field. 

Furthermore, if the line passing through the 
potential electrodes is not quite parallel with the 
axis of the specimen, an additional voltage com- 
ponent of the “quadratic” Hall effect may arise 
between the two. Even in the absence of such a 


deviation from parallelism, if the current elec- 
trodes are not symmetric about the specimen 
axis, an additional potential difference of either 
sign can occur, owing to either the first or the 
second.reasons above. 

Experiments with specimens of different ge- 
ometries have shown that increasing the specimen 
length to diameter ratio, while retaining an identi- 
cal relative placement of the potential electrodes, 
does not lead to a substantial reduction in the 
anomalous effects. However, increasing the dis- 
tance between the ends of the specimens to the 
potential-electrodes, and also changing the ratio 
of the contact area to the specimen cross-section 
area, affects quite strongly the variation of the 
potential difference in a longitudinal magnetic field 
(see diagram). 
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Relative variation of V, in a longitudinal magnetic field 
at T=77°K in Bi specimens of various shapes. Curves 1 — 
polycrystalline plate measuring 0.7 x 6.0 x 3.8 mm; O— current 
electrodes make point contact, x — flat copper current elec- 
trodes, 0 — repeated fusing of point electrodes (flat contacts 
removed and specimen shortened somewhat). Curves 2 — mono- 
crystalline cylindrical specimens of identical crystal orienta- 
tion, 15 mm long and with diameters of 2 mm (+) and 0.5 mm 
(A); the distance from the end of either specimen to the po- 
tential-electrode lead-in is on the order of two diameters. 


In connection with this it appears rational to 
perform measurements on a specimen having a 
cross section equal to those of the current elec- 
trodes. In this case the potential electrodes must 
be located as far away as possible from the ends 
of the specimen and as parallel as possible to its 
axis. Failure to observe these precautions in 
Refs. 1 to 4 has most probably caused the indicated 
“anomalies.” This likelihood is emphasized by the 


fact that in Ref. 2 a substantial change in the mag- 


nitude of the observed effect was noted when the 
current and potential electrodes were interchanged. 
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One cannot exclude the existence of more com- 
plicated mechanisms leading to an added longitudi- 
nal potential difference in a magnetic field exist. 
These added effects are, however, apparently sub- 
stantially less than the effects noted above. 

We consider it our pleasant duty to thank Acade- 
mician P. L. Kapitza for discussing this communica- 
tion. 


*Reported at the All-Union Conference on Low Temperature 
Physics, Moscow June 1957. 
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THE DIFFERENTIAL FORM OF THE 
KINETIC EQUATION OF A PLASMA FOR 
THE CASE OF COULOMB COLLISIONS 


B. A. TRUBNIKOV 
Moscow Engineering-Physics Institute 
Submitted to JETP editor February 20, 1958 
J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1341-1343 
(May, 1958) 


As is known,' the kinetic equation for the particle 
distribution function fg (t, r,v) of a completely 
ionized plasma (@=e and a@ =i denote electrons 
and ions, respectively ) can be written for the case 
of Coulomb collisions in the form 


aL 


ot 


+ (v grad,) fa + (PaVofa) = — » (Vojus), (1) 
x B 
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2mre® 4, 


oF, i) A 
\av'Un, poe ae 
oR 
U, = 0 | V | /dv,00, = (V28 eV a 


V.=v,—vd.. 
Z L pa 


The present note shows that the particular struc- 
ture of the integrals in Eq. (2) for the current al- 
lows one to introduce new variables in the form of | 
new unknown “potential” functions | 


®.(t, 1, v) =\dv'fa(v')| vv", (3) 


which will transform the integro-differential equa- | 
tions (1) into pure differential form. | 
Let us consider the first integral in the expres- | 
sion for Jap: If we make use of the expression for | 
Uiz, we obtain | 
I, (v’) dv’ 
aerate 


2, (t,t V) = (4) 


Further, noting the identity 


(5) 


we can transform the second integral in (2) accord= 
ing to 


ae {V?Vola— Vv (VVofa)} = (VolaVo) Vo | Vi v’ | ? 


af, 


ik Ov, 


Of PO. 
00; : 0u;,00,; * 


\av'f,U (6) 


The other quantities entering into (1) are also easy 
to express in terms of the @g. In particular, 


ray 4 1 
5 Veta lg) ae ots eek (7) 


p 


Inserting (4), (6), and (7) into (1), we obtain the 
differential equation 


0 1 
oF (Wo?) HAV Brad )(ve®)r a (Fe?) 
are? e2 ¢ 4 1 
Sa a hale (v2 2) V50,— WEP Ne) v.09) 
(8) 


for the “potential” functions. In the special case 
of a “moving” Maxwell distribution given by 


(9) 


iz) (V) = ny (tte [2nF 2) * exp{—s). 


mn 
Sy =|/ wa 


(where ng(t, Yr) is the density, ae. (t, r) is the 
mean velocity, and Tg(t,r) is the temperature ) 
we have 
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®2 (v) = na a2) ren 


TM 


1 
M (s) == eS" + (1 + 22) )\ es dx, (10) 
5 0 


It is easy to verify that oe (v) causes the self- 
current jqq to vanish, which is as it should be. 

From the definition (3) one easily obtains the 
asymptotic potential function (for v > <v>q; 
we drop terms of order v~°), namely 


O, (v) = on, {1 = (wa) 


v2 


a le Oe (wo)? (vII,¥) 
ce = 208 ~ Dots B08 |. 


where we make use of the tensor 


(13) 


uo 
(¢ tf 0 
ie. = =F 3-\ dv’ hs (uacttsn— =. edhe ue = V — Vx. 
a 


If the distribution differs only slightly from a 
Maxwell distribution, so that we may write 


®, (v) = 02 + 0 


= ni (2TZ/ nm.) [M (s.) +x (Se)], Y<KM, (12) 


the linear approximation gives the following expres- 


sion for the current Jgq due to collisions among 
particles only of type a: 


i,.. = (et / 4m?) [(V5®.V,) Vo? , —(V59.) VIP] 
me (Mean? / Anim?) (m, / 2T.,)"*[16e-* (sy) Vex + 8e-#yex 
(13) 


WV ee. 


In this case all the equations can be linearized. 
Under certain special conditions, it is possible 


to lower the order of the differential equation. Such 


a situation may occur, for instance, when the dis- 
tribution depends only on the absolute value of the 
velocity. Since the use of Eq. (8) for the “poten- 


tial” functions may lead to extra solutions, the final 


result must be verified by inserting it into the ini- 
tial equation (1). 


17,. D. Landau, J. Exptl. Theoret. Phys. (U.S.S.R.) 


7, 203 (1937). 
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PROOF OF THE ABSENCE OF RENORMALI- 
ZATION OF THE VECTOR COUPLING CON- 
STANT IN BETA-DECAY 


B. L. IOFFE 
Submitted to JETP editor February 20, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1343-1345 
(May, 1958) 


(Grech-Mann and Feynman have proposed! that 
the vector coupling constant of the £ -decay inter- 
action is not subject to renormalizations due to the 
strong meson-nucleon interaction, if a direct inter- 
action between the a meson and electron-neutrino 
fields is introduced such as to make the vector part 
of the meson-nucleon £ -interaction Hamiltonian of 
the form 


H=G, [dr ,2° 21 (O° Ty ® 


satya) LO) ise + Herm. conj. 


gah Ped Cone eke (1) 
where Tt = (T+ ity), Tt = a (Tx'+ ches ane 
the isotopic spin operators and @=(¢9, 2°, gt ) 
is the meson wave function. 

This assumption of Gell-Mann and Feynman 
may be rigorously proved if it is noted that in the 
presence of the 8 -interaction (1) the complete 
nucleon —a meson Lagrangian (in which the me- 
son-nucleon interaction is included but interactions 
with the electromagnetic field are not) admits the 
group of infinitesimal transformations 


PH=(l—e ys yes OH [lL —2My+ Tye, 


Ju = Jy + OY | OXp (2) 


where x is an infinitesimal numerical function. 
The existence of the group of transformations (2) 
makes possible the proof of a theorem analogous 

to the Ward theorem in quantum electrodynamics. 
To obtain the proof it is only necessary to calculate 
the nucleon Green’s function G(x, y, Jy) in the 
presence of a time and space independent external 
B-current J ye and to define the vertex part as 


Ii (x, ys &) = dG (x, ys Ju)OJuly,_.° ()- 


Putting x(x) =JyXy, one obtains from the defini- 
tion of the Green’s function 


G(x, Y; ), p(y)} | 


and from the relations (2): 


Ju) = OL TVs 
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0G (x, y; J.) ‘ . . Y 
a, = 1<O[T {r*x, p(x), (y)} [ > 


Ju=0 


—i C0 | T {$ (x), (y) ey, } | 0>. (3) 
However, this quantity, when viewed as a matrix in 
isotopic spin space, should be of the form F (ey )T 
Taking this into account one may bring (3) into the 
form 


OG (x, y; Jy) 


od J.=0 


=i(x,—y,)<O|TEP(x), $y)} 10> 


= i(x, —y,)G(%,-y)t" 


and, consequently, 


P(e, ys P= iH — HONKY IE. (A) 


Going over to the momentum representation, we 
obtain a relation analogous to the Ward theorem in 
quantum electrodynamics: 


Un(p;2, 0) = 0G (p) /op.: (5) 


The remainder of the proof of the absence of charge 
renormalization is the same as in quantum electro- 
dynamics when vacuum polarization is ignored. 

If, in addition to the meson — nucleon interac- 
tions, it is also desired to take into account the in- 
teractions of nucleons with K mesons and hyper- 
ons, the group of transformations (2) must be ex- 
tended to include the strange particles, so as to 
have no renormalization of the vector coupling 
constant of the 6-interaction. This can be achieved 
by assuming that the K meson and = hyperon 
wave functions transform as the nucleon wave func- 
tion, the 2 hyperon wave function transforms as 
the mt meson wave function, and the wave function 
of the A° particle remains unchanged. The exist- 
ence of such a group of transformations of the 
strange particles requires that the vector part of 
the £-interaction Hamiltonian of K mesons and 
hyperons be of the form 


1g Gy[2bey.T he 4+u (pKt*VueK = (Vue) =*0x) 


+ bey,t* bs] J, + Herm. conj. (6) 
The Hamiltonian (6) describes £-decays of strange 
particles in which strangeness does not change* 
(6.65, 50 — D+ ef +p, Ko = K+ @ + v). The 
constant Gy in the Hamiltonian (6) corresponds 
to the constant in the Hamiltonian (1) and, just like 
the latter, does not get renormalized by strong in- 
teractions. 

We note that radiation corrections due to the 
electromagnetic field have been neglected in the 
present proof. The interaction of the particles 
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with the electromagnetic field is not invariant 
under the group of transformations (2) and should, | 
in general, lead to a renormalization of the con- 


stant Gy. 


*Processes involving a strangeness change, cannot, 
clearly, influence the magnitude of the renormalization in _ | 
processes in which strangeness does not change. | 


1R. Feynman and M. Gell-Mann, Phys. Rev. | 
109, 198 (1958). 
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LOWER EXCITED (ROTATIONAL) LEVELS 
OF 1T234 


A. P. KOMAR, G. A. KOROLEV, and G. E. 
KOCHAROV 


Leningrad Physico-Technical Institute, Acade- | 
my of Sciences, U.S.S.R. 


Submitted to JETP editor February 20, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1345-1346 
(May, 1958) 


Usine an ionization chamber with grid,! we inves- 
tigated the energy spectrum of a -particles from 
u238_ The spectrum obtained is shown in Fig. 1 


where a) is the ground-state group of 4.182-Mev 
a particles from U?**. In our opinion, d, is the 
group of particles corresponding to the transition 
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500, 418 Mev 


FIG. 2 


to the Th?** second level. The transition intensity 
is (0.25 +0.1)%. The level energy is approxi- 
mately 160 kev. The second to first level energy 
ratio coincides with the theoretical value obtained 
using the generalized model of the nucleus. It is 
most probable that this is the +4 level. 

The a, group corresponds to a transition of 
the daughter nucleus to the +2 level. This group 
of particles is readily separated in the a@ -particle 
spectrum by using electric collimation and a nar- 
rower analyzer channel (Fig. 2). The intensity of 
transition to the +2 level is 23%. 

This intensity value is in good agreement with 
the results of Refs. 2 to 5. The decay scheme of 
u238 plotted in accordance with the results of this 
work, is shown in Fig. 1. 

At the present time further measurements are 
being made with a view towards a better separation 
of the @, group, so as to increase the accuracy 
of the results obtained. 


TBochagov, Kocharov, and Kirshin [Ipu6ops1 u 
rTexHuka akcnepumenta (Instr. and Meas. Engg. ) 
INO. 6 195 7"p; (2: 

2B. B. Zajac, Phil. Mag. 48, 264 (1952). 

3D. C. Dunleavy and G. T. Seaborg, Phys. Rev. 
87, 165 (1952). 

4G. Albouy and J. Teillac, Compt. rend. 234, 
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ANISOTROPY OF THE EVEN PHOTOMAG- 
NETIC EFFECT 


Iu. A. KAGAN and Ia. A. SMORODINSKII 
Submitted to JETP editor February 21, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1346-1347 
(May, 1958) 


Kinons and Bykovskii' have recently observed 
the presence of a clearly pronounced anisotropy 

in an investigation of the even photomagnetic ef- 
fect in semiconductors with cubic lattice. By “even 
photomagnetic effect,” first discovered by I. K. 
Kikoin,? is meant the appearance of a potential dif- 
ference in a direction perpendicular to the incident 
light, independent of the direction of the magnetic 
field.) In this communication we give a purely 
phenomenological description of the character of 
this anisotropy. ; 

The problem under consideration is character- 
ized by three vectors: the magnetic field H, the 
outer normal n to the illuminated surface of the 
semiconductor (along which the liberated carri- 
ers diffuse), and the resultant electric field E. 
Let the magnetic field be sufficiently small. Then, 
with accuracy to terms quadratic in H, one can 
write the following general expression 


E; = Lignk + Linithlt + Lintm trim. (1) 


Let the Cartesian coordinate axes coincide with 
the axes of the cubic crystal. From the symmetry 
properties of this crystal it follows that 


Line Lion Din Lees 


where 6, is the unit tensor of second rank and 
€j;j7 is the unit totally-antisymmetrical tensor of 
third rank. 

As is known (see, for example, Ref. 3) the 
fourth-rank tensor will have only three independent 
components in a cubic crystal. 


Laas = Loraa= Ls, 
Laaaa =e L;. 


vlabba aad Lapap a2 Drape =I, 


As a result the expression for Kj is trans- 
formed into 


JB 5 = Necithy, -+ pein ite -[- L3njH? + 2L4H inn, ar LsmuHi, 


NW ipa) Deal) i) (2) 


(there is no summation over the underscored 
indices ). 
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The first term in (2) corresponds to the Dember 
effect,‘ the second to the odd photomagnetic effect,° 
and the third determines the variation of the Dem- 
ber effect with the magnetic field. As to the fourth 
term, it describes the even photomagnetic effect 
in that form, in which it takes place in an isotropic 
semiconductor. If E is measured along a direc- 
tion 1 perpendicular to n, andif 2, n, and H 
are in the same plane, then this term signifies a 
simple dependence on the angle vw) between n 
and H, namely 1A sin 23), which was observed 
in polycrystalline specimens.” 

The last term in (2) determines the presence of 
anisotropy in the even photomagnetic effect. Ls 
vanishes in a completely isotropic specimen. 

If H is perpendicular to n the isotropic por- 
tion of the even photomagnetic effect vanishes and 
the general expression for E] = 3 [Ej(H)+ FE] (- H)) 
(2 perpendicular to H) is written as 


Ey = 1, >\nililt?. (3) 
i 


It follows from (3) that, at a sufficiently small 
magnetic field and a known orientation of the mono- 
crystalline specimen axes, the change in the even 
photomagnetic effect makes it possible to deter- 
mine the anistropic constant Ly 

In the particular case when n coincides with 
the direction of the principal diagonal axis, expres- 
sion (3) becomes particularly simple 


ge VD. 
B= 20 


L3H? {cos? (p —,) cos © 
+ cos? (e+ 3 = —) COS (e+ =") 
+ cos? (¢ ae =e 0) cos (9 -- 3™)| ; (4) 


Here 9, is the angle between H and 1 and 9 
is the angle of rotation of the specimen about n. 
The character of the dependence of Ej on ~, as 
obtained in Ref. 1, is very close to that given by 
(4) 

It must be noted in conclusion that the first to 
indicate that anistropy in a semiconductor with 
cubic lattice is possible, in connection with the 
dependence of the resistance on the magnetic field, 
was Seitz,° who introduced a term analogaus to the 
last term in (2). 

The authors are indebted to Academician I. K. 
Kikoin for valuable discussions. 
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ON THE DETERMINATION OF THE COVA- 
RIANTS IN THE Ke3 DECAY 


I. Iu. KOBZAREV 
Submitted to JETP editor February 24, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1347-1349 
(May, 1958) 


lr all weak interactions are described by a univer- 
sal A—V interaction as proposed by Gell-Mann 
and Feynman! and Marshak and Sudarshan” then the 
matrix element for the decay K—~>e+v+qm should 
be of the form:° 


M ~ GMf (¢,p, (1 + 15) $,) 


(in perturbation theory f ~ In(A2/M?) where A 
is the cutoff parameter and M the nucleon mass; 
however, in general, f may be a function of the 
m7 -meson energy). Additional interest is raised 
thereby in the determination of the decay interac- 
tion. 

For purposes of analysis the decay of the long- 
lived K} meson, K} + e*+p+ 27, is the most 
convenient since the presence of two charged par- 
ticles permits a complete determination of the 
kinematics. 

In the present note we propose to analyze the 
decay by a method analogous to the Dalitz analysis 
for the T* decay,* on the assumption that the de- 
cay interaction is of the general form discussed 
by Pais and Treiman:° 


z ; io , 
M ~ (fs + fists) be + ae Dtu (fv + Frvs) de 


Kon 
Pu Py 


+ gee WSs (fr a Fris) e- 


The Gell-Mann and Feynman scheme corresponds 
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toa pure V covariant, i.e., fg=fg=fp=fp=0 
(and fy = inp) 

The decay probability may be written in the form 
form 


W~ (Ex, E.) dE dE. 


Theoretically, only the dependence of 4 ( Ez, Ee) 
on E, can be determined; the necessary calcula- 
tions are contained in the work of Okun’,® whose 
results are used below. 

Let us represent the decays by points P(x, y) 
inside an equilateral triangle ABC, such that the 
distances from P to AB, AC and BC are pro- 
portional to the energies of the electron, neutrino, 
and m meson respectively (see figure). The re- 


A 


LI, 


gion allowed by the momentum conservation law is 
bounded by the straight line 


i Ex (max) = (Mx — mz)? |2Mx 


and the hyperbola 


“x= V(y? + 2may) / 3. 


From the observed decays one obtains a certain 
distribution of points inside of this region. Then, 
according to the results of Ref. 6, the analysis ~ 
may be carried out as follows: 

“1. It is first determined whether the distribu- 
tion of decays is symmetric or not about the y 
axis. An asymmetry can occur only if both the S$ 
and T covariants are present simultaneously 
(with, possibly, admixtures of V). 

2. If the distribution is symmetric then it may 
be “folded” relative to the y axis by replacing 
points P to the left of the y axis with points 
placed symmetrically relative to this axis; thus 
one need only consider the segment ROD. This 
segment is further divided into two parts of equal 
area, I and II, by the hyperbola y = 3vV(y*+2my)/3 
Let n(I) and n(II) denote the number of decays 
in regions I and II and let p(x, y) denote the 
density of decays. Then: 

(a) If n(I) >n(II) we have the V covariant 
with possible admixtures of T or S; a pure V 
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covariant is characterized by the vanishing of p 
on the hyperbola RO. 

(bo) If n(I)<n(II) then the dominant covariant 
is T with possible admixtures of V; a pure T 
covariant is characterized by the vanishing of p 
on the y axis. 

(c) If n(I) =n(II) we have either the S co- 
variant or a mixture of V and T; a pure S co- 
variant is characterized by a p independent of x. 

Let us point out the characteristic feature which 
indicates the presence of the V covariant: namely, 
it is the only covariant for which p does not van- 
ish on the straight line DR. 
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0 — 0 BETA TRANSITIONS WITH PARITY 
CHANGE 


B. V. GESHKENBEIN 
Submitted to JETP editor February 24, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1349-1350 
(May, 1958) 


dhess possible variants of 6 -decay interaction 
have recently been undergoing a reexamination. 
Whereas in.the past it has been considered ex- 
perimentally established that the vector and axial- 
vector interactions do not contribute to B-decay, 
now the validity of these experiments is in doubt. 
Furthermore, if the universal theory of weak inter- 
actions proposed in Refs. 1 and 2 is valid, then 
only the A and V covariants contribute to B- 
decay. 

As is well known, the spectrum of 00> 0 (yes) 
transitions is given to a high accuracy by the Fermi 
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spectrum, i.e., the correction factor C is energy 
independent. Only the tensor interaction fails to 
give the required spectrum shape; it has been nec- 
essary to explain the spectrum shape by introduc- 
ing the pseudoscalar interaction and assuming 
gp > er (Ref. 3). 

The purpose of the present note is to focus at- 


tention on the fact that the spectrum shape of 0~0' 


(yes) transitions is in good agreement with the A 
covariant (the V covariant does not contribute 
due to selection rules), and to derive expressions 
for the electron polarization and electron-neutrino 
correlation. The required formulae may be ob- 
tained from the corresponding formulae valid for 
the T—P covariant,’ provided one replaces q by 
—q and Ap = =igp [rs/er forr by A= 

—i [vs/ fo- Yr, which now will be real: 


C= {('/oL0g? + My — ?/3qNo) 


2 


+ (2No—*/sLoq) + Lo} |g, Serf, (1) 


<a = — C? 


g,\orf Cia VLE— Pi + V Me Oi 


+ 4/3q (V (Lo + Po) (Mo + Qo) + V (Lo — Po)(My — Qo) ) 
—(V(Lo+ Po(My + Qo) + V (Lo = Po)(Mo — Qo) 


ee eG Vhs Pe) keV aS Pe he) cin Oe 2) 
Wy (8) = 1 + <on) cos 6. 


The term Lyq*/9 + My in the correction factor 
C increases with increasing energy, whereas 
— 2qNo /3 decreases, so that, to an accuracy of 5%, 
the expression '% Lyq? + My — 7/3 qNo is constant. 
The expression 2Ny) — ue Loq is constant to within 
2%. In the case of the T—P covariant the analo- 
gous quantities varied by a factor of 2 and by 40% 
respectively (for Pr‘44 ). If we assume that the 
deviation from a Fermi shape does not exceed 5% 
then A must satisfy } > 24 or A< 383 (the sign 
of A is unknown). Under these conditions the 
electron polarization is practically indistinguishable 
from —v/c. 

In conclusion I thank Prof. V. B. Berestetskii, 
B. L. loffe, and A. P. Rudik for discussions. 
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CROSS SECTIONS FOR THE INELASTIC 
SCATTERING OF 4.5-Mev DEUTERONS 
BY CERTAIN LIGHT NUCLEI 


E. A. ROMANOVSKII and G. F. TIMUSHEV 
Moscow State University 
Submitted to JETP editor February 24, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1350-1351 
(May, 1958) 


LweLastic scattering of deuterons by atomic 
nuclei was studied essentially at two energy values: 
Eq ~ 15 Mev (Refs. 1 and 2) and Eg ~ 9 Mev 
(Refs. 3 to 5). There was hardly any investigation 
of inelastic deuteron scattering at lower energies. 

When this investigation was started, it was 
known that the differential cross section of the 
(d, d’) reaction on Mg (AE = 1.37 Mev, Eg = 
4.5 Mev) scattering angle (4, p = 70°) was 
4 mbn/sterad.® One could conclude from the work 
of Khromchenko! that in many nuclei there is little 
probability for the (d, d’) reaction at Eg ~ 4 to 
5 Mev, with the exception of Li’. In the latter 
case the group of deuterons from the Li! (a,107) Lit 
reaction (AE = 0.476 Mev), at Eg ~ 3.7 to 4.7 
Mev and #= 110°, would be comparable in inten- 
sity with the group of deuterons elastically scattere 
from Li’. 

In this investigation we measured the differentia. 
cross sections for inelastic scattering of deuterons 
with Eg ~ 4 to 4.5 Mev from nuclei of Li’, F!, 
Na, Mg’, and Al2’. A double-focusing magnetic 
analyzer® was used to sort the groups of inelas- 
tically-scattered deuterons. The deuterons were 
accelerated in the 72 cm cyclotron of the Institute 
of Nuclear Physics of the Moscow State University. 
To check the correctness of the identification of 
the deuteron group, the measurements were made 
at different energies Eg. The values obtained for 
the differential inelastic-scattering cross sections 
are given in the table for Eg=4.5 Mev and #ap 
= 91% 

The fourth and fifth columns of the table give 
the differential cross sections dop,/dQ and the 
total cross sections OR, for Coulomb excitation 
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dors 
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Yee E2, 


mbn/sterad 


AL, Mev 


mbn/ sterad 


nuc- fxs dsp, a 

leus AE, Mev dQ» To) ’ } OY 
mbn/sterad | mbn/sterad | ™> 

Lit 0. 476 35 

Pe Oey 16 0.06 0.7 

Ra 4.3595 2 

e426 y) 

rae 1,558 8 


Na®3 | 0.439 9 0.15 2 
Mg*4 | 4.370 7 0.20 3.9 
Al?? | 0.843 1.5 

Al?? 1.013 2,9 


of the levels in F!®, Na®?, and Mg*4. The calcu- 
lations were made with formulas (B-32) and (B-38) 
of Ref. 9. The probabilities given in the table for 
the transitions from the ground state into excited 
states with energies AE are taken from Refs. 9 
and 10. 

The tabulated results indicate that when Eg = 
4.5 Mev the contribution of of, to the experi- 
mental value of oy 94 (tot = 30 to 50 mbn for 
(d, d’) reactions on Mg"4, Na”, and Fe) amounts 
to several percent. One can therefore conclude that 
at Eg = 4 to 4.5 Mev and above the process of nu- 
clear excitation by the Coulomb field of the incident 
deuterons cannot be the dominant process that leads 
to inealstic scattering of the deuterons. This con- 
clusion contradicts the (d, d’) reaction theory de- 
veloped by Mullin and Guth.'! 

In conclusion the authors express their gratitude 
to S. S. Vasil’ ev for interest in this work and for 
discussion of the results, to Z. F. Kalacheva and 
T. P. Tupikina for aid in this work, and also to the 
cyclotron crew, particularly to G. V. Koshelyaev, 
A. A. Danilov and V. P. Khlapov. 


COMPTON SCATTERING OF CIRCULARLY 
POLARIZED PHOTONS BY ELECTRONS 
WITH ORIENTED SPIN 


A. A. SOKOLOV and B. A. LYSOV 
Moscow State University 
Submitted to JETP editor February 27, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1351-1354 
(May, 1958) 


Tue further development of the quantum electro- 
dynamics of longitudinally polarized electrons and 
photons assumes new significance in connection 
with the discovery of parity nonconservation. As 
we have already noted,'*? to take longitudinal polar- 
ization of electrons into account one must, in the 
calculation of matrix elements, use not the Casi- 
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mir formula but formula 2.12 of Ref. 3, in which 

s stands for the eigenvalue of the operator 
(Aa)/iv—V2. This operator gives double the elec- 
tron spin projection onto its direction of motion. 

It is of interest to observe that the above-men- 
tioned formula can also be used if the electron is 
initially at rest. In that case the formula may be 
brought into the form 


4 ple Lk 
Rae Se oplaa(s 1 pepe 


SK (1 + 5’) an (I + o¢) (1 + gs), 


(1) 
where Qy/, @, are Dirac matrices characterizing 
the electron velocity, ¢€ =+1 stands for the sign 
of the energy, the primed quantities refer to the 
final state of the electron, and the initial spin: di- 
rection is chosen to be 8 = sk/k (hk is the elec- 
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tron initial momentum, which tends to zero; hcK 
= he vk? +k? is its proper energy). 

Summing Eq. (1) over the spins of the final state 
we obtain: 


>; Cdn, Xny 
S’= +1 


4, ak’ 


iM in 10) 
= Sp ty (1+e fon + 258 i) an (I + p32)(1 +s). (2) 


Similarly, the circular polarization of the pho- 
tons will be taken into account provided we do not 
average over the photon polarization states. 

The appropriate matrix element is then of the 
form: 


Si = Yo {(a*a) — (a*x®) (ax) + iL (x? [a*a})}, (3) 


where /=1 and /=-—1 correspond to a right- 
circular (right handed screw) and left-circular 
photon polarization, respectively (see also Ref. 2). 
The quantity x’ describes the photon wave vec- 
tor and @ stands for the matrix element 


a= | yragatx. 


The corresponding quantities referring to the scat- 
tered photon are denoted by a prime. 

From (2) and (3) one obtains a generalization of 
the Klein-Nishina formula which includes the de- 
pendence on the polarization of the incident (1) 
and scattered (l’) photons and on the spin orien- 
tation s of the initial electron (the final electron 
spin has been summed over): 


+ Ll’ (=. + <-) cos 6 — |(2-— ~) 


x 


< cos 8 cos p + (1 -— ~) sin 6 sin bcos °| 


i abate ec corey +42 
l (+ —— cos*§ — sin 6) cos p 


-- z(i—2)sin 26 sin © cos olf. (4). 
where cos ~=xk°-s, cos @=k°:k’ and @ is the 
angle between the (k°,s) and (k°, k’°) planes. 
Summing in (4) over the final photon polarization 
(l’) we obtain 


25,12 
ren?dQ y/ Kes Ay hi 
0 x PS * 9 te Loe x 
ae = Sheed) = a 
ds; = —sa ee come esti Y a 7 - ) cos 6 cos 
Ait cae sin 6 sin} cos « 5 
| yz) Sin 6 sit lr, (5) 


which agrees with the formula of Gunst and Page,° 


found by a different method. Finally, if one aver- 
ages over /, the usual Klein-Nishina formula is 
obtained. It follows that in the scattering of unpo- 
larized radiation the spin orientation of the elec- 
tron does not enter into the integral scattering law. 
The degree of circular polarization of the scat- 
tered radiation may be calculated from the formula 


>» dow. (6) 


V=x1 


P = {dow (l! = 1) — dow (' = —1)} 


In the non-relativistic case we obtain 


P., , = 2l.cos 6 / (1 + cos? 6). (7) 
Thus if the incident radiation is unpolarized then 
Pay, = 9. In the extreme relativistic case, for 


small scattering angles (cos 9 >1—k)/k) we 
again obtain formula (7). On the other hand, for 
large scattering angles (cos 6 «1 —-—k)/k), we 
obtain 


Pye, = (Lcos 9 — cos ) / (1 — lL cos 8 cos 9). (8) 


Hence, in the extreme relativistic approximation | 

and for large scattering angles the scattered radi- 
ation will be partially circularly polarized even if 
the incident radiation is unpolarized. 

As the inverse of the above problem we may 
consider two-photon annihilation of longitudinally 
polarized positrons by electrons at rest with defi- 
nite spin directions. Considering the two-photon 
pair annihilation as a transition of an electron into 
a free negative energy level we may use, in the 
calculation of the corresponding matrix element, 
the expression (1) provided we put init k’ =—k,, 
e’ =—-1, s’=s,. We then find, after summing 
over the polarizations of the produced photons, 

Tae (K, + ky) dQ 


5 == ye asl 
d 4k, (Ki +ky—k,cos 0)" Jot 


s, (J; cos Y— Jp sin bcos o)}. 


(9) 


Here 


Jo = K, (1 —cos a) —- ky (1 + cos «) cos %; 
J, = K,,(1 — cosa) cosa + Rp (1 + cos «) 


— £0. (K, + by) (1 + 005.2) (cos 6 + cos (# — 4) 


ee ae (K, +o) (1 + cos) (sin § -—— sin (a — 0); 


(%+%") __ Ky. cos? 6+ ky sin? 6—k, cos6 . 


xx k, cos 9— Ky u 


cos) = (8-k,)/k,; 


y is the angle between the (k,,8) and (k,, kK) 
planes, hk,, chK, is the momentum and energy 
of the positron, s, is double the positron spin 

projection onto its direction of motion, and k, K’ 


and therefore (9) yields, after integration over dQ, 


the well known formula 


c 
Shere i Ge (] — 8, COS v), 


(10) 


with the consequence that two-photon annihilation 
is forbidden in this approximation if the electron 
and positron spins are parallel, i.e., S, cos y=l1. 

One sees from (9) that there is polar (w# is re- 
placed by 7—7z%) and azimuthal (¢9 is replaced 
by -—Y) asymmetry. This fact allows the use 
of two-photon annihilation of positrons by oriented 
electrons for experimental determination of the 
degree of longitudinal polarization of the positrons. 

It is known® that the asymmetry in the scatter- 
ing of positrons by oriented electrons is small at 
low energies and becomes appreciable only at rela- 
tively high energies. 

On the other hand, two photon annihilation of 
oriented positrons and electrons gives a notice- 
able asymmetry in the produced photons only at 
comparatively low energies. In the high-energy 
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Ir was shown in earlier works!” that, if the photon 


energies are high enough, the quantum yield of the 


internal photoeffect in germanium crystals increases 


to values much above unity. As was already indi- 
cated,” the increased quantum yield must be as- 
cribed to impact ionization by primary electrons 
or holes liberated upon absorption of % photon and 
having the necessary excess energy. 

One would expect a similar phenomenon to take 
place in silicon. To study the photoeffect in silicon 
we have used crystals with p-n junctions obtained 
by thermal diffusion of phosphorus. into type-p 
silicon.3*4 

Since the diffusion length of the nonequilibrium 
carriers in the silicon employed was relatively 
low, we prepared crystals in which the depth of the 
p-n junction under the illuminated surface did not 
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are the wave vectors of the produced photons. Let 
us note that in the non-relativistic case a —T 
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region observation of the asymmetry will appar- 
ently be difficult, owing to the decrease in the ab- 
solute value of the cross section. 
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exceed 2 microns, in order to obtain the necessary 
sensitivity in the short-wave region. To measure 
the short-circuit current between the p and n 
regions of the crystal, and to determine the light 
flux and the reflection coefficients, we employed 

a setup similar to that used in the germanium ex- 
periments.” The interpretation of the results ob- 
tained was more difficult in our case than in the 
determination of the quantum yield in germanium, 
owing to the following circumstance: The expres- 
sion for the carrier-collection coefficient @ con- 
tains the carrier mobility and the diffusion length 
of the nonequilibrium carriers. However, in the 
case of a p-n junction obtained by diffusion of im- 
purities from the surface, the mobility changes 
greatly with depth, increasing inward from the 
surface where the concentration of the impurity 
(phosphorus) is high. The carrier diffusion length 
also undoubtedly varies with depth. In view of this, 
the formula for the quantum yield Q 


Q = I sc/ Nnyge (1 ou R), 


derived for germanium, cannot be used here (Ig, 
is the short circuit current between the p and n 
regions, q the electron charge, R the reflection 
coefficient, and Nj, the number of photons inci- 
dent per second. It is therefore necessary to as- 
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aQ, relative units 


b hvev 


sume that in the photon energy region Eg < hy < 
where E, ~ 1.1 ev is the width of the for- 

nae band for silicon, the quantum yield is unity. 

The figure shows the experimental variations 
of the reflection coefficient R and of the product 
of the quantum yield Q by the collection coeffi- 
cient @ with the photon energy hv. A consider- 
able rise in the @Q vs. hv curve is seen, start- 
ing with approximately hv = 3.25 ev. In view of 
the fact that q@ cannot increase with diminishing 
wavelength (and consequently with increasing ab- 
sorption coefficient ) the course of the curve in- 
dicates an increase in quantum yield and conse- 
quently the presence of impact ionization by the 
carriers liberated upon absorption of the photons. 

It would be interesting to compare the photon 
energies at which this increase is observed (3.2 
to 3.3 ev) with the limiting energy of impact ioni- 
zation in silicon, recently determined by McKay,° 
who studied the multiplication of carriers in aeeone 
electric fields. According to his data Ej min * 
2.25 ev. The value we obtained is quite close to it 
(3.25 — 1.1 = 2.15 ev). 

The authors thank V. M. Malovetskaia, V. M. 
Patskevich, and L. V. Belova for aid in prepara- 
tion of crystals with p-n junctions. 
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_ LAMBDA-NUCLEON POTENTIAL FROM 
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Submitted to JETP editor January 15, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 84, 1355-1356 — 
(May, 1958) | 


An attempt was made in Refs. 1 and 2 to obtain 
the A-nucleon force and to consider the energy of 
the A particles in hypernuclei from the point of 
view of quantum field theory. In order to eliminate 
the divergences at small distances, a repulsive wa'l 
was introduced, in analogy to the nucleon-nucleon | 
interaction. The existence of such a wall in the 
nucleon-nucleon interaction follows from the scat- 
tering of high-energy nucleons; however, the ex- 
istence of such a repulsion for the A -nucleon in- 
teraction cannot be considered established at the 
present time. The introduction of a repulsive wall 
in the A-nucleon force causes considerable diffi- 
culty in the calculations. However, the nucleon- 
nucleon forces obtained’ from meson theory by in- 
troducing a cutoff in the momenta of virtual mesons 
agree well with the experimental data having to do 
with the low-energy interaction of nucleons. Since 
the interaction of A-particles with the nucleons in 
the nucleus has to do with the low-energy region, 
one might expect that the A -nucleon potential ob- 
tained from the theory by cutting off the momenta 
of virtual mesons will give sensible results. 

On the basis of these considerations, we calcu- 
lated the A-nucleon potential, starting from a 
Hamiltonian of the form 


h as ie : 
H=# 3 Yo) (ok) at {y/ a ITP (ain + a),-2) 
{=1 


X exp {ikxi}+ / a0 a3 ape (Cjn + bin) 


j=1 


< exp {ikx1} + Hermitian conj. AN (1) 
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The Hamiltonian H was obtained from the inter- 
actions of baryons with m- and K -meson fields,‘ 
after carrying out the transformation of Dyson as- 
suming the baryons to be at rest at the points xX] - 
Only terms linear in the coupling constant were re- 
tained in H. It was also assumed that all coupling 
constants are the same. T(7) and TOS) are eight- 
row matrices that account for the transformation 
of baryons into each other upon meson exchange; 
v(k) is a function which cuts off the momenta of 
the virtual mesons; 4 is an eight-row diagonal 
matrix, the elements of which are the inverses of 
the baryon masses. 

Starting from the Hamiltonian (1), we calculated 
the forces between A and nucleon, connected with 
the exchange of a single K, two 7’s, a K anda 
mw, andtwo K mesons. The forces were obtained 
as in Ref. 3, the only difference being that the ma- 
trices T were replaced by Tja. The forces ob- 
tained were used to calculate the binding energies 
of the light hypernuclei ,H*, ,He’, and ,He*’. The 
results of calculation showed that the potential en- 
ergy of the A -particle in hypernuclei, connected 
with the 27- and 2K-meson forces, was almost 
independent of the spin of the hypernucleus. The 
potential energy from the 1K-meson force com- 
prised ~ whe of the total potential energy, was 
positive, and was approximately the same for all 
hypernuclei. The smallness of the energy from 
the 1K-meson force is connected with the fact 
that the corresponding potential is nonmonotonic. 
The energies from the mK -meson force depend 
strongly on the spin of the hypernucleus. The 


lowest potential energy is obtained for the lowest 


spin of the hypernucleus. 

If the cut-off parameter is taken to be k,, = 
6m_,c/fi (Ref. 3) and a coupling constant is chosen 
so that for jue? the experimental value® for the 
energy of the A-particle, By, ~ 2.6 Mev, is ob- 
tained, then it turns out that g/ Vic = 11.8 and 
the energy Ba of the He® and He‘ hypernuclei 

is ~2.1 and ~2.2 Mev respectively. Here nak 
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is not bound. Probable experimental values for 
the energy of the hypernuclei je? and juet are 
By = 0.3 Mev and 1.7 Mev, respectively.° 

Thus, the theory considered gives binding ener- 
gies too close to each other. Although there is not 
quantitative agreement, the theory considered cor- 
rectly reproduces the fact that the force between 
the A and nucleons is not of a purely Wigner type. 
Purely Wigner forces would give a substantially 
stronger increase in the binding energies of A - 
particles in light hypernuclei than is actually ob- 
served. This tendency for the binding energies of 
light hypernuclei to be the same is correctly repro- 
duced by the theory considered. Various types of 
corrections to the forces considered may improve 
the agreement between experiment and theory. 

The author would like to express his gratitude 
to Prof. D. D. Ivanenko for encouragement in car- 
rying out the present work. 

Note added in proof (April 21, 1958). In the cal- 
culations described, the effect of the motion of the 
remaining nucleus in the calculation of the kinetic 
energy of the A particle was neglected. If this 
is taken into account, then for g*/4mfic = 12.3, the 
values 0.48 Mev, 1.53 Mev and 2.30 Mev are ob- 
tained for the energies of ae je’, and jue’, 
respectively, in satisfactory agreement with exper- 
iment. 
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